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Abstract. It is shown that for n < 3 the joint numerical range of a family of com-
muting n X n complex matrices is always convex; for n > 4 there are two commuting
matrices whose joint numerical range is not convex.

1. Introduction. Let M,,,, be the set of m x n complex matrices. For
A € My, A* (resp. A') stands for the conjugate transpose (resp. transpose)
of A; for example, see |9 [10]. Denote by C™ (resp. R™) the set of column
vectors with n complex (resp. real) entries. Let M, = M, , and M" be
the set of all m-tuples of n x n matrices. We identify C" with M, ;. For
notational convenience, we will also say that z € C" for a complex row vector
z = (21,...,2n). The joint numerical range of A = (A1,...,Ay) € M is
defined by

W(A) ={(x"A1x,...,x"Ax) :xe C", x'x =1} CC™.

When m = 1, it reduces to the classical numerical range W (A1) of A; € M,
which is a useful tool for studying matrices and operators; for example,
see |10, Chapter 1|. The joint numerical range of m matrices is useful in
studying the behavior of the family of matrices {A41,...,An} € M,, and
has applications in many pure and applied areas. We refer the readers to the
excellent survey [14] and the paper [I5] on this subject.

When m = 1, the Toeplitz—Hausdorff theorem asserts that W(A;) is al-
ways convex. However, for m > 2, W( Ay, ..., Ay,,) may fail to be convex; see
[11]. Many researchers have studied matrices with certain commutative prop-
erties that have convex joint numerical ranges; e.g., see [3} [4] (5] [6], 111 12} [13].
In particular, Dash [5, Proposition 2.4] proved that W (A4, ..., Ay,) is always
convex for any commuting family {A;,..., 4} € Ms and raised the ques-
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tion on the same result for {A;,..., A} C M, with n > 2. In [I3], Miiller
gave a simple example, which was incorporated in [15] with some improve-
ments, of a commuting family {A;, As, A3} C My such that W (A, Ag, As)
is not convex, and raised the question of whether W (A, As) is convex if
A1Ag = Ag Ay see [13], Problem 2]. We will show that the answer is negative
if A1, Ay is a commuting pair of matrices (or infinite-dimensional opera-
tors) with dimension at least 4. However, for a commuting pair of matri-
ces A1, Ay € M3z, W(A1, Ag) is always convex. We can then deduce from
the results that W (Aq,..., Ay,) is always convex for any commuting family
{A1,..., A} C Ms.

Our paper is organized as follows. In Section 2, we present some prelim-
inary results including a short proof of the convexity of W (Ay,..., Ay,) for
every commuting family {41, ..., A} € Ms. In Section 3, we present exam-
ples of commuting matrices (or infinite-dimensional operators) A;, Ag of di-
mension at least 4 such that W(A;, As) is not convex. We then state our main
result that W (A;, Ag) is convex if Ay, Ay € M3 commute, and we deduce that
W(Ay,...,Ap) is convex for any commuting family {A;,..., 4} C Ms.
The rather involved proof of the main theorem on the convexity of W (A1, As)
for a commuting pair Ay, As € M3 will be given in Section 4.

2. Preliminaries and commuting families in Ms. Let
Hy,={AeM,: A=A}

be the real space of all n x n Hermitian matrices and I, be the n x n identity
matrix. We summarize some properties of joint numerical ranges which are
useful for what follows. We refer the interested readers to [I} [§, [T].

PROPOSITION 2.1. Let F = {A1,..., A} C M,. Suppose the complex
space spanned by {Aq, ..., Am} has a basis {C1,...,Cs}. Let Aj = Hj+1iG},
where Hj,Gj € Hy for j =1,...,m. Then:

a) W(Ay,...,Ap) =W (U*ALU, ..., U*A,U) for any unitary U € M,.

W(Ay, ..., Apn) = W(AL, ... AL).

W (A, ..., An) is convez if and only if W(C1,...,Cs) is convex.

The family F is commuting if and only if {C4,...,Cs} is commuting.

(e) W(Ay,...,An) C C™ can be identified with W (Hy,G1, ..., Hy, Gp)
C R?™,

(f) Forn=2 and Hy,...,Hy, € Ho, W(H1,...,Hp,) is convezx if and only
z'fspan {IQ, Hl, ey Hm} 75 7‘[2,

(g) Suppose n > 3 and Hy,...,H,, € H,. If span{l,, Hy,...,Hy} has

dimension at most 4, then W(Hq, ..., Hy,) is convez.

Note that (c) and (f) are given in [8, Corollary 2.4 and Example 1] and (g)
is given in [I Corollary 1|. By (e), the study of convexity of W (A1,...,An)

(
(b)

c)
(d)
)
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can be reduced to W(H,G1,...,Hny,,Gy) for Hermitian matrices Hi,
G, ..., Hy, G,,. However, it is clear that the commutativity of Aq,..., Ay
does not imply the commutativity of Hy, Gy, ..., Hp, Gp. In fact, if
{H1,G1,...,Hp,Gp} is a commuting family, then {A4;,..., 4,,} is a com-
muting family of normal matrices, and W (A, ..., A;,) will be polyhedral,
i.e., a convex hull of finitely many points in C™; see [5, Theorem 2.5|. It
is clear that (u1,...,pum) € W(Ay,..., Ap) if and only if (1,u1,...,um) €
W(l,, A,...,Ap) forany (4i,...,An) € M]". By Proposition, to study
the convexity of W (Ay,...,Ay), one may focus on W(Ci,...,Cs) where
{I,C1,...,Cs} is a basis for the span of {I,,, A1,..., Ay, }. It is well-known
that if {A1,..., Ay} is a commuting family of matrices then there is a uni-
tary U such that U*A;U are in upper triangular form for all j = 1,...,m;
see [16]. Our proofs often use this property.

