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Study Guide

Understand the 1-D Semi-Infinite Solid Solution To Fick’s Second Law
Know the boundary conditions associated with this solution.

Be able to interpret the equation for this solution (the terms, important collected terms).

Be able to draw - with conceptual accuracy - a labeled general construction of the concentration profile
given a set of starting values and an unknown to solve for.

What condition does this solution approach as sufficient time has passed.
Know how to compute an error function (or inverse error function) using a lookup table.

Realize that solving for time or temperature are the most challenging cases for this type of scenario.
Practice this generic algebra on your own.

Understand the three shortcuts that were introduced, and be aware of their prerequisite constraints.
Don’t misuse or abuse the shortcuts.



Nonsteady-State Diffusion

Consider a gaseous species diffusing through a specimen (ignoring host atoms in schematic).
The concentration at locations x4 and xp are maintained at Cs and Cs, respectively.

Ca Cp
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Nonsteady-State Diffusion

Consider a gaseous species diffusing through a specimen (ignoring host atoms in schematic).
The concentration at locations x4 and xp are maintained at Cs and Cs, respectively.

Ca Cp

C(X) ¢ Times 0-4 are Transient States

E Times 5+ are Steady-State '
Cp=C(xy) frmmngazrmmmrtamns 22l

CB = C(XB) ---------------------- e

: » Position



Nonsteady-State Diffusion

Consider a gaseous species diffusing through a specimen (ignoring host atoms in schematic).
The concentration at locations x4 and xz are maintained at C, and Cz, respectively.

Ca

Cp

Clx)

C, = C(x,)

Cp = C(xp)

» Position

Ss

%

Fick’s Second Law
In this case,

dM
—— # Constant
dt

so unlike steady-state diffusion, there is a net
accumulation or depletion of the diffusing species
over time.

Therefore, we need a description of diffusion that
accounts for the time dependence. We won'’t derive
this, but if the diffusion coefficient is independent of
the instantaneous local composition, we can write
the following expression for how the concentration
will vary as a function of time and location:

oC 0°C

ot ox?2
There are several solutions to this differential

equation, but we’ll examine only one important
scenario (set of boundary conditions).

During nonsteady-state diffusion, the concentration
profile is often nonlinear, but it can approach linear
(steady state) over time, under the right conditions.




Non-Steady-State Diffusion in One Dimension
J and dC/ox change with time for a given position, x

2
1D Fick’s Second Law - A Partial Differential Equation: aC 0-C

Need an initial condition and two boundary conditions to solve. E — axz

Surface exposed to the diffusing species.

}

Bulk of the part / material

' Constant
Surface
Cx) / Concentration: Cg

Concentration at |
c, — C, | specific depth: C,

Initial Uniform
Concentration: C

Depth from surface at
location of interest: x



Non-Steady-State Diffusion in One Dimension
J and dC/ox change with time for a given position, x

. - . . oC 0*C
1D Fick’s Second Law - A Partial Differential Equation: _
Need an initial condition and two boundary conditions to solve. T )

ot ox

Solution for 1-D semi-infinite solid:
(1)Fort=0,Cx)=C,, at 0 <x< o0 Surface exposed to the diffusing species.
@) Fort >0, C(x) = Cg, at x =0 !
B)Fort >0, C(x) =C,, at x = 00 E Bulk of the part / material
(4) D only depends on temperature (not C(x)).

' Constant
Surface
Cx) / Concentration: Cg

Concentration at |
c, — C, | specific depth: C,

Initial Uniform
Concentration: C

Depth from surface at
location of interest: x



Non-Steady-State Diffusion in One Dimension
J and dC/ox change with time for a given position, x

1D Fick’s Second Law - A Partial Differential Equation:
Need an initial condition and two boundary conditions to solve.

Solution for 1-D semi-infinite solid:
(1) Fort=0,Cx)=C,, at 0 <x < o0
(2 Fort >0, Cx) =Cg, at x =0
(3)Fort >0, C(x) =C,, at x = ©

(4) D only depends on temperature (not C(x)).

C,—C, X
=1 — erf

CS - Co 2\/ Dt

Note that erf(z) is the error function of z.

0*C

ox?

oC

ot

Surface exposed to the diffusing species.

