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ABSTRACT: We present another step in our efforts to expand far-field imaging
beyond the diffraction limit and beyond the limitations imposed by fluorescent
labels. The model system we examine is based on the exploitation of entangled
photon pairs at 810 nm generated by spontaneous parametric down conversion
(SPDC) of a 405 nm source to resolve the separations of the line pairs of a series
of two-dimensional objects. A ghost-imaging optical system directs signal and idler
photons along two paths, one of which contains the objects. Images are
constructed using a covariance analysis of the entangled pairs using typically 106

frames collected with an EMCCD detector that was calibrated to account for the
number of entangled pairs of photons, which is necessary for an accurate
determination of the resolution and its comparison with the classical method. Conservation of momentum requires that there is
inversion symmetry between the transverse k vectors of the photons passing through the target and their entangled counterparts
directed along the targetless path. Our covariance analysis not only addresses this symmetry but also that the width of the covariance
peak is broader than a single pixel owing to the nature of SPDC and the details of the optical arrangement. Consideration of this
broadening provides significant improvement of the image quality. The Heisenberg limit (HL) is achieved within experimental error:
using the same optical alignment, the resolution obtained with entangled pairs of 810 nm photons is, within experimental error, twice
that obtained with classical 810 nm photons. More importantly, the error bars of measurements with 810 nm entangled pairs are
quantified by the Crameŕ-Rao lower bound (CRLB) and compared with those of the classical measurements. While other workers
have done quantum imaging on nonpoint sources, to our knowledge we are the first group that not only has done the quantum
imaging but also has compared the CRLB and the measured error of the quantum and classical measurements for a series of
different-sized objects. (Similar comparisons have, however, been made for systems that can be approximated as point sources, e.g.,
determining the separation of two laser beams).

■ INTRODUCTION
We present another step in our efforts1,2 to provide an
alternative to the use of “blinking” fluorescent systems3 to
defeat the diffraction limit and to achieve a method of super-
resolution imaging that can eventually be extended to
individual molecules. Obtaining super-resolution with a
Raman source is particularly appealing because Raman
spectroscopy provides direct information on the chemical
nature of the system through its vibrational modes. Thus, our
first attempt1,4 explored the possibility of using a saturated
coherent anti-Stokes Raman scattering (CARS) signal that was
demodulated at higher frequencies of the pump modulation
frequency, f. This experiment depends on the saturation of the
vibrational transition. The more intense center of a Gaussian
laser-beam profile provides more saturation than the wings.
Hence, detection of higher modulation frequencies affords
more spatial resolution than lower modulation frequencies. At
the third harmonic, 3f, theory predicted an improvement of
spatial resolution by a factor of 1.7 for nanodiamond particles.
Experiments confirmed that spatial resolution was enhanced by

a factor of 2. Unfortunately, the applicability of saturated
CARS is limited to robust samples such as diamond; and even
for diamond, extraction of harmonics beyond 3f was not
feasible because the pump intensities required for sufficient
saturation induce sample damage.

Another avenue was investigated. In conventional imaging
methods often referred to as classical or “direct” because they
rely upon the direct detection of single photons from
individual emitters, each emitter is approximated as a point
source that is broadened by the response of the detection
system to produce its point-spread function (PSF). The PSF
determines the resolution of an imaging system. If one
computes the image of two emitters (with a reasonable form
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for the PSF, such as a Gaussian function) as the separation
between them decreases, it is straightforward to find that the
error in the measurement diverges (this divergence for
separated point emitters is called “Rayleigh’s curse”). The
alternate strategy was inspired by Tsang et al.5 by appreciating
that a more systematic and useful means of characterizing the
error in the measurement of, for example, the separation
between two point-sources is to use the Fisher information
(FI) matrix, obtained by treating the problem as one of
parameter estimation.6,7 (The inverse of the FI is the Crameŕ-
Rao lower bound, which is equal to the variance of the
measurement). Tsang et al.5 demonstrated that the quantum
Fisher information (qCRLB)6 suggests avenues of defeating
“Rayleigh’s curse”. Not only does it not diverge with decreasing
separation between emitters, it saturates at a f inite value. Thus,
our next attempt by Santra et al.2 specifically used the CRLB to
study how the measurements of centroids and separations of
objects using the detection of the interference of single-photon
amplitudes can be improved by exploiting the interference of
spatial modes. (Interference of one-photon amplitudes is to be
contrasted with that of two-photon amplitudes, discussed
extensively in Shih’s text8). This work2 employed optical
heterodyning, which is essentially an interference technique.
For example, if a Gaussian point-spread function (a TEM00
mode) of a point-emitter is displaced with respect to the origin
of the optical system, photons in the higher-order transmission
electron microscopy (TEM) modes carry information about
that displacement. Information concerning the displacement
can be extracted from photons in these higher-order modes.
These photons can be collected by optical heterodyning, which
exploits the large gain in a detector’s response to an optical
signal from an emitter coupled to a local oscillator, which is
prepared in the TEM of interest, e.g., TEM10. We generalized
and developed the heterodyning technique to localize point-
emitters via the detection of higher-order spatial modes. We
also developed a theoretical approach to find a practical
estimation limit of the localization parameters using a realistic
model for noise. To demonstrate the applicability of the
method, we designed experiments where a laser is a surrogate
for one and two point-emitters. Using the Fisher information
(FI) and its accompanying Crameŕ-Rao lower bound (CRLB),
we demonstrated super-resolution localization: objects can be
localized to roughly 2 to 3 orders of magnitude of their PSF’s
size for a given optical system.

In this paper, we continue our efforts to broaden the scope
of super-resolution measurements beyond the limits of
fluorescence-based techniques. We explore the role of
entangled, spontaneous parametric down-converted (SPDC)
photons in resolving not a point source, but a target with a
particular shape, at the Heisenberg limit (HL). And we make a
quantitative comparison of the reduction in the standard
deviations of measurements in going from a classical,
unentangled source to a quantum, entangled source.
Specifically, we demonstrate the slowing down of the
divergence of the CRLB for distance measurements of
nonpoint sources. Several examples achieving the HL, or
suggesting the possibility of enhanced resolution, have been
presented. Defienne and co-workers9,10 and Padgett and co-
workers11,12 have discussed many aspects of the details
involved in the use of entangled photons for imaging.
Unternaḧrer et al.13 image at the HL by detecting coincidences
of the signal-idler pair in time. Unfortunately, their detector
was limited to 32 × 32 pixels and thus was not practical for

high-resolution imaging. Jachura and Chrapkiewicz14,15 and
Parniak et al.16 exploit Hong-Ou-Mandel HOM interferometry
of biphoton probability amplitudes to achieve enhanced
resolution. In two papers, Devaux et al.17,18 provide a detailed
exploration of the potential for HOM interferometry to
provide spatial resolution using EMCCD detectors with no
capability for direct timing of coincident events. Finally, He et
al.19 have achieved the HL using only the spatial resolution
provided by EMCCD detectors and a covariance analysis of
signal-idler coincidences to attain the HL.