Denote by conv S and 05 respectively the convex hull and the boundary
of a set S in R™ or C™. The next result describes the intersection of support

planes of conv W (Ay, ..., Ay) with W(A1,..., An).

PROPOSITION 2.2. Let By,...,B, € H, be Hermitian matrices. For ev-
ery unit vector v = (v1,...,v,) € R", let

P,={beR" :bv< \w1B1+- - -+v.B)},

where A1 (H) denotes the largest eigenvalue of H € H,, and b*v =3\, biv;
forb=(b1,...,b.) € R". Then

convW(By,...,By) =({P:v=(v1,....,1p) ER", v'v =1},
Consequently,
oP, "W (By,...,B;)
={(x"B1x,...,x"B,x) : x € C", x*x = 1, Byx = A\ (By)x},
where B, = Z;Zl viB;. Moreover, 0B, N W(B1,...,B;) is convex if and
only if
W(X*BiX,...,X*B.X)

is convex, where the columns of X form an orthonormal basis for the null
space of By — A\ (By)I,,.

Proof. 1f x € C™ is a unit vector and
b= (x"Bix,...,x"Byx) € W(By,...,B,),

then for any unit vector v = (v1,...,v,) € R” we have

b*v = x* (jz; I/ij)X <\ <; Vij).

Thus, W(By,...,B;) C P,. As P, is convex, conv W(By,...,B,) C P,.
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Conversely, suppose b = (b1,...,b;) ¢ convW(By,...,B,) C R". By
the separation theorem, there exists a real unit vector v = (v1,...,1,) € R”
such that > %, bjv; > 370 qjv; for all (q1,....q,) € W(B1,...,By), ie.,
for every unit vector x € C",

T T T
Z bjv; > Z vj(x*Bjx) = x* (Z Vij>X.
j=1 j=1 j=1

So, X i1 by > M(Xj— v B)),
The last two assertions are clear. m

The following result is proven in [, Proposition 2.4]. Recently, it was also
given in |2 Theorem 2.2|. We give a short proof here for completeness.

PROPOSITION 2.3. For any commuting family F = {A1,..., An} C Mo,
W(Ay,...,Ap) is convexr.

Proof. To avoid trivial considerations, suppose F contains a nonscalar
matrix X € Ms. Applying a unitary similarity, we may assume that all ma-
trices in F are in upper triangular form. Let Xg = X — trQX L=(%2%).
We claim that for every Y € F, Yy =Y — %]2 = (yo1 _yjl) is a multiple
of Xo; see [7, Theorem II] for an alternative proof. Thus every A; is a lin-
ear combination of Iy, H; = (Xo + X{)/2 and Hy = (Xo — X{})/(2i). By
Proposition 2.1[f), W (A4, ..., Ay,) is convex.

To prove our claim, note that Xy commutes with Yy, i.e., z1y2 = xay1.
Since X is nonscalar, either 1 # 0 or xy # 0.

If 1 =0, then 9 # 0 and z2y; = 0. Thus y; = 0 and Yy = (y2/x2) Xo.
Our claim follows.

If 21 # 0, then z1y2 = xoy1 implies Yy = (y1/x1)Xo. Again, our claim
follows. m

3. Convexity of commuting family of dimension at least 3. In
[13], the author gave an elegant example of a commuting family {A;, As, A3}
C M, with nonconvex W (A, Az, As). The following example illustrates that
W (A1, A2) may not be convex for a commuting pair Aj, Az € My.

EXAMPLE 3.1. Let A; = Hy +iG; and Ay = A + A? — A3 — 12, =
Ho + 1G5 with
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14  —9-7i 8—4i  —3i
o | 0T 0 0 0 |
8 + 4i 0 10 —2—4
3 0 —2+4 -9
6  —2-2i 12—4i —4—6i
—242% 0  -34T7i b5—i
Gy =
12+4i —-3-7i 5 1—2i
—446i 5+i 142 1

Then A1 Ay = AgA;. Note that for the unit vector v = (1,0, 0,0), the matrix
A, = riHy + 111Gy + v3Hs + v4Gy = Hjp has the largest eigenvalue 2, and
the null space of A, — 2[4 is spanned by the first two columns of Ij. Let
X € My be the matrix formed by these two columns. It is easy to check
that
Span {X*HlX, X*GlX, X*HQX, X*GQX} = Hg.
By Proposition [2.1f(e, ), W(X*A; X, X*A2X) is not convex. Since
W(X*AlX,X*AQX) = {(Mla ,uz) S W(Al,Az) :Rep = 2},

W (A1, A2) is not convex.

REMARK 3.2. For n > 4, one can extend the above example to %1 =
A100N z}nd~A2 = AP0y, where 1 < N < oc. It is clear that A1 Ay = AsAq
and W (A1, Az) is not convex.

For commuting A1, As € M3, we have the following.

THEOREM 3.3. Suppose that Ay, Ay € M3 commute. Then W (A1, Ag) is
conver.

