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ABSTRACT: A self-consistent approach is proposed to simulate a
coupled system of quantum dots (QDs) and metallic metamaterials.
Using a four-level atomic system, an artificial source is introduced
to simulate the spontaneous emission process in the QDs. We
numerically show that the metamaterials can lead to multifold
enhancement and spectral narrowing of photoluminescence from
QDs. These results are consistent with recent experimental studies.
The proposed method represents an essential step for developing
and understanding a metamaterial system with gain medium
inclusions.
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The fields of plasmonic metamaterials have made
spectacular experimental progress in recent years.1−3

The metal-based metamaterial losses at optical frequencies
are unavoidable. Therefore, control of conductor losses is a key
challenge in the development of metamaterial technologies.
These losses hamper the development of optical cloaking
devices and negative index media. Recently, several theoreti-
cal4−7 and experimental8−19 studies demonstrated that one
promising way to reduce or even compensate for the losses is
through combining the metamaterial with a gain medium. The
experimentally realized gain materials include organic semi-
conductor quantum dots (QDs),15 quantum wells,18 and
dyes.20 These studies mainly focused on the coupling between
the gain media and the metamaterial. Without the coupling
system, no loss compensation can occur, and the transmitted
signal cannot be amplified. In addition, this method can be used
to obtain new nanoplasmonic lasers by incorporating gain in
the metamaterial.21−23 Improving the laser gain material and
developing a lasing spaser device constitute a significant target
of this research. An essential part of this development is the
study of luminescence of gain media embedded into
metamaterials. Understanding the mechanism underlying the
coupling between the metamaterial and the gain media when
these materials are combined is highly important.
Active optical devices, which are used in such applications as

spasers, laser cooling of atoms, amplifiers, quantum computing,
plasmons, and enhanced spontaneous emission in microcavity
plasmons, require a detailed understanding of the interaction
between electromagnetic fields and quantum physics-based gain
materials. This requirement has generated increased interest in

device design based on quantum electrodynamics. In an active
medium, the electromagnetic field is treated classically, whereas
atoms are treated quantum mechanically. According to the
current understanding, the interaction of electromagnetic fields
with an active medium can be modeled by a classical harmonic
oscillator model and the rate equations of atomic population
densities.24 Thus, simulations of lasing and amplification in
active devices are simple. For example, the finite-difference
time-domain (FDTD) method is frequently used to study the
temporal quantum electrodynamics of active systems. In fact,
this method has been used to investigate compensation,
amplification, and lasing behaviors in various active sys-
tems.25−27

However, numerical simulation of spontaneous emission
cannot be directly implemented using this method because in
the numerical experiments we can simulate the loss
compensation and lasing dynamics in active systems using a
probe source, such as a Gaussian pulse. To simulate
spontaneous emission, we should provide a suitable source
for the coherent FDTD iteration. There are some promising
methods to numerically calculate spontaneous emission.28−31

Here, we present a systematic time-domain simulation of the
quantum electrodynamic behavior of an active metamaterial
system. An artificial source placed in a gain medium associated
with the local population inversion is proposed as the probe
source in the numerical experiment. We investigate the loss
compensation and emission enhancement in a system of QDs
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coupled to a metamaterial, considering both the resonant

spectra of the metamaterial and the pumping power. The

numerical simulation results demonstrate that QDs’ photo-

luminescence properties can be greatly enhanced and regulated

by the metamaterial. This result represents an important step in

the development and understanding of active metamaterial

devices.

■ THEORETICAL MODEL FOR THE NUMERICAL
EXPERIMENTS

Maxwell’s equations in the time domain for an isotropic media

are given by

∇ × = −∂ ∂ ∇ × = ∂ ∂t t t t t tE r B r H r D r( , ) ( , )/ , ( , ) ( , )/
(1)

where B(r, t) = μμ0H(r, t), and D(r, t) = εε0E(r, t) + P(r, t).

Additionally, P(r, t) = P[E] is the dynamic polarization

response, and P(r, t) = P[E] has a nonlinear functional

dependence on the local electric field. In the frequency domain,

P(ω) = ε0χ(ω) E(ω) is associated with a number of

fundamental electronic response models. We model the

metallic metamaterial and active medium using the Drude

and Lorentz models, respectively.
In the numerical experiments, gain medium is described by a

generic four-level system, and electrons are pumped by a

homogeneous pumping rate f pump from the ground state level

(N0) to the third level (N3). After a short lifetime τ32, electrons

nonradiatively relax into the upper emission level (N2). When

electrons radiatively transfer from upper emission energy to

lower emission level, they radiate photons at the central

frequency ωe = (E2 − E1)/ℏ. Lastly, electrons transfer quickly

and nonradiatively from the first level to the ground-state level.