To our knowledge, however, ours is the first analysis of a
target not approximated as a point source to demonstrate the
reduced divergence of the error in distance measurements
using quantum imaging. Namely, not only have we performed
quantum imaging with a series of nonpoint sources but we have
also compared the error in these quantum images with those
from the corresponding classical images. And we have
additionally compared the CRLBs of these quantum and
classical images. In the process, we have generated a covariance
procedure that allows the automatic generation of a quantum
image without the need for precise mechanical alignment of
the beam path and that accounts for the momentum-
correlation width of the signal-idler pair being greater than
the size of a single pixel. We extend the covariance analysis to
include neighborhoods of pixels rather than just single-pixel
pairs. These comparisons are made possible, in part, because
the efficiency of our EMCCD is calibrated for the detection of
classical as well as entangled photons.

■ EXPERIMENTAL METHODS

Apparatus for Ghost Imaging

The experimental apparatus, motivated by that used by He et
al.,19 is shown in Figure 1. A 405 nm continuous-wave laser
operating at 10 mW was cleaned to TEM00 using a
polarization-maintaining, single-mode optical fiber, with a
beam radius of 1050 μm. The laser provides degenerate time-
and momentum-entangled 810 nm photons via spontaneous

Figure 1. Schematic for ghost-imaging. A 405 nm laser illuminates a
type-I β-barium borate crystal (BBO) to generate 810 nm SPDC
photons. At a plane ∑0′, the cone-shaped SPDC emission is split in
half at a knife-edge right-angle prism mirror and directed along two
symmetric paths. On one, an object of interest (1951 USAF
resolution test chart) is introduced in the object plane ∑0, obj. The
other path contains a piece of glass of the same thickness as that of the
test chart in the reference plane, ∑0, ref, to ensure the equivalence of
the two optical paths. The SPDC half-beams are reunited by a second
right-angle prism mirror, detected by an EMCCD detector at ∑i. P⊥=
polarizer (horizontal). BP = bandpass filter. Lenses: f1 = 50 mm, f 2 =
175 mm, f 3 = 9 mm objective lens (LIO-20X, Newport), f4 = 250 mm.
Lenses are placed such that there is a 4f system between adjacent ∑
planes.
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parametric down-conversion (SPDC) from a type-I, β-barium
borate crystal (BBO; NCBBO5300-405(I)-HA3, Newlight). A
Glan-Thompson polarizer after the BBO crystal rejects residual
405 nm light. At the plane, ∑0′, the cone-shaped SPDC
emission is split in half at a knife-edge, right-angle, prism
mirror (MRAK25-P01, Thorlabs) and sent to two symmetric
paths. The cone shape is a result of the momentum
conservation of the signal and idler photons generated by
SPDC and is evidenced by the annulus shown in Figure 2. On
one path, a positive 1951 USAF resolution test chart (58−198,
Edmund Optics) is introduced in the object plane, ∑0,obj. The
other path is left undisturbed except for a piece of glass of the
same thickness as the chart, which is placed in the reference
plane ∑0,ref to maintain the symmetry of the two paths by
ensuring that the photons traversing them have the same path
length. The photons from the two paths are directed by a
second right-angle prism mirror into an EMCCD camera
(iXon Ultra 888, Andor) at ∑i. An 810 nm bandpass filter
(FBH810−10, Thorlabs) at the detector’s input removes stray
light and any remaining pump-beam light. Lenses are placed
such that there is a 4f system between ∑ planes adjacent in
series. For all data presented in this study, a 10 ms exposure
time (“frame width”) was used, and the photon flux at this
power is sufficiently low to ensure photon-counting conditions,
i.e., no more than one photon per pixel is detected per frame.
After application of a threshold, classical images have a mean
flux of 0.1045 ± 0.0005 photons/pixel. This is equivalent to
1000. ± 5 photons/frame, considering the dimensions of our
frame. The detector was operated at −65 °C with an electron-
multiplying gain of 1000. A vertical shift speed of 1.13 μs and a
10-MHz readout rate were used. 2 × 2 hardware binning is
used for all data acquired. Data were processed using custom
Fortran and Python scripts. Classical and quantum images are
not smoothed or otherwise manipulated, aside from linear
intensity scaling (e.g. normalization).
Counting Classical and Entangled Photons
Calibration of the EMCCD detector is required for an accurate
determination of the number of photons, noise counts, and
entangled pairs detected during an acquisition. Because of the
stochastic nature of the electron-multiplying process, the raw
signal provided by the detector, in counts, is proportional to
the number of incident photons at a given threshold. The
proportionality, however, at different thresholds is different.
This threshold must be determined for a given experiment.
The data in electron counts must be converted to bits, where 1
is representative of either a genuine incident photon or a noise
count. A threshold condition must be applied

<n T n T1(“click”); 0e e (1)

ne− is the number of electron counts in the raw data for a given
pixel and T is a chosen threshold. For our experiments, the
intensity is sufficiently low that the probability of more than
one photon incident upon the same pixel for one frame is
negligible. The signal that is converted to 1 may be either a
genuine photon detection, or a noise count

= +N N Nclick true noise (2)

A noise count may originate from intrinsic detector noise or
from stray light. The calibration is performed using the SPDC
beam itself in a manner described by Klyshko20 and others.21,22

The resulting function, PNC(T), represents the probability of a
pixel reporting a noise count at a threshold T; and η(T) is the
quantum efficiency of an 810 nm photon at T. The procedure
for obtaining PNC(T) and η(T) are described in the Supporting
Information. An important and useful aspect of this calibration
method is that η(T) is the quantum efficiency not only of the
detector; it also includes optical losses incurred by the entire
ghost-imaging optical system.22

In classical imaging, a photon-counting detector counts
photons incident at each pixel. These photons are accumulated
to build up an image. In the quantum-imaging case, however,
the intensity of the image represents the covariance between
pairs of pixels, which for SPDC are related by inversion
symmetry. This covariance is proportional to the number of
SPDC pairs used to generate the image. To compute the
number of SPDC pairs, it is necessary to know the quantum
efficiency of the detection of an 810 nm photon, η, as discussed
in the previous paragraph.

For an entangled pair to contribute to a quantum image,
however, both the signal and idler photons must be successfully
detected. This is a process with probability η2. In the event that
either the signal or idler photon is scattered away by an
obstruction in the beam path, or otherwise fails to be detected,
the entangled photon pair has no contribution to the
covariance intensity and the resulting quantum image. It is,
therefore, equivalent to a noise count. Consequently, a given
data set contains a much greater number of 810 nm photons
than jointly detected SPDC pairs. As the quality of an image
depends upon the number of photons used, an accurate
comparison of classical and quantum images requires adjusting
the number of frames so that the number of 810 nm photons
used to generate a classical image matches the number of
SPDC pairs for generating the quantum image.

Figure 2. Classical image (a) is an accumulation of 1.5 million frames acquired using the apparatus in Figure 1. In each panel, the right half of the
beam is from the object side of the ghost-imaging setup, where a USAF resolution test chart has been placed at ∑0,obj. The quantum image (b) is
generated from the covariance matrix with the same data set used to generate (a). The symmetric ghost images of the targets are on the left side of
(b) and display the k = −k symmetry.
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In classical imaging, after application of a threshold function,
the signal collected from the EMCCD detector can come from
either noise counts or, our case, 810 nm photons, which
contribute to the classical image, eq 3 being the specific case of
eq 2.