The proof of the result is quite involved and technical. We will present
it in the next section. From Theorem [3.3] we can deduce the following.

THEOREM 3.4. Let {A1,...,An} C Ms be a commuting family of ma-

trices. Then the complex linear span of {Is, A1, ..., Am} has dimension at
most 3, and hence W(A1,...,Ap) is convex.
Proof. We may assume that Aj,..., A, are in upper triangular form,

and F = {I3,A1,..., A} is linearly independent. We are going to prove by
contradiction that m < 2. In the following, we will use diag A € C™ as the
vector of diagonal entries of A € M,.

Suppose to the contrary that m > 2. Then {diag I5, diag A1, ...,diag A,,}
is linearly dependent. Therefore, span F has a nonzero nilpotent. We may
assume that A; is a nonzero nilpotent in span F of the largest rank. Consider
the following cases:
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CASE 1: rank A; = 2. Then there is an invertible S such that S™14;S=.J
is the upper triangular Jordan block. Then for every 2 < i < m, A1A; =
A; Ay implies that S™1A;S = a;I3 + b;J + ¢;J? for some a;, b;, ¢; € C. Since
{I3,A1,..., A} is linearly independent, we have m < 2, a contradiction.

CASE 2: rank A; = 1. So, up to a nonzero multiple and a unitary similar-

. 001 .
ity transform, we may assume that A; = (8 g 8). Then for every 2 < ¢ < m,

the condition A1A; = A;A; implies that A; is in upper triangular form
with the (1,1)-entry equal to the (3,3)-entry. We may then replace A; by
A; — a;l3 — ;Aq for some oy, 8; € C and assume that

0 b O
Ai=|0 a; ¢ for some a;,b;,c; € C, i =2,...,m.
0 0 O

If a; = 0 for all 2 < ¢ < m, then span{As, A3} would contain a nonzero
nilpotent of rank 2, which contradicts the assumption that A; has the largest
rank. Therefore, we may assume that as = 1 and a3 = 0. Then Ay A3 = AsA-
implies that b3 = c3 = 0, which contradicts F being linearly independent.

This shows that m < 2 and the convexity of W (Aj, Ag) follows from
Theorem 3.3 =

4. Proof of Theorem We divide the proof into two subsections.
We will always assume that A1 = Hy + iGp and Ay = Ho + iGy, where
Hy,G1, Hy, Gy are Hermitian. In view of Proposition (g), we always as-
sume that span {1,,, H1, G1, Ha, G2} has dimension 5 to avoid trivial consid-
erations.

4.1. span{I3, A1, A2} C M3 does not contain a nonzero nilpotent.
In this subsection, we assume that span {I3, A1, A2} C M3 does not contain a
nonzero nilpotent. Without loss of generality, by applying unitary similarity
transforms and taking linear combinations of I3, A1, A2, one can assume that

1 v w 0 0 we h >0
41) A1=|0 0 0] and Ay=|0 0 o | " BT=D
00 0 00 1 wi + uv + we = 0.

The reduction can be done as follows. Since A; and A commute, we as-
sume without loss of generality that both Aj, As are in upper triangular
form. Since span{I3, Aj, A2} does not contain a nonzero nilpotent matrix,
{diag I3, diag A1, diag A2} C C3 is linearly independent. Replacing Aj by
a; A1 + BjAs + ;13 with suitable oy, 85,7 € C, j = 1,2, we may assume
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that
ar as 0 by b
Ai=(0 0 a3 and As =10 0 b3
0 0 1
Then we have
0 b1 ao+ b+ aibs 0 0 asby
AiA2 =10 0 as =AA, =10 0 0
0 0 0 00 O

Therefore, az = by = 0 = az + by + a1b3. Replacing A; by DAjD*1 with a
diagonal unitary matrix D, we may assume a1, b3 > 0, so that we get .
By Proposition the convexity of W(Aj, Ag) is equivalent to the con-
vexity of the numerical range of (A;, Ag) transformed into the form (4.1)).
In the following, we will show that W (A, As) is convex if Ay, Ay € M3
are of the form in .

PROPOSITION 4.1. Let Ay, Ay € Ms be of the form . If (0,0) €
{(u,wy), (v,w2), (u,v)}, then W (A, Ag) is conver.

Proof. If w = w; = 0, then set (Hz, G2) = (A2 + A5, i(A5 — A2))/2 and
identify W (A1, Ay) with W(Ay, Hy, Go) C R3, which is convex by Proposi-
tion [2.1)(g).

If v =wy =0, then set (Hy,G1) = (A1 + Af,i(A] — A1))/2 and identify
W (A1, Ag) with W(Hy, Gy, As) C R3, which is convex.

If w =v =0, then w; + wy = 0. By the previous argument, Ay + Ay =
(é § ((1%>, hence W (A + Ay, A) is convex, and so is W (A1, Az). »

Next, we treat the case where (0,0) ¢ {(u,w1), (v, w2), (u,v)}. First, we
show that W (A, A3) has convex boundary.

PROPOSITION 4.2. Let Ay, As € M3 be commuting matrices of the form
(4.1)) such that (0,0) ¢ {(u,w1), (v, w2), (u,v)}. Then W(A1, A2) contains
all of the boundary points of conv W (Aj, As).