}

Bulk of the part / material

C(x)

Concentration at

C, — C, | specific depth: Cx-

Initial Uniform
Concentration: C,

Constant

/Surface
Concentration: Cgq

Depth from surface at
location of interest: x



Non-Steady-State Diffusion in One Dimension
J and dC/ox change with time for a given position, x

1D Fick’s Second Law - A Partial Differential Equation:

Need an initial condition and two boundary conditions to solve.

Solution for 1-D semi-infinite solid:
(1) Fort=0,Cx)=C,, at 0 <x < o0
2)Fort >0, Cx)=Cg, at x=0
3)Fort >0, Cx) =C,, at x =

(
(
(4) D only depends on temperature (not C(x)).

C,—C, X
——— =1 — erf
CS_ Co 2\/Dl‘

Note that erf(z) is the error function of z.

Fundamental Calculations

» C,, which represents the concentration profile
of the diffuser as a function of position, time,
and the original & surface compositions:

C(x’ ta D(T)a CO’ CS)

Cs—C, specific de

+ Time required to form a composition profile:
t(x, C(x), D(T), C,, Cy)

+ Depth at which a certain concentration occurs
or a given time: x(z, C(x), D(T), C,, Cy)

One Equation, One Unknown
Other possible terms are possible to solve for
... provided all other terms are known.

Concentration at

Initial Uniform
Concentration: C

0*C

ot ox?

Surface exposed to the diffusing species.

L

oC

Bulk of the part / material

Constant
Surface
Concentration: Cg

C(X) /

pth: Cx-

Depth from surface at
location of interest: x



Nonsteady-State Diffusion in One Dimension
Application - Surface Hardening of Steel (Carburization)

Objective: Obtain a high-carbon martensitic case on a tough low-carbon steel core.

hard ductile
Carburization
>
Quenching /
Original Part Carburizing Carburized Part

Tempering

@ 0 O
@
O
@
Q
@
@ q
@ (O
Typically a low-carbon The carbon content of Formation of martensite. Features a hardened
steel. the surface is increased. Relieving surface stresses. surface or case.

Outcome: Localized hardening of a part ... a case depth. (Specified in terms of hardness value or %C)

Process Variables: Temperature, Time, Atmosphere Composition, Initial Composition



Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?
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J, the diffusion flux, is not computed here, but
is conceptually realized to be rightward here.

Cy=1.20 wt% C




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

J, the diffusion flux, is not computed here, but
is conceptually realized to be rightward here.

Cy=1.20 wt% C

For non-steady state diffusion, we’ll assume that C —C X
diffusion occurs through a semi-infinite 1-D solid in Cx CO =1 — erf
this class. Thus, the solution to Fick’s Second Law is: s~ ~o 2y/ Dt




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

[1]

Solve for C, , giving the position and time dependent profile equation.

C,—C, X
=1 — erf
CS - Co 2\/Dl‘

X
C.=C,+ |1 — erf (Cy—C,)




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

[1]

Solve for C, , giving the position and time dependent profile equation.

C,—C, X
=1 — erf
CS - Co 2\/Dl‘

X
C.=C,+ |1 — erf (Cy—C,)

[2]
Survey known / unknown values.
The only unknown is the diffusivity.

X
C.=C,+ |1 — erf (Cy—C,)




Example - Surface Hardening of Steel (Carburization)

A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

Table 5.2 A Tabulation of Diffusion Data

D

/g
lexp [— A] =D

[RIT

R = 8.3144 J/(mol K)

Ey

e —
P [ kT

|

= D(T)

ky = 8.617 x 107 eV/(atom K)

E/
Diffusing E A/ 1000 A Calculated Value

Species Host Metal D(m*/s) kJ/mol eV/atom T(°C)| NotK! | D(m?*/s)
Fe a-Fe 2.8 X 107* 251 2.60 500 3.0 X 107%
(BCC) 900 1.8 X 10715
Fe v-Fe 50 %X 107° 284 2.94 900 1.1 x 107"
(FCQC) 1100 7.8 X 1071
C a-Fe 6.2 X 1077 80 0.83 500 2.4 x 1071
900 1.7 X 10719
C v-Fe 23 X107 148 1.53 900 59 x 10712
1100 53 x 1071
Cu Cu 7.8 X 107 211 2.19 500 42 x 1079
/n Cu 2.4 X 1072 189 1.96 500 40 x 10718
Al Al 23 x107* 144 1.49 500 42 X 1074
Cu Al 6.5 X 107 136 1.41 500 41 X 107
Mg Al 1.2 x107* 131 1.35 500 1.9 x 1071
Cu Ni 2.7 X 1073 256 2.65 500 1.3 X 1072

Source: E. A. Brandes and G. B. Brook (Editors), Smithells Metals Reference Book, Tth edition, Butterworth-
Heinemann, Oxford, 1992.




