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Coordinate Axes, Lattice Vectors, and Lattice Parameters

is always out of the page ... while the y-axis and z-axis are within the page.

By convention, the
Note that a given lattice vector defines the unit spacing along that axis.

QO indicates the origin, which exists at the tail of each vector (here they are coincident).
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—> Lattice parameters the magnitudes (lengths) of the lattice vectors (unit cell edges)
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Naming Points

To name a point with respect to the origin, write its coordinates in terms of fractional lattice vectors.

Fractional Coordinates:

Z

V4
B
/r O 0 0 Point 100

O O 1 0 Point 010

@) O O 1 Point 00 1

Note: If lattice vectors are not explicitly shown, they
are implied (you have to manually imagine them).

A point is therefore named by a triplet of numbers that specify
the components of a vector emerging from the origin.



Naming Points

Fractional Coordinates:

Z

To name a point with respect to the origin, write its coordinates in terms of fractional lattice vectors.
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Naming Points

Fractional Coordinates:
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To name a point with respect to the origin, write its coordinates in terms of fractional lattice vectors.
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Naming Points

Fractional Coordinates:

Z

To name a point with respect to the origin, write its coordinates in terms of fractional lattice vectors.
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Naming Points

To name a point with respect to the origin, write its coordinates in terms of fractional lattice vectors.

Fractional Coordinates:

® y z
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Reduce to lowest integer set

o)

ol

oL

Fractional Coordinates:

y V4 Direction:

a 0 0 [100]
b 1 0 [010]
o 1 | [001]




Naming Directions

1) Place the origin at the tail of the vector.

Reduce to lowest integer set

To name a crystallographic direction:
2) Write the fractional displacements required to travel from the tail of the vector to the head of the vector.

3) Reduce to the lowest triplet of integers.
4) Enclose the indices in brackets: [ 4 k]

Z

Fractional Coordinates:

y Z

4

Direction:




Naming Directions

To name a crystallographic direction:
1) Place the origin at the tail of the vector.

2) Write the fractional displacements required to travel from the tail of the vector to the head of the vector.

3) Reduce to the lowest triplet of integers.
Reduce to lowest integer set

4) Enclose the indices in brackets: [ 4 k]
Fractional Coordinates:

Direction:

2
: y =z
/1'1 1 172 1/2
2 0 1/2
1
P 3 12 0
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[011]

[101]

[110]



Naming Directions
Why reduce the indices to the lowest integer set?

Reduce to lowest integer set

Z Fractional Coordinates:
? / X y V4 Direction:
T 1/2 1/2 O [110]
2 1 1 0 (110]
5 4
3 2 2 0 [110]
oy A 1 1 0 (110
1 5 1/2 12 O (110]
2 v
'Y So that parallel directions
X have the same name.



Naming Directions

Caution: The origin of a direction vector is arbitrary.
Place the origin of a direction vector at its tail (or some other convenient location).

Fractional Coordinates:

y Z Direction:

4
g;} 2 1 1 0 [110]

Note: An underlined index implies a negative index.

Traditionally, overlines are used imply negative indices.
Underlines are easier to typeset, so we will often use them instead.




Naming Directions - In Class Exercise

Reduce to lowest integers

Fractional Coordinates:

y Z

Direction:




Naming Directions - In Class Exercise

Reduce to lowest integers

Z Fractional Coordinates:
? y Z Direction:
' 1 0 0 100
4 % 1/2 0 110
1 3
3 1 1 111
4 1/4 1 014




Question

Select the set featuring the correct names for these directions.

2 W NN =

[101]
[010]
[10 1]
[010]

[10 0]
[110]
[111]
[011]

2 W N -

D 2
3

[00 1]
[110]
[00 1]
[110]

[10 1]
[01 0]
[101]

4 [010]



Parallel Directions
Parallel directions have the same name.