Proof. Suppose A1 and As satisfy the hypothesis, and A1 = H; + iG1,

Ay = Hs + 1G9, where Hq, Ho,G1,Go € Hsz. For every unit vector v =
(V17V27V37V4) € R4? let

4
P, = {(bl, .. .,b4) € R4 : ZbZVZ < )\1(V1H1 + 1v5G1 + v3Hy + V4G2)}.
i=1
By Proposition every boundary point of conv W (A1, Ay) lies in 9P, for
some v € R?*, and

0P, Nconv W (A, Az) = conv(0P, N W (A1, Ag)).
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We will show that 0P, Nconv W (A, A2) C W (A1, Ag).
CASE 1. Suppose one of the following conditions holds:
(i) wv =0,
(ii) (wq — w2)2 (uv)?, o

(i) |wi|V1+ v? 7é|w2|\/1+u

In each of these cases, we will show that 9P, Nconv W (A;, Az) is a singleton
lying in W (A1, Ay) for any unit vector v.

Let v = (v1,v9,13,v4) € R* be a unit vector. The matrix B, = vy Hy +
9G4+ v3Hy + v4G5 has the form

U(Vl — ng) wl(Vl — iVQ) + 'LU2(V3 — iV4)

" 2 2
u(vy + ivg) 0 v(vs — ivy)
2 2
@1(1/1 + ’iVQ) + @2(V3 + ’iV4) U(Vg + iV4) Vs
2 2

Let r be the multiplicity of A\;(By). Since {I3, H1,G1, Ha, G2} is linearly
independent, r < 2.

By Proposition , if r =1, then 0B,NW (A1, A2) is singleton and equals
0P, Nconv W (A1, Ag).

We show that r = 2 is impossible under any one of the assumptions (i),
(ii) or (iii). Assume to the contrary that r = 2. As (0,0) ¢ {(u,v), (u,w1),
(v,wa)}, we see that A\i(By,) # 0. Since the (2,2)-entry of B, is 0, we
have A1(By) = A2(By) > 0 > A3(By). Thus, there is a nonzero real vec-
tor (a, b, c,d) such that
(4.2) R:Ig—i-aHl +bG1+CH2—|—dG2 = zz"
for some nonzero z € C3, so that R is a rank 1 positive semidefinite matrix.
Let S be the set of all nonzero real vectors (a, b, ¢,d) such that R is a rank 1

positive semidefinite matrix. We are going to show that S = (), thus arriving
at a contradiction. In such a case, we may assume that

z=(z1,722,23) = (Va+ 1% 1,Vc+1e)

with
Va+1e =2 = 2125 = %(a—ib), Vet 1e 2 = 23 = 2975 = %(c—id),
and

uv(a —ib)(c — zd)

(a+1)(c+1) e!(01=02)

wi(a — ib) + wa(c — id)
5 .

4

22’123 =
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The matrix R given by (4.2]) then has the form

a+1 u(a —1ib)/2 uv(a —ib)(c —id)/4
(4.3) R= u(a + ib)/2 1 v(c—id)/2
wv(a+1b)(c+1id)/4 v(c+id)/2 c+1

Since R has rank 1, we have (a, b) # (0,0) and (¢, d) # (0,0). If any one of
the assumptions (i), (ii) or (iii) holds, we are going to derive a contradiction.

Suppose that (i) holds, i.e., uv = 0. Recall from that v and v are
nonnegative. Since (u,v) # (0,0), we assume v = 0 < v or v = 0 < w.
Let w = 0 and v > 0. Since (u,w;) # (0,0), we may replace (A, Az) by
(D*A1D, D* A3 D) for some suitable diagonal unitary matrix D and assume
that —wy = w; > 0. Suppose there is a real vector (a,b,c,d) such that R
given by is a rank 1 positive semidefinite matrix of the form . Since
the (1,2)-entry is zero, we see that a = —1. Now, —ws = wy > 0 and the
(1,3)-entry of Ris wi((a—ib)—(c—id)) =0. Thusc =a = —1and b =d. As
a result, the (3, 3)-entry of R is zero and so must be the (2, 3)-entry. Hence,
v = 0, which is a contradiction. Similarly, we can show that for v > 0 and
v=0,8=0.

Suppose now that u,v > 0. As the matrix R in is rank 1, we have
4(a+1)/u? = (a® + b?) and 4(c + 1)/v? = (c® + d?). Therefore,
(4.4) a+ib€ & = {x+iy: (x—2/u*)? +y* =4(1/u* + 1/u?)},
(4.5) ctid € & = {x+iy: (x—2/v?)* +y* =4(1/v* +1/v")}.
Since w1 +uv+wy = 0, we may let w; = —uv(1-£)/2, wy = —uv(1+€)/2 for

some & € C. As ¢ = (w; — we)/uwv, assumption (ii) holds, i.e., (wq — wg)? =
(uv)?, if and only if &€ = 1. Now the (1, 3)-entry of R becomes

wv(a —ib)(c — id) /4 = [w1(a — ib) + wa(c — id)]/2
= —[uwv(a —ib)(1 — &) + uv(c — id)(1 + €)] /4.
Thus,
(4.6) (a —ib)(c—id) = (£ — 1)(a —ib) — (£ + 1)(c — id).

If £ =1, then we have (a — ib)(c — id) = —2(¢ — id) so that a —ib = —2.
Thus, the (1, 1)-entry of R is —1, which is impossible. Similarly, if £ = —1,
then the (3, 3)-entry of R is —1, which is impossible.