= +N N Ntotal 810 cts noise cts (3)

For any η, the number of individual 810 nm photons detected
(on the object side) is related to the number of SPDC pairs
emitted at the source by

=N N810 cts source pairs (4)

As the detection probability of a joint SPDC pair is η2, the
number of pairs detected is

=N Npairs detected source pairs
2

(5)

Substitution yields

=N Npairs detected 810 cts (6)

As a result, for an accumulation of F frames that contains
N810 cts 810 nm photons on the object side, approximately F/η
frames are needed to generate a quantum image from N810 cts
entangled pairs, ensuring that the number of 810 nm classical
photons on the classical image matches the number of
entangled pairs used to generate the quantum image.
Identifying the Covariance of Signal and Idler Photons for
the Quantum Image
Fundamental to the construction of the quantum image is the
identification of the covariance matrix of the signal and the
idler photons as the joint probability of their coincidence and
hence to equate this coincidence with the quantum image, QI.
One half of the camera in Figure 1 registers, frame-by-frame,
signal photons; the other half, idler photons. Because the
exposure time of a frame is 10 ms, and thus incapable of
identifying temporal coincidences, no conclusions can be made
concerning the correlation with a photon on the signal half of
the frame with its idler partner on the other half. Coincidences
must be established by a frame-by-frame covariance
computation. This computation starts with the appreciation
that the covariance is imposed by the inversion symmetry of
the wavevectors of the signal and the idler: k = −k. Starting
with this, we can immediately write the following, where noise
terms arising from nonentangled events, k ≠ −k, tend to zero
after a frame-by-frame average. (Events from nonentangled
photons and from other noise can be assumed to be Poissonian
and to average to zero, as they do not contribute to the
covariance value.) The intensity value of the quantum image at
a pixel, k = (i,j), can be given by

=
=

I I
F

I I I Icov( , )
1

( ( )
n

F

i j n i j k l n k lk k
1

( , ); ( , ) ( , ); ( , )
(7)

In the above equation, the notation (i,j); n denotes the (i,j)-th
pixel of the n-th frame (from F total frames); and I denotes the
number of counts at that pixel. Note that k, a vector, represents
a pixel at a location (x,y), and k is an x-coordinate. The
analysis of He et al.19 presents the same conclusion: the
covariance is the quantum image. It also, in practice, exploits
the inversion symmetry of the wavevectors. But their reasoning
differs. The mere detection of a signal photon on an isolated
frame is not a coincidence given the exposure time of their
detector. Nor can coincidence events be assumed to be

Poissonian in order to justify setting a cross term to zero. A
true coincidence for an entangled pair requires that the
detection of an idler photon depends upon the detection of the
signal photon and vice versa. They are a correlated pair.
Without adequate time resolution, this coincidence must be
established by the covariance.
Quantum-Image Algorithm
Owing to momentum conservation, the signal and idler
photons of entangled pairs generated via SPDC are located
by inversion symmetry about the center of the annulus of the
SPDC distribution. The method of He et al.19 to find the
location of entangled photons requires an extremely precise
determination of the location of the detected photons relative
to each other. It also only allows coincidences detected at one
pair of pixels to contribute the quantum image. Because,
however, the joint-probability distribution of the position of an
idler photon for a given signal photon (and vice versa) may be
wider than a single pixel, QI algorithms that consider the data
from only one pair of pixels can result in the neglect of
coincidence events, diminishing the quality of the QI.

The Ii j, are obtained from every 25,000 frames for which
the covariance is computed. Although roughly 106 frames are
used to compute a quantum image, updating the average on a
relatively short interval is needed to account for slight shifts in
the target relative to the beam. As the joint probability
distribution spans multiple pixels (Figure S2), we find the
contrast-to-noise ratio of the quantum image is significantly
improved by summing the covariance values between k and
−k, plus a neighborhood of L pixels around the central −k
pixel, as depicted in Figure S3. Quantum images are thus
constructed using

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
= +

= =
QI I I I I1

2
cov( , ) cov( , )

m

L

m
m

L

mk k k k k
1

;
1

;
(8)

Ik;m is the value of the pixel at position m around the central k
pixel, as shown in Figure S2. For our experiments, L = 9 or L =
21 pixels are used. Although both of these directions,
∑m = 1

L cov(Ik,I−k;m) and ∑m = 1
L cov(I−k,Ik;m), should be

equivalent after large F, slight variations due to differences in
the performance of individual pixels and in optics and
alignment are reduced by the averaging. (We assume that
the only correlated signal present arises from biphotons;
however, it is possible that other correlated phenomena
contribute marginally to the covariance values, such as
correlated noise and pixel cross-talk, which affects pixels in a
neighborhood of a few pixels around one where a photon is
incident). The matrix multiplication is performed via the
corresponding OpenBLAS Fortran operation on a CPU and
parallelized using OpenMP. Computation requires approx-
imately 1 h per million frames on our desktop PC.
Finding the Center of Inversion Symmetry
Generating the quantum image from the covariance matrix at
symmetric coordinates requires locating the center of inversion
symmetry of the SPDC beam. With the two half-beams
roughly centered in the detector acquisition window, the
center of symmetry needs to be located within one pixel so that
for each pixel at a position k, the symmetric position −k can be
determined. This requires a systematic method of finding the
covariance peaks used to build the quantum image. The
algorithm, described in the SI, allows automatic generation of a
quantum image without the need for precise mechanical
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alignment of the beam path. Nor does it require “manual”
alignment of left and right panels in the software. It also
corrects for shifting beam paths over the course of multiple
acquisitions. Results of the procedure are given in Figures 2, 3,
and 4.
Comparing Classical and Quantum Images
To provide a proper comparison with our methods and those
of He et al.,19 we follow them in evaluating the contrast-to-
noise ratio, CNR, of our quantum images

= | |
+

I I
CNR 1 2

1
2

2
2

(9)

where I1 and I2 are the average intensities for several pixels in
a bright region and in the background, respectively; and σ1 and
σ2 are the corresponding standard deviations in these regions.
We evaluate the CNR for quantum images generated from the
same data set using a range of integration limits L, of the
covariance peak for each pixel, in a pattern shown on Figure
S3, where

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
= +

= =
QI I I I I1

2
cov( , ) cov( , )

m

L

m
m

L

mk k k k k
1

;
1

;

Integrating beyond the center −k and k pixels at symmetric
locations drastically improves the CNR, as more of the
momentum correlation width is being integrated. We note that
using L = 1, i.e., generating the image from only the center

covariance value, is equivalent to the method used by He et
al.19 The effects of integration limits on the CNR, computed
for a range of the number of frames F used to generate each
quantum image, are shown in Figure 3. We observe that for
most values of F, L = 21 affords the greatest CNR. As the
width of the L = 21 pattern is 5 pixels, and our momentum
correlation width (MCW) is 5.2 pixels (See Figure S2), further
increasing the integration limits beyond the MCW, would not
be expected to improve the CNR. (Also, after approximately
500,000 frames, the CNR is not further improved, which may
be attributable to shifting k and −k positions, i.e., a shifting
center of symmetry, at long acquisition time.) The greater
CNR reported by He et al., obtained with L = 1 using the same
number of frames, is attributable to their use of greater photon
flux, and an SPDC wavelength for which the EMCCD has a
higher quantum efficiency.19