Z
A
O
Cubic Setting
—> —>
\a\ =|b|=[c
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Example:

All directions within a cube pointing in the
+Xx direction will have the specific direction
nameof [100]



Equivalent Directions
Equivalent directions feature the same distance between lattice points.
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Cubic Setting
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Example:
All cube edges will have some permutation
of the indices: +-1 0 0

Direction:
1 [100]
2 [100]
3 [010]
4 [001]



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h kil >

Z
A
Cubic Setting
—> —>
\a\ =|b|=[c

p

y:goo

Notation:

Cube Edges belong to the family:

<100>

Note:

When naming families
[100] there is a convention
[100] to place non-zero digits

as the leading indices:
[010] Use <100> vs <010>
[010]

Note:
[001] <100> may not = <010>, etc.

in lower-symmetry systems.
[001]



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h kil >

Z
!
>
o
Cubic Setting
\a\=\b\= c
= ﬂ = y:g()o

Notation:

Cube Edges belong to the family:

<100>

[100]
[100]

[010]
[010]

[001]
[001]

Note:

When naming families
there is a convention
to place non-zero digits
as the leading indices:

Use <100> vs <010>



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h kil >

Z
? Notation:
Cube Edges belong to the family:
E <100>
Note:
When naming families
[100] there is a convention
< & »> [100] to place non-zero _digits
} as the leading indices:
v [010] Use <100> vs <010>
[010]
Cubic Setting
— —>
‘a‘:‘b‘z‘c [001]
[001]

= ﬂ = y:g()o



General Direction Families / Types
Caution: Low-symmetry systems have fewer equivalent directions.

Note:
<h00> may not = <0k0> or <00I>, etc. in lower-symmetry systems.




General Direction Families / Types
Caution: Low-symmetry systems have fewer equivalent directions.

Note:
<h00> may not = <0k0> or <00I>, etc. in lower-symmetry systems.

Notation:
Edge Families:
V4 <100> == <010> #* <001>
A [100] [010] [001]
[100] [010] [001]

Each color is a separate family here, because the lattice point
spacings are not equivalent when comparing different colors.



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h klil>

Z
? Notation:
Face-Diagonals belong to the family:
<110>
[110] [101] [011]
[110] [101] [011]
[110] [101] [011]
[110] [101] [011]
Cubic Setting
‘a ‘ — ‘H‘ — ‘8 A given face-diagonal is oriented at 45° with

respect to two coplanar coordinate axes.

= ﬂ = y:g()o



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h kil >

N

Ly =

Cubic Setting

\a\=

]
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Notation:

Face-Diagonals belong to the family:

<110>

[110] [101] [011]
[110] [101] [011]
[110] [101] [011]
[110] [101] [011]

c A given face-diagonal is oriented at 45° with

respect to two coplanar coordinate axes.



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h klil>

N

Notation:

Face-Diagonals belong to the family:

<110>

[110] [101] [011]
[110] [101] [011]
[110] [101] [011]

R L =

Cubic Setting

>
\a\=\b\=
= ﬂ = y:goo

[110] ([101] [011]

c A given face-diagonal is oriented at 45° with
respect to two coplanar coordinate axes.



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h klil>

Notation:

Face-Diagonals belong to the family:

<110>

[110] [101] [011]
[110] [101] [011]
[110] [101] [011]

/ [110] ([101] [011]

c A given face-diagonal is oriented at 45° with
respect to two coplanar coordinate axes.

Cubic Setting
—

\a\=\b\=

= ﬂ = y:g()o



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h kil >

Notation:

Face-Diagonals belong to the family:

<110>

[110] [101] [011]
X [110] [101] [011]
[110] [101] [011]

[110] [101] [011]
Cubic Setting

\a\=\3\=
= ﬂ = y:g()o

c A given face-diagonal is oriented at 45° with

‘—P
respect to two coplanar coordinate axes.



Cubic Direction Families / Types
Equivalent directions feature the same distance between lattice points.
Equivalent directions have common indices, including negative permutations.
Equivalent directions exist as the same feature of the unit cell.

A family of directions, or a direction type, is enclosed in carrots: <h klil>

Z
A

---------------------

Cubic Setting
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]
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Notation:

Body-Diagonals belong to the family:

<111>



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.
2) Write the fractional intersections the plane makes with the coordinate axes.
3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal
Z Intersections with:
A
: y V4 Plane:
00 1 (001)

In this case, the plane never
intersects / cuts the x or y axes
at a non-zero angle.

Those intersections are therefore
written as o and their reciprocals
are zero.
Cubic Setting
—> —
\a =|b|=|c
= ﬂ = y = 9(Q0o



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.
2) Write the fractional intersections the plane makes with the coordinate axes.
3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal
Z Intersections with:
A
' y Z Plane:
A 4
) O (001/0="7)
If you try to place the origin on :I'he rdec;_proctl:al ofﬂziero
the plane, you’ll end up with an ISI undetine ; zo © d
intersection value of zero. plane cannot beé hame
until we move the origin.
N
Cubic Setting
— —
\ al=|b[=[c
= ﬂ = y = 900



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.
2) Write the fractional intersections the plane makes with the coordinate axes.
3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal
Z Intersections with:
A y Z Plane
J v
oo 1 (001)

Note: Moving the origin moves the coordinate axes.
Seems obvious but it’s easy to forget mid-problem.