Suppose & # +1 and (iii) holds. Substituting w; = —uv(l — §)/2,
wy = —uv(l +£)/2, we have

(4.7) 1 —¢&V1+0v2 £ |1+ EV1+u?

Since a — ib, ¢ — id # 0, (4.6]) is equivalent to

1+ 1—
§ n £

4.
(4.8) a—1ib c—id

+1=0.
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Note that p € C lies on a circle with center pg > 0 and radius r > g if and
only if

0= (1 — po) (7 — po) =% = pfi = (pofi + pops) + (g — ).
Dividing by pji(u2 — r?), we have

—\—1 Ho -1 Ho 1\ _ 1
(NH) _<M%r2ﬂ +/,L%*’I"2'u >__ 2 _ )

equivalently,

<M_1— 1o ><;T1— 1o >: pg 10
pp — 12 pg—r2)  (wg—r? - (ug—r?)?

Applying this to the circles &, and &,, we see that
El={1p:pe&}={-1/24+1/2V/1+u2€” : t € [0,27)},
EN={1/p:pe&)={-1/2+1/2/1+02e? .t € [0,27)}.

Since ¢ — id € &, is nonzero, yields

1 E+1 .
c—id =1 T D= &"E

(4.9)

where

éu:{gl +(€+1 —1+V1+u2e?) 9@02@}

—1 -
B {‘2 + 2<é+_11>>mew 0e [0’2”)}'

By &y NE ! =0, a contradiction to . Thus the proof in Case 1 is
complete

CASE 2. Suppose conditions (i), (ii) and (iii) in Case 1 do not hold.
Then |wi|vV1+v? = |wa|vV1+u? If m € N, then By, = A + Ei3/m and
Cy, = Ay— E13/m are commuting matrices in M3 with (1, 3)-entries w1 +1/m
and wy — 1/m, respectively. We are going to show that

(4.10) lwi + 1/m|V1+ 02 = |wy — 1/m|V/1+ u?
for at most one m.
Note that (4.10) holds if and only if
(4.11)  (mawy + 1)(mwy + 1)(1 4+ v?) = (mwy — 1) (mws — 1)(1 4 u?)
— 2((Rew)(1+v?) + (Rews)(1 + u?))m + (v —u?) = 0.

If (4.11)) holds for more than one m, then v? = u? and Rew; = — Rews.
Then it follows from u,v > 0 and w; + uv + wg = 0 in (4.1) that uv = 0 and
(i) holds, a contradiction.
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So there exists mg such that |wi + 1/m|v1+v? # |wa — 1/m|V1 + u?
for all m > myg. By Case 1, dconv W (B, Cy,) C W (B, Cy,). Now, every
boundary point (p1, pe) € conv W(Aj, As) is the limit of a sequence of points
{(p1(m), p2(m)) : m = mo} with (p1(m), pa(m)) € d(conv W(Bpm, Cin)) <
W (B, Cp). Note that W (B,,, Cy,) — W (A1, A2) as m — oo in the Haus-
dorff metric on compact subsets of R2. We have (1, o) € W (A1, Az). Hence,
J(conv W (A, Ag)) C W (A1, Az). This finishes the proof in Case 2, and thus
also the proof of Proposition .

Let uy € W(Ay) and W(u1,As) = {u : (p1,pn) € W(Ay, Az)}. Now,
we know that W (A, A2) has convex boundary if A;, Ay € M3 commute.
Therefore, to prove that W(Aj, Asg) is convex, we only need to show that
W (1, Ag) is simply connected for every pu; € W(Ay).

To prove the latter property, we will show that

W(p1,A2) = {p: (1, p) € conv W (A1, Az)}.

To this end, using linear combinations, unitary similarity and transposition
of matrices, we find that the matrices A1, As in (4.1) can be transformed as

—a
(412) A1 = Fi1 + aElg, A2 = 1 (0 1 f) where a > 0, b> 0, f e C.
b
To prove this, observe that if wy = 0, then wy = —uwv and we can replace Ao
with
0 —u wv —u
Is— (A1 +A42)=|0 1 —v|= 1 (01 —w).
0 0 O 0

If we = 0, replace (A1, Ag) with (TALT, TALT), where T = E13+ FEao + Es1.
We have

1 v O 0 0 —uwv
TAYT =10 0 0 and TAT=[0 0 w
000 00 1

Then we can proceed as in the above case for w; = 0.

Suppose wy,ws # 0. Let a = \/u2 + w12 and U = (1) & 2 (5, “s) be
unitary. Then

1 a O 0 —a -—ac
U'AWU=10 0 0], UAU=~|0 1 c |,
0 00 0 b be
where v = —(Wyws)/a?, b = (u — vw1)/we and ¢ = —u/wW;. Let b = |b|e??
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and D = diag(1, 1, ¢"). Replace (A1, Ap) with (D*U*A,UD, 2 D*U*A;UD).
Direct calculation gives
1 a O ) —a
pU*AUD*= |0 0 o], ;DU*AQUD* — 1|19,
000 1b]
where € = ce®. If £ = 0 = b, then A + Ay = diag(1,1,0) is Hermitian. By
Proposition 2.1(g), W (A1, A1 + As) is convex and hence W (A1, As) is also
convex. So, we now assume that (b,&) # (0,0).