■ RESULTS AND DISCUSSION

Achieving the Heisenberg Limit

Quantum imaging at the Heisenberg limit (HL) requires
verifying the expected resolution improvement afforded by
imaging with SPDC-photon pairs versus imaging with classical
photons at the same wavelength. To verify that our SPDC
images are at the HL, we measured the resolution of the image
at the edge of an opaque object. We follow He et al.19 by fitting
an edge spread function (ESF):

Figure 3. Varying integration limits to improve CNR. The integration limits of the covariance peak for each pixel are varied from L = 1 to L = 25, in
a pattern shown in Figure S3, where = [ + ]= =QI I I I Icov( , ) cov( , )m

L
m m

L
mk k k k k

1
2 1 ; 1 ; . Example images generated with the same data using L

= 1, L = 9, and L = 21 are shown in panels (a)−(c). The CNR vs the number of frames, F, is plotted using various integration limits in panel (d). As
the width of the L = 21 pattern is 5 pixels, and our MCW is 5.2 pixels, further increasing the integration limits beyond the MCW does not improve
CNR. Integrating beyond L = 1, however, drastically improves the CNR.
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which allows us to obtain an estimated resolution: R = 2w
√(ln(2)).

On a data set containing an opaque object (square box), we
take a column of pixels perpendicular to the edge to determine
the resolution for the classical and quantum images. For the
classical image, we obtain R810 = 3.4 ± 0.1 μm, and for the
quantum image, RQI = 1.7 ± 0.2 μm. Their ratio R

R
810

QI
= 2.0 ±

0.2 demonstrates the HL, as shown in Figure 4. Errors are
obtained from the standard deviation in R for N = 3
measurements. We note that the maximum improvement of
the quantum measurement is not necessarily present at the
alignment position where the resolution of the classical image
is the best, necessitating the need for optimization shown in
Figure S6.
Analysis of the Error of Measured Target Spacings, s
We refer to the Crameŕ-Rao lower bound (CRLB) in the
Introduction. It has played a significant role in our approach to
improving super-resolution measurements.2 Thus, before
undertaking the measurement of the spacings, s, of the
USAF test chart, we calculated the CRLB for a series of targets
with the corresponding slit separations. These calculations are
briefly described in the SI, and the results are presented in

Figure S7. The goal was not to attempt to attain quantitative
agreement with Figure 6, which summarizes the experimental
data below, but rather to predict�as indeed confirmed by
experiment�that it is possible to perform measurements
where the divergence of the error with decreasing s is slower
than that of the classical measurements. Indeed, as observed,
the quantum measurements afford standard deviations of the
separations that deviate more slowly than those of the classical
measurements as s is reduced.

With regard to the experiments, the data obtained from the
targets of the USAF resolution test chart were fit to a function
for generating a 2D image with an optical system modeled by a
single thin lens8

÷÷÷÷ ÷÷÷÷
Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ
÷÷÷÷ ÷÷÷÷ É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
= +I A( ) ( ) somb NA

2
i o o

i2 2

(10)

NA is the numerical aperture of the optical system; μ, the
magnification; λ, the wavelength of light; and ⊗ indicates
convolution. ÷÷÷÷

o and ÷÷÷÷
i represent the vectors of the

coordinates at the object and image planes, respectively. The

point-spread function is =xsomb( )
J x

x

2 ( )1 , where J1(x) is the
Bessel function of the first kind. (Equation 10 applies for an
incoherent source, which provides a slightly better fit to the
data than the corresponding equation8 for a coherent source).
The aperture function, eq 11, ÷÷÷÷ =A A s w x( ) ( , , )o , is a product
of a 1D step function that models the triple-bar targets of the
1951 USAF resolution test chart, whose bars and spacings of
width s, are imaged by a beam of finite width, w

Figure 4. Testing the resolution of the system by measuring the profiles of the edge between a dark and illuminated region. Panel (a) presents the
classical image; panel (b), the quantum image generated with the same data. In panels (a) and (b), the left-hand ordinates and abscissae are the
pixel numbers. The green vertical line indicates the range of pixels used for one measurement. The classical and quantum image edge profiles along
with their fits are presented in panel (c). The resolution is measured from N = 3 columns of pixels parallel to the green line. For the image shown,
the classical-to-quantum image resolution ratio is 2.0 ± 0.2, demonstrating the Heisenberg limit.
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1 represents a bright region; 0, a dim region. A finite-width
beam, broader than the triple-bar object (w > 5s), is required
for a finite integral of ÷÷÷÷I( )i . A step-function approximates the
relevant portion of the SPDC beam. Figure 5 presents an
example for A(s, w, x) = A(1.95 μm, w, x).

The image function is converted to a probability distribution÷÷÷÷=p x s a I( , NA, , , ) ( )i such that ∫ −∞
∞ p(x,NA,λ, μ,s)dx

= 1, where a is a normalization constant. (Note, this
normalization is not a “per-photon” normalization but a
normalization of the probability distribution.) Fitting the size,
s, requires knowledge of NA and μ, which were simultaneously
fit by setting s to the size known to correspond to each triple-
bar object on the 1951 USAF resolution test chart. For 3
representative bar sizes measured, μ = 28 ± 1 and NA = 0.183
± 0.008 were measured. (As the objective lens has a nominal
NA = 0.40, the lower value obtained from fitting is attributable
to minor misalignment or positioning of the object slightly out
of focus). The magnification is consistent with the optical

arrangement of Figure 1. For a classical image containing
images of several elements of the test chart, a box
approximately 7 times the width of the bar on the 3-bar
object is cropped around the object. The 1D profile of the
image is taken by averaging the rows of pixels around the
center line that comprise one-half the height of the cropped
region (see Figure 6 and its caption). This is reasonable as the
change in the y-profile of the image is minimal near the center
of the triple-bar object. Profiles are converted to a probability
distribution for fitting. The same region and procedure are
used for the corresponding quantum images. Classical images
are fit to p(x,NA,λ, μ,s) = p(x,0.183, 810 nm, 28, s) and
quantum images are fit to p(x,NA,λ, μ,s) = p(x,0.183, 405 nm,
28, s). Fitting was performed in Python using least-squares
regression. The s intervals used for fitting are less than 0.003
μm, which are well within the error measured for the largest
bar investigated (s = 1.75 μm).

For bars on a quantum image, the standard deviation in the
fitted size for N = 21 images is divided by the average
measured size of each element on the resolution test chart to
yield a relative error. The number of frames F used to generate
each image on which the size was measured was selected to
ensure an equal number of 810 nm classical photons and
SPDC photon pairs used to generate the classical and quantum
images, respectively, based on the measured quantum
efficiency (described in Experimental Methods section and
SI). Classical images are created by summing frames that are
taken at evenly spaced intervals during the acquisition of a
larger number of frames required to generate the quantum
image. This ensures that any shift in the target affects both the
classical and quantum images equally. The full classical images,
which include signal and idler beams (example in Figure 6(a)),
have an overall mean flux of 0.1045 ± 0.0005 photons/pixel
after application of the threshold. This is equivalent to 1000. ±
5 photons/frame, considering the dimensions of our frame. For
the regions cropped around each of the measured three-bar
objects (example in Figure 6(b)), we have a mean flux of 0.119
± 0.005 on a representative data set. Considerable attention
was paid to verify that N and F are each sufficiently large so
that the distribution of measurements for each bar size yielding
the standard deviations reported in Figure 6 is attributable
primarily to the inherent uncertainty in measuring the object
(due to movement of the object, unavoidable noise, photon
spread, etc.) rather than from noisy images whose image quality
is limited by the integration time used for the acquisition (i.e.
the number of photons on the image). The rationale justifying
the selection of N and F is discussed further in the SI.