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

[3]

Solve for D using the values from the diffusion coefficient table.

E,
D(T) = D, exp <— E)

148 x 10° J/mol >

D(1223 K) = (2.3 x 10™ m?/s) exp| —
[8.314 J/(mol K)][1223 K]

D(1223 K) = 1.1 x 107! m?/s




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

E E,
D exp |— 4| = D exp |— 4 = D(T)
[RT] kel
R = 8.3144 J/(mol K) ky = 8.617 x 107 eV/(atom K)
Table 5.2 A Tabulation of Diffusion Data
E/
Diffusing E A/ 1000 A Calculated Value
Species Host Metal D(m*/s) kJ/mol eV/atom T(°C)| NotK! | D(m?*/s)
Fe a-Fe 2.8 X 107 251 2.60 500 3.0 x 1072
(BCO) 900 1.8 X 1071
Fe v-Fe 5.0 X 107° 284 2.94 900 1.1 x 107V
(FCQC) 1100 7.8 X 1071
C a-Fe 6.2 X 1077 80 0.83 500 2.4 X 10712
900 1.7 x 1071
C v-Fe 23 %107 148 1.53 900 59 x 10712

1100 \ 53 x 1071 ,

D(950°C) = 1.1 x 107! m?/s

&



Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

[4] Substitute known quantities into the profile equation.
Simplify terms to determine z within erf(z):

X
C.=C,+ |1 — erf (Cy—C,)

0.5% 1072 m
2\/(1.1 X 10~11 m?2/s)(36,000 s)

C,=025 wt% C+ [1 — erf( >] (1.20 wt % C — 0.25 wt % C)




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

[4] Substitute known quantities into the profile equation.
Simplify terms to determine z within erf(z):

X
C.=C,+ |1 — erf (Cy—C,)

0.5%x 1073 m
24/(1.1 X 10-1T m?/5)(36,000 s)

C,=0.25 wt% C+ [1 — erf< >] (1.20 wt % C — 0.25 wt % C)

C,=025wt% C+ |1 — erf(0.397)](0.95 wt % C)

Consult the error function table (not all calculators feature erf(z) or erf ~'(2)).




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

[4] Consult the error function table (not all calculators feature erf(z) or erf~!(z)).

erf(0.398) = 0.4284

Reading left to right takes Table 5.1 Tabulation of Error Function Values
the error function of Z.

z erf(2) Z erf(z) z
Reading right to left takes 0 0 0.55 0.5633 1.3
the inverse error function 0.025 0.0282 0.60 0.6039 1.4
of erf(z) ... giving 2 0.05 0.0564 0.65 0.6420 1.5
0.10 0.1125 0.70 0.6778 1.6
Note: 0.15 0.1680 0.75 0.7112 1.7
—1 0.20 0.2227 0.80 0.7421 1.8
erf [erf ] =
o (2) < 0.25 0.2763 0.85 0.7707 1.9
similar to 0.30 0.3286 0.90 0.7970 2.0
cos™! [cos(z)] — 7 0.35 0.3794 0.95 0.8209 2.2
0.40 ———0.4284 1.0 0.8427 2.4
Don'’t interpolate, just use 0.45 0.4755 1.1 0.8802 2.6
0.50 0.5205 1.2 0.9103 2.8

the nearest value.

erf(z)

0.9340
0.9523
0.9661
0.9763
0.9838
0.9891
0.9928
0.9953
0.9981
0.9993
0.9998
0.9999




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

[4] Substitute known quantities into the profile equation.
Simplify terms to determine z within erf(z):

X
C.=C,+ |1 — erf (Cy—C,)

0.5%x 1073 m
24/(1.1 X 10-1T m?/5)(36,000 s)

C,=0.25 wt% C+ [1 — erf< >] (1.20 wt % C — 0.25 wt % C)

C,=025wt% C+ |1 — erf(0.397)](0.95 wt % C)

Consult the error function table (not all calculators feature erf(z) or erf ~'(2)).