Recall that a set S in R™ or C™ is star-shaped with star center sg € S if
tso+ (1 —t)s € S for all t € [0,1] and s € S. We have the following.

PROPOSITION 4.3. Suppose that Ay and Az are as in (4.1)). For every
w1 € W(Ay), the set

W(p1, Az) = {p : (p1, 1) € W (A1, A2)}
1s star-shaped. Consequently,

W(p1, Az) = {p: (p1, 1) € conv W (A1, Ag)},
and W (A1, Ag) is convex.

Proof. Without loss of generality, we may assume that A; and As are of
the form ([4.12)). Suppose p1 € W(A;). We are going to show that W (uy, A2)
is star-shaped with star center 1 — p;.

Let v € C? be a unit vector such that v*Awv = p;. By replacing v
with o = v for some § € R, we may assume that the first entry of v is
nonnegative. Let

S = {(p1,p2e, p3e™®)t : 0,6 € [0,27), p1,p2,p3 > 0, p? + p2 + p2 = 1}.
If v = (0,p2e”, p3ei®)t € S, we have py = v* Ay = 0. Moreover

cawew((€))ewon

Since I/V((ll7 b%)) is convex, and it contains the point {1}, we can see that
t+ (1 —tw*Aw € W(0,As) for all ¢t € [0,1]. Now assume v € S with

v*A1v = pq and p; > 0. Then
2

; . ; H1—Dp
H1 = p% + a‘plp2€u9a 1.e., er’Le - 17
api
and
212 2.4 212
p1—p a’pi + |p1 — pil
1—pi=pi+p3=pi+ Ho= g
apy a’p?

_ (@®+1)pi + | — 2(Re p1)p]
- 2,12 :
a pl
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Therefore, we have
(4.13) —a®pipi = (@® + 1)pi — 2Re m + a®)pi + |m|* <0

By the above calculation, v € S with positive first entry and v*Awv = uy

if and only if ¥ = (pr, (11 /p1 — p1)/a,pse®) for pi > O satisfying (L13),
¢ €[0,2r) and p3 = /1 — p? — [(u1/p1 — p1)/al?. Now

0 —a —a& P1
vV'Aw = (p1 (lu/p1—m)/a pse @) [0 1 ¢ (p1/p1—p1)/a
0 b b¢ p3e’®

= (—ap1 + (ir/p1 — p1)/a + bpse ") ((u1/p1 — p1)/a + Epse™)
=pi — 1+ | /p1 — p1]?/a® + bEp3
+p3{(—ap1 + (@ /p1 — p1)/a)ée™ + (w1 /p1 — p1)(b/a)e” "}
=1 + (b€ - 1)p3
+ ps{(—ap1 + (i /p1 — p1)/a)ée’® + (u1/p1 — p1)(b/a)e™ "}
For a fixed p; > 0, if we let ¢ vary in [0, 27), we see that ¥* Asv generates
all the points of an ellipse denoted by €(p1). Hence, £(p1) € W (u1, Ag). For

a fixed p; € W(Ay), let p, and py be the largest and smallest nonnegative
values of py respectively for which the inequality

(a® + 1)p} — (2Re s +a®)pf + > <0
n (4.13) is satisfied. Then
/-‘1‘17 A2 U g

PE[pe;pul

Here we denote £(0) = W((ll; fg)) Next we show that every point inside

the ellipse £(p) also lies in W(p1,A2). As 1y € W(Ay) = W(Ag) with
Ay = ((1)8), there is a unit vector ¥ = (p,1n) € C? with 5 > 0 such
that v*Agv = py. Thus, with v = (j,12,0) € C? we have v*Av = .
The corresponding ellipse £(p) = {1 — u1} is a singleton as p3 = 0. For
every p1 € [pe,pu], we may let p; change continuously to p. Recall that
v = (p1, (11 /p1 — p1)/a, p3e’®). As the entries of v are continuous functions
in p; > 0, the ellipse £(p1) will deform continuously to the singleton £(p)
in the set W(u1,A2). Hence, by continuity all the points inside the ellipse

E(p1) also lie in W (pu1, Ag), i.e.,
(4.14) W (1, A2) = U Ep U E(p)
PE[pepul PE[pepul

where E(p) is the elliptical disk with £(p) as boundary.
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We will show that Upe[m pul

Expressing ps as a function of p; from (4.13)), we see that ps attains the
maximum value

é_’(p) is star-shaped with star center 1 — p;.

\/a2 +2(Reps — V1 + a?|p))

= /1 —=pi —[(p/pr —p1)/a? = a

when p1 = p = /|m|/V1+ a?. In general, for each choice of p3 € [0, ps],

there are p; € [py, ] and pf € [p, pu] satisfying the equality in @ For
every 0 <r<1and p3 € [0,p3], set p3 = rps and let p; € [py,p] and
Pi € [P, pu) satisfy (4.13) for ps. With some intricate arguments presented
in the Appendix, we Wlll show that

(1) If |€2(1 + a®) > b%, then g(pl_) E(p{), and for every us € E(py),

(1—7”)(1—/11)‘“"#265(191) B B
(IT) If |¢|? ( + a?) < b2, then E(pf) C E(py), and for every us € E(py),

(1 =r?)(1 =) + 7% € E(py )
Once (I) and (II) are proved, by (4.14]) we see that W (1, A2) is star-shaped
with 1 — p1 as a star center, i.e., for any us € W(u1, Az) and t € [0, 1],
tpe + (1= )(1 — p1) € Wipa, A2).