■ CONCLUSIONS
This is another step in our attempt to develop a method of
attaining super-resolution with nonblinking sources. Clearly,
however, demonstrating the Heisenberg limit for micron-sized
targets is a far cry from resolving molecules with tens-of-
nanometer precision.3 But by developing a refined, robust
method of covariance analysis and determining the precision of
the measurements of a series of nonpoint-source targets, as
well as the trends in the Crameŕ-Rao lower bound, we propose
that this work lays a firm basis for moving forward in the
context of our previous efforts, notably those using interference
to achieve super-resolution in heterodyning experiments.2 The
CRLB is fundamental in our thinking about the problem of
super-resolution for nonpoint sources. While the point-spread
function provides an effective means of characterizing the

Figure 5. (a) A(s, w, x) is the profile of a representative object being
imaged before introduction into the single-lens image equation. A
step-function beam of width 30 μm (held constant for all calculations)
is blocked by the target, where each bar, and the gap between the bars,
is equal to s, with the triple-bar object having a total width of 5s.
A(1.95 μm, 30 μm, x) is shown. (b) After introduction into the single-
lens image, eq 10, the resulting intensity is normalized, yielding the
probability distribution: p(x,NA,λ, μ,s). With the NA and μ obtained
from the data, p(x,0.183, 405 nm, 1, 1.95 μm) (blue) and p(x,0.183,
810 nm, 1, 1.95 μm) (red) are plotted.
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accuracy of the imaging of point sources, a realistic object is an
infinite number of point sources. The CRLB is more general
than the PSF, going well beyond it by providing an efficient
and effective means of characterizing parameters that are not
point sources.

The characterization of the resolution of a point source
employs the appropriately named “point-spread function,” the
PSF. The width of the PSF can be identified as the CRLB of
the position parameter of the point source. This CRLB is
determined by the probability distribution of one measurement.
For point-source imaging, the diffraction limit is the same as
the CRLB of the position parameter of the point source.
Naturally if N identically repeated measurements are
performed, one can measure the position of the point source
with an accuracy better than the diffraction limit. And, indeed,
performing such repeated measurements is the foundation of
fluorescence-based, subdiffraction imaging methods.3 In reality,
however, it is well-known that N cannot be made arbitrarily
large because of, for example, irreversible photobleaching and
degradation of the fluorescent probe.

A point-spread function can obviously not be employed for
determining the accuracy of the imaging of a nonpoint source,
a “realistic” object. It is both impractical and unreasonable to
try to approximate a nonpoint source object as large sum of
point sources. It is necessary to use the CRLB of the parameter
(or parameters) characterizing the object, which is our case is the
slit size. To define “a measurement” for such an imaging
process requires, however, considerable effort, which we

describe in detail in Figure S5 and its caption. The theoretical
CRLB in our case is defined by one measurement’s probability
distribution, namely “an image integrating to 1,” which we
present in Figure 5 of the manuscript. Since there is no way to
find this “theoretical CRLB” directly from experimental
measurements, at least to our knowledge, we obtained the
standard deviation of N repeated measurements via experi-
ments (Figure 6d). Such a direct comparison between the
“theoretical CRLB” and the experimentally measured standard
deviation is challenging given the various approximations
involved. (In our previous paper involving classical imaging,2

we did such a comparison with realistic noise models, but with
only partial success. For the current quantum imaging case, we
felt that the comparison for the trend is justified to illustrate
the advantage of quantum imaging).

In this context, the seminal work of Hong, Ou, and
Mandel23 (HOM) enables a strategy: the interference of the
amplitudes of entangled signal-idler pairs may slow down the
divergence of the CRLB significantly more than that observed
in the present work. Parniak et al.16 achieved promising
experimental and computational results for a simple model
system for which they computed the qCRLB and performed
HOM interferometry. They were successful in retarding the
divergence of their observed error. Devaux and co-workers17,18

performed a detailed exploration of the spatial interference in a
more complicated system that elucidated the multimode
structure of entangled photons, suggesting a pathway to
enhanced resolution and, perhaps, super resolution.

Figure 6. Comparison in the error of the size measurement as determined from classical (red) and quantum (black) measurements. (a) The image
before the covariance analysis. The image of the s = 1.75 μm object from Group 8 of the resolution test chart is outlined in red. (b) Detail of panel
(a) showing the image of a target with s = 1.75 μm, cropped from the red box in (a). (c) Fit of the image through a horizontal line going through
the center of the target, generated from averaging the columns contained between the cyan lines on (b). The horizontal profiles of the targets are fit
to p(x,NA,λ, μ,s) The fitting was performed for N = 21 experiments (i.e., images), each of 39,318 frames for the raw data (classical imaging) and
750,000 frames for the quantum images. The number of frames/images is determined so that the number of classical, 810 nm photons and
entangled, SPDC pairs contributing to each image is equivalent. The standard deviation in the measurement of each size is divided by the average
measured size to yield a relative error. (d) Comparison of the error in the classical and quantum measurements as a function of bar size, s. This
panel presents a fundamental result of the work. Namely, it demonstrates the slowing down of the divergence of the error of the measurement of
progressively smaller slit separations for the quantum with respect to the classical measurement.
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14 Calibration of the Number of Classical and Entangled Photons

15 𝑃NC(𝑇), introduced in the main text, is the probability of a pixel reporting a noise count at a 

16 threshold T without laser illumination. After obtaining PNC(T), we calibrated the EMCCD in situ 

17 using photon pairs generated by spontaneous parametric down-conversion (SPDC) using the 

18 experimental apparatus of Figure 1 of the main text. The procedure is informed by the absolute 

19 calibration method employed by Meda et al.1 and Avella et al.2  A crucial difference between our 

20 procedure and theirs, however, is that ours uses the same optical configuration as that of the 

21 imaging experiment. This ensures that the measured 𝜂(T) incorporates both the intrinsic detector 

22 quantum efficiency and all transmission losses in the optical path.2 The EMCCD was operated 

23 under the same conditions as those described in Methods. For purposes of this calibration, we 

24 assume the detector is operated under conditions of at most one photon per pixel per frame. 