C,=025wt% C+ |1 — 0.4284](0.95 wt% C)

C,=0.25 wt% C+ [0.5716[(0.95 wt % C)

C.=0.79 wt% C




Example - Surface Hardening of Steel (Carburization)
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
0.25 wt% C and is to be carburized at 950°C (y-iron, later we’ll learn how to tell).

If the concentration of carbon at the surface is maintained at 1.20 wt% C, what will
be the carbon concentration at a position 0.5 mm below the surface after 10 hours?

J, the diffusion flux, is not computed here, but is
conceptually realized to be rightward here.

CS= 120 Wt% C '''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''
C.=0.79 wt% Ce = ==

I
I
C, =025 Wt% Creuceceanna- e
I
I
I



Independent Exercise - Decarburization of steel.
A plain-carbon steel (Fe-C alloy) part has an initially uniform carbon concentration of
1.00 wt% C and is to be decarburized at 950°C (y-iron, later we’ll learn how to tell).

If the the surface is maintained at 0 wt% C (e.g. vacuum), how long will it take to
establish a concentration of 0.50 wt% C at a position 1.00 mm below the surface?

: J, the diffusion flux, is not computed here,
= but is conceptually realized to be leftward here.

C,=1.00 wt % C i —eacau
C,=0.50 wt% C

Note the flipped
order of the labels
compared to the
previous example.

Yes, the solution we use for Fick’s second law can also account for a
species being withdrawn from a specimen (e.g. heating under vacuum).

Verify on your own: ¢t = 25.25 hr



Useful Relationships
Consider two processes that use the same C, and C;:

C,—C, X
=1 — erf = Constant
CS - Co 2\/ Dt
= or =

This equation further simplifies to three different & useful shortcuts.
Each of the shortcuts results from an additional constraint:

[1] Constant Temperature

(Note this really implies constant diffusivity, D)

[2] Constant diffusion time, t

[3] Constant profile, so C(x) at a given x is also fixed.



A Useful Relationship
Here: Ci=1.0wt% C C,=02wt% C Ci=0.5wt% C

[1] Constant Temperature (Constant Diffusivity D)
As time increases, the x associated with a given C(x) increases.

2 2
X1 %%

By By

1.00

T [K] 1200 1200
t [hr] 0.5 1 4

Diffusion of carbon in y-Fe.

1200

Diffuser Concentration, Cx, wt %

[ |
1
[ |
[ |
1
[ |
[ |
|
[ |
[ |
1
[ |
[ |
1
0.00 O

0.4 0.6 0.8 1.0

Depth Below Specimen Surface, x, mm

1.2

Example: If the carburization time is doubled, the position of C(x) = 0.5 wt% increases by V2



A Useful Relationship XX
Here: C;=1.0wt% C (Co=02wWt% C (Ci=0.5wt% C DY, Dx

[2] Constant Time, ¢
As temperature (diffusivity, D) increases, the x associated with a given C(x) increases.

1.00
T [K] 1200 1225 1275
t [hr] 1 1 1

= Diffusion of carbon in y-Fe.
2 0.75
3
c
0
© 050
e
c
Q
(& ]
c
o
O
s 0.25
w
-
=
a

0.00

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Depth Below Specimen Surface, x, mm

Example: If the diffusivity is doubled, the position of C(x) = 0.5 wt% increases by V2.
This is less apparent on this plot, because the diffusivity is an exponential function of temperature.



A Useful Relationship

Here: Cs=1.0wt% C C,=0.2wt% C Cr=0.5wt% C

[3] Constant Profile - Note that C. and x are now constant.
As temperature (diffusivity, D) increases, the time required to achieve a given C(x) at some x decreases.

A A

Dt - D,t,

1.00

o
~
Ul

0.50

0.25

Diffuser Concentration, Cx, wt %

0.00

0.0

o
N

T [K]
10

40

Diffusion of carbon in y-Fe.

927.8

0.4 0.6 0.8

Depth Below Specimen Surface, x, mm

1.0

1.2

The concentration profiles are identical. The same exact concentration profile is associated
with certain combinations of D and t. Doubling the diffusivity would require halving the diffusion
time in order to maintain the same concentration profile, for example.