Let S = {u: (u1, 1) € conv W (Aq, Az)}. We have W (uq, A2) C S. Note that
S C C is convex and compact. By Proposition [£.2]

08 C{p: (1, p) € 0 (conv W(Ay, Az))}

C{u:(p1,p) € W(A1, A2)} = W, Az).

The star-shapedness of W (u1, A2) implies that this set is simply connected.
Therefore, S C W (u1, A2). Hence, S = W (u1, Asg).

Now, we can show that W (Aj, As) is convex as follows. Suppose (x1,y1),
(z2,y2) € W(A1, Az), t € [0,1] and (p1, p2) = t(z1,91) +(1—¢) (22, 92). Then
(p1, p2) € conv W (A1, As). We have pa € {p: (p1, ) € conv W(Ay, A2)} =
W (1, Az). Thus, (p1, pe) € W(A1, Az). So, W(Aj, Ag) is convex. =

4.2. span{I3, A1, A2} C M3 contains a nonzero nilpotent. Here we
present the proof of Theorem when span {I3, A1, A2} contains a nonzero
nilpotent matrix. We may assume that {I3, A;, As} is linearly independent
and A is nilpotent.

Similar to the case considered in Subsection 4.1, we can apply linear
combinations and unitary similarity transforms to change Ay, A5 to a simpler
form. First, we show that one may assume that Ay is rank 1. Suppose A; is
rank 2. Then there is an invertible S such that S~1A4;S = J is the upper
triangular Jordan block. Then A; Ay = Ay A; implies that S™1A,8 = alz +
bJ + c¢J?. We may replace Ay by Ay — als — bA;. Then A, is a rank 1
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nilpotent. We may then interchange the roles of A; and As. Now, A; is a
rank 1 nilpotent matrix in span {I3, A1, A2}. So, up to a nonzero multiple
and a unitary similarity transform, we may assume that A; = Fi3, where
as before {E;; : 1,7 = 1,2,3} is the standard basis of Ms. The condition
A1Ay = A Ay implies that Ag is in upper triangular form with the (1,1)-
entry equal to the (3, 3)-entry. We may then replace Ay by Ay — 1135 — 1241
and assume that

0 01 0 b 0
Ai=10 0 0 and A>=10 a ¢
0 00 0 0O

If necessary, we may also replace (Aj, As) with (DAYD, DAYD), where
D = Ei3 + E9 + E3;1, and assume that |b] > |c|.
If b =0, then we may assume that Ay = Fs9. By Proposition (g, e),

(Ers + E31) i(E3 — E3r) > >
2 ) 2 s L22

W (A, Ag) = W<

is convex.

If b0, let ¢ = |a/b| and € = |c/b|. Suppose a/b = (e and ¢/b = &e?,
0,0 € [0,2m). Let U = diag (1, e, ei(%_‘f’)). Replacing (Aj, Az) with
(ei(¢_29) U*A1U, e_wU*AgU/b), we have (Al, Ag) = (Elg, CEy+FEio —|—£E23),
where ¢ > 0 and & € [0,1].

Let P, = E11/m and @, = (F22 — E32)/m for m € N. Then

1/m 0 1 0 1 0
Ai+Pp=| 0 0 0 and Ay +Qm=1[0 (+1/m ¢
0 0O 0 —-1/m 0
commute. Moreover,
a+b/m c b
als +b(A1 + Pp) + c(A2 + Q) = 0 a+c(C+1/m) c€
0 —c/m a

is nilpotent if and only if
a+b/m=0,2a+c(C+1/m)=0 and a*+ ac(C+1/m)+ c*¢/m = 0.
From the last two equations, if ( + 1/m # 0, then

2 2
EZM7 0:<a) +a<c+1>+§:€_1<<+1>7
c 2 c c m m m 4 m

which can be true for at most two choices of m. Hence, except for finitely
many values of m, the linear span of the set {I3, A1 + P,,,, A2+ @, } contains
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no nonzero nilpotent and W (A, + P,,, As+ @, ) is convex by Proposition
in Subsection 4.1.

Suppose L is the line segment joining (x* Az, x* Asz), (y* A1y, y* Agy) €
W (A1, A2). Let Ly, be the line segment joining (x*(A1+Pp,)x, 2*(A2+Qm)x)
and (y*(A1+Pn)y, y* (A24+Qm)y). Clearly, the endpoints of the line segments
Ly, converge to those of L. Thus, L,, — L in the Hausdorff metric as m — oc.
Note that L,, € W(A; + P, A2 + Q) because W (A + P, As + Q) is
convex by Proposition Since W (A1 + By, A2 + Q) — W(A1, Ag) in
the Hausdorff metric as m — oo, we infer that L,, — L as m — oo, so that
L C W(A1, As), and therefore W(Aj, As) is convex. m

Appendix: Proof of (I) and (IT). We use the notation introduced in
Section 4.2. For every q € [pg, pu], let

o - ( 0 5((Ml/q—Q)/a—GQ)>
T \b(ui/g—g)/a 0
If g € [pe,pu) and ¢3 =1 —¢* — |(p1/q — q)/al?, then
E(q) =1~ + (b€ = 1)a3 + 203 W (Cy).