25 The EMCCD output signal, 𝑛𝑒―  (counts/pixel), can be modeled as the sum of amplified 

26 photoelectron events and noise contributions.1,2  In the absence of illumination, the measured 

27 distribution 𝑃NC(𝑇) is determined by Gaussian readout noise and spurious charges (clock-induced 

28 charge, CIC), which are amplified by electron multiplication. To obtain 𝑃NC(𝑇), we acquired 10 

29 frames with the EMCCD detector shutter closed, using the same acquisition parameters used to 

30 acquire SPDC data used for classical and quantum imaging. For a range of T values above the bias 

31 of the Gaussian readout noise, the threshold condition [𝑛𝑒― ≥ 𝑇→1 (“click”);  𝑛𝑒― < 𝑇→0] is 

32 applied. 𝑃NC(𝑇) is the fraction of pixels with value 1. PNC(T) is computed for a range of thresholds, 

33 yielding the curve shown in Figure S1. The inflection point in the curve is the transition between 

34 the Gaussian readout noise distribution and the exponential distribution of electron-multiplied 

35 spurious counts.2 Because the quantum efficiency, η(T), decreases as a function of threshold,2 

36 selecting a threshold value at the inflection point of Figure S1 offers a high quantum efficiency 
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37 and a sufficiently low number of noise clicks due to spurious counts, before the noise probability 

38 approaches unity as T is further decreased. We selected T = 525, which is just before the inflection 

39 point where 𝑃NC(𝑇) begins to increase sharply as T decreases. T = 525 is used for imaging 

40 throughout, where 𝑃NC(525) = 0.0050. We note that 𝑃NC(𝑇) only accounts for read noise in the 

41 absence of light, and neglects other sources of noise, such as stray light not contributing to the 

42 image. 

43

44 Figure S1. Noise calculation. The probability of a noise count as a function of threshold PNC(T) is 
45 computed for a range of thresholds for 10 dark frames taken with the EMCCD shutter closed. 
46 Following Avella et al.2, the quantum efficiency is maximized at the inflection point of PNC(T). T 
47 = 525 is used for the images we present.
48

49
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50 Quantum Efficiency from SPDC Correlations

51 The threshold-dependent quantum efficiency, 𝜂(T), is determined using spatial correlations 

52 between signal and idler photons generated by SPDC. Having selected the value T that offers the 

53 optimal quantum efficiency, a quantum image was generated using the method described in the 

54 main text, and a k and -k pair was selected from an area of the image not obscured by an object 

55 on the resolution test chart. (The resolution test chart was not removed during the calibration to 

56 maintain the integrity of the optical path.)  The 21-pixel regions centered at k and -k were used as 

57 the regions 𝑁𝑠 and 𝑁𝑖, corresponding to those arising from the signal and the idler respectively, 

58 for the correlation analysis used to determine η(T). Following Meda and coworkers1, we quantify 

59 the spatial correlations using the covariance:

60 𝐶 = ⟨𝑁𝑠𝑁𝑖⟩ ― ⟨𝑁𝑠⟩⟨𝑁𝑖⟩,                                                         (S1)

61 which isolates the contribution from photon-pair correlations by subtracting uncorrelated 

62 background fluctuations. The covariance calculation is the same as that used for quantum imaging. 

63 In the photon-counting regime (at most one photon per pixel per frame), this covariance is 

64 proportional to the product of the detection efficiency and the mean photon number in the reference 

65 area. The quantum efficiency, 𝜂(𝑇), is obtained from SPDC correlations in a manner first described 

66 by Klyshko3 and adapted by Meda et al.,1 with

67 𝜂(𝑇) = 𝐶/𝐴〈𝑁ref〉,                                                               (S2)

68 where 〈𝑁ref〉 is either ⟨𝑁𝑠⟩ or ⟨𝑁𝑖⟩, which are assumed to be equal owing to the symmetric 

69 configuration used (Figure 1) and is obtained from the average intensity over several bright pixels. 

70 We obtain C by integrating a 21-pixel region for a known k and -k pair from a representative data 

71 set. The quantities 𝑁𝑠, 𝑁𝑖, and C are accumulated over 1.5 million frames and are obtained after 

72 having applied the selected threshold, T. A is a geometric parameter, which we take to be 1, as only 
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73 the covariance peak is integrated to give C. The number of true counts used for 〈𝑁ref〉 is corrected 

74 for noise using  𝑁true = 𝑁click ― 𝑁noise, with 𝑁noise determined from 𝑁noise= 𝑁click𝑃NC(𝑇). We 

75 find 𝜂(525) = 0.052. As noted above, this efficiency represents the total system detection 

76 efficiency, including both optical losses and the intrinsic EMCCD quantum efficiency. As the 

77 EMCCD itself is specified by the manufacturer to have a quantum efficiency of ~70% at 810 nm, 

78 an efficiency of 5.2% suggests the majority of losses occur along the imaging path, which is 

79 reasonable for the system presented in Figure 1. 

80 Momentum Correlation Width

81 Determining the width of the peak in covariance values is necessary for assessing the probability 

82 distribution for finding the twin of a given entangled pair. It is also necessary for determining the 

83 integration boundaries (L) used to generate the quantum image, as described in the main text. For 

84 each pixel located at k = (i, j), we observe a Gaussian peak of covariance values (spanning multiple 

85 pixels), centered at the symmetric location ― 𝐤 = (𝑘,𝑙). We equate the width of this Gaussian to 

86 the momentum correlation width (MCW) or, equivalently, to the joint probability distribution of 

87 the signal and idler.

88 To find the MCW for each pixel, k = (i,j), a scan is performed to determine the location 

89 (𝑘,𝑙) of the cluster of covariance values with the highest value. The location of the peak is found 

90 by determining the coordinates (𝑘,𝑙) that gives the maximum value of ∑9
𝑚=1 cov 𝐼𝐤,𝐼―𝐤; 𝑚 , where 

91 9 pixels including and surrounding the coordinate (𝑘,𝑙):

92 peak𝐤 = (𝑘,𝑙) = max
𝑘,𝑙

∑9
𝑚=1 cov 𝐼𝐤,𝐼(𝑘,𝑙); 𝑚 .                                         (S3)

93 For each pixel k = (i,j), on the right side of the image, the scan is performed only on the left side 

94 of the image and vice versa, as we know that due to the optical arrangement, the covariance peak 

95 from an entangled photon on one side will be present only on the opposite side. Pixels near the 
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96 boundaries of the image, where a peak would be incomplete, are ignored while scanning. 

97 Identifying the 3x3 cluster of 9 pixels that together have the highest integral covariance value is 

98 superior to finding only the highest covariance value pixel, since performing the integral of 9 pixels 

99 averages the noise present in the distribution and is more likely to identify the exact center of the 

100 covariance peak at (𝑘,𝑙). This is because, owing to the relatively low signal-to-noise ratio of the 

101 peaks in the covariance matrix, the pixel with the highest value may not be at the center of the 

102 Gaussian peak.

103 The scan finds a peak in covariance values for all k locations, even those with no entangled 

104 photons, in which case the found "peak" will correspond to a random location with slightly higher 

105 correlated noise. To build the MCW, we take the 3126 pixels with the highest peak integrals, which 

106 all have source pixels k located on the brightly illuminated portion of the quantum image. The 

107 covariance matrix used for obtaining the MCW is a representative data set used for quantum 

108 imaging. The values of the covariance matrix at the center of the found peak (-k) are averaged and 

109 normalized to yield the MCW for the experiment. The centerline of the MCW is fit to a Gaussian, 

110 and a full-width at half-maximum (FWHM) of the fit has a width of 5.2 pixels (Figure S2a). The 

111 Gaussian tails of the MCW distribution, which extend beyond the 3x3 pixels used for the initial 

112 scan, affirm that the scanning method is effective at locating the center of a distribution that is 

113 broader than the 3x3 pixel area used for the scan. Converting to length using the pixel width of 26 

114 µm/pixel and scaling by the observed magnification between the object plane and the detector (µ 

115 = 28) results in an estimated MCW of 4.9 µm at the object plane. (A source of error in the MCW 

116 is that the pixels, notably the center pixel, has finite width of 26 µm and is not a point source.)
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117

118 Figure S2. Momentum correlation width. 
119
120 (a)  Sum of horizontal covariance values, centered on the 9-pixel covariance peak, for pixels from 
121 the illuminated portion of a quantum image (N = 3126 pixels), to compute the MCW. A Gaussian 
122 fit yields a FWHM = 5.2 pixels. 
123
124 (b) Average of horizontal and vertical profiles of eight k and –k peak locations. (c) The profiles 
125 are overlapped and displaced to facilitate viewing. 
126
127
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128 Finding k and -k and Generating the Quantum Image

129 To locate the coordinates of -k corresponding to a given k = (i,j), an initial-guess position 

130 is made by picking the image coordinates at the symmetric position about the center of the image. 