Note: Although there is generally a choice of origin,
we will provide you with an origin for quiz and
exam problems in this class, if an origin is needed.
Cubic Setting Note: You or_lly n_eed an origin when nar_ning a s._pecific plane. _
‘ B, s An origin is not necessary when identifying a plane family.
) =[B|=[c

a =p

y:g()o



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.
2) Write the fractional intersections the plane makes with the coordinate axes.
3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal
Z Intersections with:
A
: y Z Plane:
) ) (100 )
This plane is perpendicular to the x-axis
This plane is parallel to the y and z axes,
\ therefore it never intersects these axes.
Cubic Setting
— —
\ al=|b[=|c
= ﬂ = y = 900



Cubic Plane Families / Types

Equivalent planes exist as the same feature of the unit cell and feature the same spacing.
Equivalent planes have common indices, including negative permutations.

A family of planes is enclosed in pointed parentheses: { h k}.

Reciprocal
Z Intersections with:
A
y Z Plane:
/ 3 1 oo oo (100 )
2 1 o0 (010)
2 3 00 1 (001)
/ 1
All faces of a cube belong to

the family: {100}

Cubic Setting
— —> —>
a]=[b| =|c]

a:ﬂ:y:g()o



General Plane Families / Types
Caution: Low-symmetry systems have fewer equivalent planes.

Notation:
Edge Families:

{100} = {010} = {001}
z Example: (100) * (010) = (001)

/




General Plane Families / Types
Caution: Low-symmetry systems have fewer equivalent planes.

Notation:
Edge Families:

{100} = {010} = {001}
z Example: (100) * (010) = (001)




Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.
2) Write the intersections between the plane and the coordinate axes.
3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Z Intersections with:

A

: y V4 Plane:

N\ V
Cubic Setting
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Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.

2) Write the intersections between the plane and the coordinate axes.

3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Z Intersections with:
A
: y z
c0 1
N\ V
Cubic Setting
—> —
\a\ =|b|=|c
= ﬂ = y = 900

Plane:

(101)



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.
2) Write the intersections between the plane and the coordinate axes.
3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Z

A

Intersections with:

y Z Plane:

T
Cubic Setting
\a\=\b\=\c
= ﬂ = y:g()o



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.

2) Write the intersections between the plane and the coordinate axes.

3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Z

Intersections with:

A

y

Z

T
Cubic Setting
\a\=\b\=\c
= ﬂ = y:g()o
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Plane:

(110)



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.
2) Write the intersections between the plane and the coordinate axes.
3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Intersections with:

y Z Plane:

A

= ~f

—
Cubic Setting
\a\=\b\=\c
= ﬂ = y:g()o



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.

2) Write the intersections between the plane and the coordinate axes.

3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Intersections with:

A

T

—
Cubic Setting
a|=|b]=[c
a = ﬂ = y:g()o

Plane:

(120)



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.
2) Write the intersections between the plane and the coordinate axes.
3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Z Intersections with:

A

: y V4 Plane:

N\
Cubic Setting

— —
\a\ =|b|=[c
= ﬂ = y = 900



Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.

2) Write the intersections between the plane and the coordinate axes.

3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Z Intersections with:
A
: y z
1 1
DY
Cubic Setting
— —
\a\ =|b|=|c
= ﬂ = y = 900

Plane:

(111)



Naming Planes

To name a crystallographic plane:

1) Select an origin that is not on the plane.

2) Write the intersections between the plane and the coordinate axes.

3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Z
4
DY
Cubic Setting
— —>
\a\ =|b|=[c

p

y:g()o

Reciprocal

Intersections with:

Z

Plane:




Naming Planes

To name a crystallographic plane:
1) Select an origin that is not on the plane.

2) Write the intersections between the plane and the coordinate axes.

3) Take the reciprocal of the intersections.
4) Enclose the indices in parenthesis: (2 k!l )

Reciprocal

Intersections with:

Z
4
DY
Cubic Setting
— —>
\a\ =|b|=[c

p

y:g()o




A mathematical plane is infinite ...