It is clear that W(C’p;) C W(C’p1+) if and only if £(p;) C E(pf). For every
0<r<1and us € E(p), we have

(1= (1 —py) +r2ps €1 — py + (b€ — 1) (rgz)* + 2(rq3)W(TCpT).
Let p3 = rq3. Thus, to prove (I), it suffices to show that
(A1) W(GC;) - W(V’Cp{r) - W(C’ﬁf),

By Proposition the inclusions (A.1]) are equivalent to
rA (€0, + e*wc;l,) <rAi(eCpr + w‘ec*;l+ ) < Ai(eCpp + e*“’c;;l+ ),
for every 6 € [0, 27).

Note that

M (e?Cy+ e Cr) = \/ |det(e?C, + e=0C)).
Hence, it suffices to show that for every 6 € [0, 2),
2 i0 —i6 v 2 i0 —i6 v
(A.2) r*|det(e Cpf +e Cpl_)| < r?|det(e CPT +e CPT”
< |det(e’90ﬁ1+ + e_ZeC;ir)].
For every q € [pg,pu) and ¢3 =1 — ¢* — |(11/q — q)/al?, we have
|det(e?C,, + e_wC’;)|
= [e’¢(—aq + (fr/a — a)/a) + e b(fir/q — ) /af?
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= ¢%|(n/q — q)/a — aql* + V*|(fia /q — @) /al®
+2Re(e*¢b(—aq + (/g — ¢)/a) (1 /q — q)/a)
= 6P| /q — q)/al® + a’¢* — 2Re(fir — ¢°)) + b*|(fin /g — q)/al®
+ 2Re(e?b(—aq + (i1 /q — q)/a) (11 /q — q)/a)
= (P14 a®) = 0*)g* + (|€1* + 0*)(1 — ¢3)
— 2Re(|¢ i1 + €*P€b(1 — 11 — 43)).
As
L= (p1)* = l(w/py —p1)/al =1 (p)* = (w1 /p} = p)/al® = p3,
the first inequality in follows from |¢|?(1 + a?) — b2 > 0 and p|” > p .
Now

det [ Cpy + e*wc;ﬂ —r?|det(e’Cy + e*wc;})\
= (lE2(1+a?) = 0*)((5)? = r*(p7)?) + (L= 1) ([€]* +b°)
— 21— 1) Re([¢[2 + e27¢b(1 — u1))
> (|67 (1+a®) = b%)(B7)? + (17 +b%) = 2(I¢[* Re fur + [€b(1 — fin)])
=2 (6P +a®) = ) (1) + (€2 + 6) — 2(I¢]° Re fix +[€b(1 — fin)])-
For every y € [0, 53], let
g = 2R 1 ) ¢ R 1P A TP
2(1+ a?)
It is not hard to see that q;' € [p, pu] satisfies the left-hand equality of
with p3 = /y, i.e.,
—a*(gy)%y = (> +1)(¢))* — 2Repr +a®)(q))? + | >
Define the function M : [0,p3] — R by
M(y) = (|¢]*(1 + a®) = b*)(g;)* + (I&]* + %)
—2(I¢* Re fir + [€b(1 — fir)])-
For y = 0, we have (1+ a?)(gg)* — (2Re s + a?)(gd)? + |p1]? = 0 and

2162
M) = U e 1=+ 120 - ) > 0
0

We will show that M is concave so that
]det(eiecﬁ + e_ieC;%)\ — r2\det(epr1+ + e_iec;})\
> M(r?p3) — r*M(p3) > (1 —r*)M(0) > 0.
Noting that \§|2(1 + a2) —b? >0, we have
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2
ddjf = (I€PA+a?) =) ((g))"
2 a2 12 "
-4 (21(;+)1) b (\/(ZRGM +a*(1—y)) —4(1+“2)|‘“|2>

L (Par ) - (@) P
2(a + 1) ((2Repu +a? (1= 32))2 — (e + 1))~
Hence M is concave.
The proof of (II) is similar, and we just give a sketch. It suffices to show
that for every 6 € [0, 27),
(A.3) r2|det(e?C 1 + e 0C*,)| < r?|det(eC - 4 e C*))|
Py Py Py Py

0 —10 v
< |det(e Cﬁ; +e Cﬁ;)].

Recall that
|det(eCy +e7Cy) = (IE2(1 +a®) = b%)g® + (|€° +b*)(1 - ¢3)
—2Re([¢[ 1 + €2PEb(1 — 1 — g3)).
So, the first inequality in (A.3) follows from [£]*(1 + a?) < b? and p; < p].
The second inequality will follow from the concavity of
M(y) = (|€P(1+a*) = ")(g,)* + (6 + %) — 2(I¢]* Re fia + [£b(1 — fin)]),
where
(q,)
Since [£]2(1 4 a?) — b* < 0, we have
?M _
T = (0 + @) = ) (g)2)"
_ P +a?) -7
o 2(a?+1)
Thus (II) holds. =
REMARK A.1. It is worth pointing out that our proofs use some continu-
ity arguments and a simple idea of homotopy (in deforming ellipses inside the
numerical range of a certain matrix). In particular, intricate linear-algebraic

arguments are used. It would be nice if a less computational proof could be
found.

) 2Repm +a(1—y) — /ORom T @1 gF (@ § Dl
2(1+a?) '

(~V@Repm +a2(1— )2 —4(1 +a2)\,u1|2>// <0.
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