131 For an image with dimensions 𝑑𝑥 × 𝑑𝑦, the guessed position is ― 𝐤guess = (𝑑𝑥 ―𝑖, 𝑑𝑦 ―𝑗). A scan 

132 is performed to determine the location (𝑘,𝑙) of the cluster of covariance values with the highest 

133 value. The location of the peak is found by determining the coordinates (𝑘,𝑙) that gives the 

134 maximum value of ∑9
𝑚=1 cov 𝐼𝐤,𝐼―𝐤; 𝑚 , where m are the 9 pixels including and surrounding the 

135 coordinate (𝑘,𝑙).

136 peak𝐤 = (𝑘,𝑙) = max
𝑘,𝑙

∑9
𝑚=1 cov 𝐼𝐤,𝐼(𝑘,𝑙); 𝑚 .                                  (S4)

137 For a k and -k pair corresponding to a clear, symmetric SPDC beam path (undisturbed by the 

138 object), peak𝐤 = ― 𝐤. As the found peak coordinates are only valid for the regions of the beam 

139 that have the covariance peaks with the highest signal-to-noise ratio, a cutoff is chosen as the ~100 

140 pixels with the highest cov(𝐼𝐤,𝐼―𝐤) values. For the peaks above the cutoff, the average difference 

141 between the guessed coordinate ― 𝐤guess and peak𝐤 is used to generate an offset applied for all 

142 other k positions.

143 (offset𝑥,offset𝑦) = (𝑘,𝑙)―𝒌guess ― (𝑘,𝑙)peak𝒌                                    (S5)

144 The offsets are computed from enough of the brightest k and -k pairs with cov(𝐼𝐤,𝐼―𝐤) values 

145 above the cutoff value to ensure that we have a unique center of symmetry, as indicated by the 

146 individual pixels above the cutoff returning the same offsets, within approximately one pixel. The 

147 offsets are then used to find the -k position corresponding to each pixel k = (i, j)

148 ―𝐤 = (𝑑𝑥 ― 𝑖 + offset𝑥, 𝑑𝑦 ― 𝑗 + offset𝑥)                                    (S6)
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149 The result of this procedure is to extrapolate k and -k coordinate locations for regions where no 

150 covariance peak is located, i.e., where the beam is not present, or one of the biphotons was scattered 

151 away by the object.

152 This algorithm allows automatic generation of a quantum image without the need for 

153 precise mechanical alignment of the beam path. Nor does it require "manual" alignment of left and 

154 right panels in software. It also corrects for shifting beam paths. It is conceivable that another 

155 factor contributing to the asymmetry between left and right optical paths arises from slight 

156 variations due to imperfect positioning of the optical components. This could produce asymmetric 

157 paths between signal and idler as well as different magnification in the object- and reference-beam 

158 paths. Also, one or both of these two beam paths may be slightly rotated perpendicular to the z 

159 plane about some (x, y) position. Our algorithm does not correct for this, as we observe that these 

160 shifts are smaller than the width of the observed joint probability distribution. If, however, the left 

161 and right beams were significantly skewed, the peak-finding algorithm could be modified to 

162 correct for distortions in other degrees of freedom. 

163
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164

165 Figure S3. Covariance matrix integration limits for an example data set with dimensions 20 x 15 
166 pixel2. 
167
168 (a)  The original image dimensions, with an example k at pixel (4,5). Assuming offsets are 0, -k 
169 is at the symmetric position, (17,11).
170 (b)  The right half of the 2D covariance matrix cov(𝐤,(𝑖,𝑗)). L = 21 values of the pixels of the 
171 covariance peak centered at the symmetric position, –k = (17,11) in panel c, are summed: 
172 ∑𝐿

𝑚=1 cov 𝐼𝐤,𝐼―𝐤; 𝑚 .
173 (c) The left half of the 2D covariance matrix cov( ―𝐤,(𝑖,𝑗)). L = 21 values of the pixels of the 
174 covariance peak centered at the symmetric position, k = (4,5) in panel b, are summed: 
175 ∑𝐿

𝑚=1 cov 𝐼―𝐤,𝐼𝐤; 𝑚 . The final quantum image intensity at the example pixel k is given by Eq 8, 
176 reproduced here:
177
178 𝑄𝐼𝐤 = 1

2
∑𝐿

𝑚=1 cov 𝐼𝐤,𝐼―𝐤; 𝑚 + ∑𝐿
𝑚=1 cov 𝐼―𝐤,𝐼𝐤; 𝑚 .

179
180 The opposite halves of the 2D covariance matrices (panels b and c) are not shown, as the 
181 covariance peak is always on the opposite half of the image plane, owing to the symmetry of the 
182 experimental setup. 
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183

184 Figure S4. Varying integration limits to improve the contrast-to-noise ratio. We indicate the 
185 regions where the contrast-to-noise ratio was measured by the red and blue regions. The average 
186 intensity of the pixels in the red square is used to generate 𝐼1 and 𝜎1; that of the blue square, to 
187 generate 𝐼2 and 𝜎2. 
188

189 Convergence in the Measured Error of the Quantum and the Classical Measurements.

190 To determine the selection of number of frames, F, and the number of measurements, N, acceptable 

191 for the error analysis, we performed the fitting procedure for a range of N and F, using classical 

192 image data, to verify that both are sufficiently high. As defined in the main text, F is the number 

193 of frames used to generate each image. In this discussion, one “measurement” the determination 

194 of the size of an object from its image (the result of the fitting procedure), where each image is 

195 obtained from the accumulation of F unique frames. For each slit size, one measurement is 

196 performed on each image. The convergence for the number of photons, M, comprising each image 

197 was computed indirectly, by computing the convergence based on the number of frames F, as 

198 𝐹 ∝ 𝑀. (The exact proportionality factor between F and M, and thus the number of photons 
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199 comprising each image, can be established using the results from calibration, but is not strictly 

200 necessary.) Using the same procedure used for determining the error in the fitted size, we varied 

201 F while maintaining a sufficiently high N, and considered the standard deviation (error) of the N 

202 measurements. As F increases, the error approaches an asymptote, and adding more frames does 

203 not improve the image quality. Selecting a value near the asymptote (e.g. F = 16,000), we vary N. 