A mathematical plane is infinite, but it exhibits a “shape”
when considering how it intersects other objects.

(111)




A mathematical plane is infinite, but it exhibits a “shape”
when considering how it intersects other objects.

Sometimes you need to “extend” the plane to determine intersections that lie
outside the original volume of interest.

A

Z




A mathematical plane is infinite, but it exhibits a “shape”
when considering how it intersects other objects.

Sometimes you need to “extend” the plane to determine intersections that lie
outside the original volume of interest.

If able, move the origin to a
more convenient location.

This may not always be
possible (e.g. given an
origin on a quiz or exam).



A Trick For Naming Planes

Plane (i k1) divides the a, b, and c lattice vectors into 4, k, and [ equal parts.
Phrased another way ... higher-index specific planes are generally closer to the origin.

z
i

i.e. (h k) is parallel to ( nh nk nl) but is a different distance from the origin.



Important Direction and Plane Types For Cubes

w

Edges: <1 0 0> Face Diagonal: <1 1 0> Body Diagonal: <1 1 1>
Faces / Squares: {1 0 0} Wedges / Rectangles: {1 1 0} Equilateral Triangles: {1 1 1}

z z z
A A A
a a
(100) @10
-3 Y -=3 Y
[100] A 2
},' a »,' a [110]
X X

For cubic unit cells only:

Specific Plane ( 4 k 1) is perpendicular to Specific Direction [ A kl]: (hkl) L [hkl]




Cubic Interplanar Spacing
The perpendicular distance between adjacent parallel planes of the same crystal plane family.

Note that interplanar spacing is generally dependent on:

dcubic _ a (i) the crystal system (this equation only applies to cubic)
hkl > > > (i) the lattice parameters (here just a)
\/h + k + l (iii) the specified plane family (via the Miller Indices h k I).
{100} {111}
< a //<
//a a a
a a a
: - a
cubic __ cubic _
digy = a diyy - =

NG

Note that for cubic, interplanar spacing generally tends to decrease with increasing Miller indices.




Cubic Interplanar Spacing
The perpendicular distance between adjacent parallel planes of the same crystal plane family.

Note that interplanar spacing is generally dependent on:
dcubic _ a (i) the crystal system (this equation only applies to cubic)
hkl > > > (i) the lattice parameters (here just a)
\/h + k + l (iif) the specified plane family (via the Miller Indices h k I).
{100} {111}

/
=l
/— /—V

a d

45° |: 91pt

128 px

dSonic = 128 px devbic = 7 =73.9 px

Note that for cubic, interplanar spacing generally tends to decrease with increasing Miller indices.




Cube Geometry

For cubic structures, the edge length is the only lattice parameter
since the lattice vectors all have the same magnitude.

Trigonometry is an implied prerequisite for this course,
SO you are expected know (be able to quickly derive) various
relations such as these (and others based on these as well).

< 100 >

< 100 >

< 100 >




Cube Geometry ﬁ

For cubic structures, the edge length is the only lattice parameter
since the lattice vectors all have the same magnitude.

Trigonometry is an implied prerequisite for this course,
SO you are expected know (be able to quickly derive) various
relations such as these (and others based on these as well).
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Cube Geometry ﬁ

For cubic structures, the edge length is the only lattice parameter
since the lattice vectors all have the same magnitude.

Trigonometry is an implied prerequisite for this course,
SO you are expected know (be able to quickly derive) various
relations such as these (and others based on these as well).

< 100 >

da
< 100 >
a\/ 2
<110 >
d
< 100 >
a\/ 2

<110 >



Important Cubic Plane Geometry & Crystallographic Notation
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Important Cubic Plane Geometry & Crystallographic Notation
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1100} 17 45°




Important Cubic Plane Geometry & Crystallographic Notation
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Important Cubic Plane Geometry & Crystallographic Notation

w

Note: This generic {110} plane has incredible utility.
Notice that it relates all three direction types.



Important Cubic Plane Geometry & Crystallographic Notation
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Important Cubic Plane Geometry & Crystallographic Notation




Side Note
The last few slides can be printed & cut to make to-scale flash cards.




Hyatt Regency
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Architect:
John Portman & Associates =

Opening:
1973

As of 2024:

Guinness World Record
For Largest Hotel Lobby:
107 mMmx49 m x 52 m

Cubic Geometry:

Features three principle

cuts of a cube that are
important for crystallography.
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