204 We observe that as N is increased, the curve of standard deviation in the measured size versus size 

205 becomes monotonic, then quite smooth. Adding additional measurements does not change the 

206 standard deviation. Selecting an N where the standard deviation increases monotonically as the slit 

207 size decreases is needed to establish that the standard deviation is genuine, rather than due to too 

208 few frames.

209
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210

211

212 Figure S5. Convergence in the error in the measurement of bar sizes with respect to parameters 
213 affecting the number of photons used. F is the number of frames comprising one image. N is the 
214 number of measurements. Eq 6 of the main text, F, and the efficiency of the detector, η, are required 
215 to determine the number of photons in a given classical or quantum experiment. 
216
217 (a)  There is convergence in the errors for F = 16,000 frames and N = 21 measurements. 
218
219 (b)  The number of frames is held at F = 16,000. The variation in the standard deviation with bar 
220 size becomes monotonic between N = 16 and N = 40, indicating an acceptable minimum number 
221 of measurements.
222
223
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224
225 Figure S6. Optimization of the focus and the Heisenberg limit. The object is translated along the 
226 z axis (along the optical axis), and after obtaining a 1.5-million-frame data set, the resolution is 
227 measured for the classical (red) and quantum (black) image, from the data set obtained from five 
228 positions along the edge. The resolution is computed in the same manner as described in Methods. 
229 The position at z = 28.0 µm (relative to an arbitrary reference point), with a resolution ratio of 2.0
230 ± 0.2, was selected for error analysis, as it corresponds to the Heisenberg limit. Notably, the z 
231 position with the best resolution for the classical image is not the same position where the quantum 
232 image has the best resolution, or where the classical-to-quantum resolution ratio is the greatest. 
233 This result is qualitatively similar to that of He et al.4
234
235 The Cramér-Rao Lower Bound 

236 The divergence of the error of the classical and quantum experiments presented in Figure 6 were 

237 predicted by computing the Fisher information (FI) for the parameter we are estimating in this 

238 experiment: the size of the bar on each triple-bar object (s) (Figure S7, below). The Fisher 

239 information is defined as:

240 FI(𝑠) = ∫ 𝑝(𝑥,NA,𝜆, µ,𝑠) ∂ ln 𝑝(𝑥,NA,𝜆, µ,𝑠)
∂𝑠

2
𝑑𝑥 .                             (12)
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241 The FI is a function of the image, 𝑝(𝑥,NA,𝜆, µ,𝑠), to which the data are fit. The Cramér-Rao lower 

242 bound, CRLB is the inverse of the Fisher Information (FI). It represents the lower bound of the 

243 error in an unbiased estimator, in our case, the size of the bar being measured (s)5.

244 CRLB = 𝜎(𝑠)2 ≥ 1
FI(𝑠) .                                                 (13)

245 For each bar size (s) measured in Figure 6, we numerically compute the FI as a function of the bar 

246 size (s), holding the other parameters constant. For comparison, we take the classical image to be 

247 that obtained from 810-nm SPDC photons with no effort to isolate entangled pairs. For the 

248 quantum image, we approximate the CRLB as the classical CRLB of photons at the Heisenberg 

249 limit wavelength, 405-nm5. For an equivalent comparison between the experimentally measured 

250 relative error, we take the square root of the CRLB and divide by the known value for s to yield a 

251 relative CRLB error, a dimensionless quantity. The CRLB calculation (Figure S7) suggests that 

252 we may experimentally expect that imaging with 405-nm classical light (or 810-nm entangled 

253 photon pairs) will result in a measured relative error of about one-half that afforded by 810-nm 

254 photons under otherwise equivalent conditions. This is confirmed experimentally by the error in 

255 Figure 6, where the relative error in the bar measured from the quantum image is lower for all bar 

256 sizes compared to the classical image of the same s.

257 The magnitude of the relative error between the experimentally-obtained classical and the 

258 quantum measurements (Figure 6) is smaller than that observed between the CRLBs for 810-nm 

259 photons and for 405-nm photons, surrogates for entangled 810-nm photons (Figure S7). As noted 

260 in the Introduction, the computation of the CRLB was to motivate the experiments that produced 

261 Figure 6. It was never our goal to demonstrate quantitative superposition of the computed and 

262 experimental plots of standard deviation vs. slit separation. Consequently, we have relegated the 

263 CRLB plots to the SI as Figure S7 and provided more context. It is important to keep in mind that 
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264 the CRLB curves in Figure S7 are computed as a single-parameter estimation, likely an 

265 oversimplification. They also assume a single measurement. If multiple identical measurements 

266 are performed for the estimation of the error bars, as done for the construction of Figure 6, a noise 

267 model must be used for the theoretical estimation of multiple measurements CRLB. Indeed, this 

268 is what we did in Santra et al.6  For N identical measurements the error bar will scale as 1/N1/2. For 

269 N = 21 in Figure 6, it is anticipated that the theoretical CRLB and the experimental error bar be 

270 roughly the same. The discrepancy might also partially be attributed to our model for the CRLB 

271 calculation not considering nuisance parameters, such as a shifting image centroid. 

272  The discussion above is important and requires further comment.  At issue here are the 

273 definition of the CRLB and the role of N.  With regard to the CRLB, it must be appreciated that 

274 the CRLB is defined for one measurement, which, in turn requires the definition of one 

275 measurement—as we note above.  With regard to N, for our case with N = 21, the CRLB does 

276 match the experimental data rather well when scaled by (1/21)1/2.  We have, however, intentionally 

277 avoided constructing a  plot of the scaled CRLB against the experiments because we do not want 

278 to leave the reader with the impression that one can blithely scale by (1/N)1/2 without using an 

279 appropriate noise model, as we did elsewhere.6  Furthermore, scaling by (1/N)1/2 must not be 

280 interpreted as implying that if N → ∞, CRLB → 0.  The issue of the noise model notwithstanding, 

281 it may be impossible or impractical to characterize realistically the target one is imaging.  This is 

282 the case in fluorescence-based, single-molecule measurements where bleaching and sample 

283 degradation limit N.  More importantly, there is no way to make N go to infinity!

284

285
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286 We posit that qualitative resemblance between the classical and quantum measurements 

287 and the 810-nm and 405-nm CRLB error curves affords theoretical support for our experimental 

288 observation (Figures 4 and especially 6) that quantum imaging reduces the error in measuring a 

289 parameter for a non-point-source object by a factor of approximately two. Hence, the CRLB 

290 calculation supports the observation in Figure 6 that quantum imaging slows the divergence in the 

291 measured error as the size of the object decreases.7

292

293

294 Figure S7. CRLB calculation for a triple-bar object imaged with a single lens. The CRLB is 
295 computed for our image function 𝑝(𝑥,NA,𝜆, µ,𝑠) along one dimension for the same bar sizes on the 
296 1951 USAF resolution test chart whose errors are presented in Figure 6. 𝐶𝑅𝐿𝐵/𝑠, the expected 
297 relative error as determined by the Fisher information, is plotted against bar size, 𝑠. The relative 
298 error expected when imaging with 405-nm light is approximately half the relative error expected 
299 when 810-nm light is used. The NA is obtained from the data used for the size fitting result shown 
300 in Figure 6 (NA = 0.183).
301
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