The atomic population densities obey the following rate

equations:
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where f pump is the homogeneous pumping rate.32 In order to
solve the response of the active materials in the electromagnetic
fields numerically, the auxiliary differential equation (ADE)
FDTD method is utilized.33,34 This method enables us describe
the dynamic electronic responses as induced polarization
currents in both linear and nonlinear regimes. For the purpose
of saving computing time and storage space, the initial
condition of the four-level system is set as the saturated state;
that is, the population number changes very slowly with time.
By the initial condition, we do not need a pump process and a
long time decay for pump pulse. The population numbers at
each level can be obtained as
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The spontaneous emission in an active medium originates
from the radiative process between the upper emission level
and lower emission level. Here an artificial source is introduced
to numerically simulate the spontaneous emission. We assume
all electrons in the upper level radiatively transit to lower

Figure 1. (a) Schematic of a metamaterial functionalized with QDs. (b) Calculated transmittance T, reflectance R, and absorptance A spectra for the
coupled system shown in (a) with a unit cell size of 545 nm. The metamaterial feature sizes are D = 545 nm, lateral slit a = 470 nm, top vertical slit
and gap t = g = 170 nm, and slit width w = 65 nm.
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emission level. The effect on the electric field of a
spontaneously emitted photon is accounted for by scaling the
number of excited electrons N2 by the energy per photon at the
emission frequency ℏωe. Thus, the amplitude of the artificial
dipole source can be obtained by ω ηℏN2 e 0 . Here η0 is the

wave impedance in the free space. The artificial dipole
generates the probe source with the Lorentzian radiant
spectrum, which is consistent with that of the gain material.
We convert the spontaneous emission into a temporal pulse
centered at time t0. The temporal signal is desired because this
allows us to perform a Fourier transform to study the spectral
response. The field components are nodally uncollocated, as
shown in Figure 2a. Such an arrangement of nodal quantities is
naturally compatible with the rotational nature of the curl
operator in the ADE-FDTD algorithm. For artificial source Φ,
the nodal arrangement is shown in Figure 2b. To create a
coupled system, the two separate grids are conjoined, such that
(Φx, Jx, Ex), (Φy, Jy, Ey), and (Φz, Jz, Ez) are nodally collocated;
the H components are uncollocated. Every artificial source is

associated with each grid in the gain medium region. The phase
of every artificial dipole has an individual random phase φrand.
Within the ADE-FDTD simulation, spontaneous emission is
introduced as an artificial dipole source in the electric field at a
given mesh point:

ω η ω φΦ = ℏ +π− − Δr t N r t t( , ) ( , ) e sin( )k k
t t f

2 e 0
(( ) )

e rand
0

2 2

(4)

Here, Δf is the frequency line width of the QDs, and k
represents the x, y, and z coordinates. The amplitude of the
artificial source is clearly dependent on the density of emission
level N2.

■ PHOTOLUMINESCENCE IN AN ACTIVE
METAMATERIAL

We consider an iSRR array sandwiched between a glass
substrate and a gain substrate with a square periodicity of D =
545 nm. The iSRR is made of gold, and its permittivity is
characterized by a Drude model: ε(ω) = ε∞ − ωp

2/(ω2 + iωγ),

Figure 2. Diagram of the artificial dipoles in the Yee cell. Each dipole has its own direction and random phase.

Figure 3. (a) Photoluminescence of the QDs without (black line, PL0) and with different unit size metamaterials (dotted lines, 545 to 645 nm) with
a pumping rate of 17 × 108 s−1. The dashed lines indicate the metamaterial’s absorption spectra, and the solid lines are the Gaussian fits of the dotted
lines. (b) Profile of the photoluminescence spectrum without a metamaterial layer. (c) Intensity enhancement and fwhm of the QD−metamaterial
coupled device’s photoluminescence spectra. The enhancement is normalized to the photoluminescence peak intensity without the metamaterial
(PL0).
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with ε∞ = 9, ωp = 2π × 2.184 × 1015 rad/s, and γ = 2π × 4.07 ×
1014 rad/s. The gain substrate consists of lead sulfide (PbS)
semiconductor QDs. These QDs are dispersed in poly(methyl
methacrylate) (PMMA), and the thickness of the QDs/PMMA
substrate is 180 nm. The dielectric constant of the gain
substrate is εg = 2.2, which corresponds to an average between
QDs and PMMA. The 400 nm glass substrate is on top of the
iSRR with dielectric constant εs = 2.56. In the following
simulations, we set the emission frequency of the QDs as ωe =
2π × 223 × 1012 rad/s, the line width as Γa = 35 × 1012 THz,
and the coupling strength as σa = 10−4 C2/kg. The lifetime of
each energy level is chosen to be τ32 = 0.05 ps, τ21 = 80 ps, and
τ10 = 0.05 ps.21 The total electron density is Ntot = N0(t) +
N1(t) + N2(t) + N3(t) = 5.0 × 1023/m3.
We start the simulations by the initial condition as presented

in the previous section. We use the artificial dipole source as a
probe source. To calculate the photoluminescence, multiple
monitors located above the glass substrate are used to record
the electric field. Here, the monitors record the electric field in
the y direction, along which the iSRR’s Fano mode can be
excited.35 Eventually, an averaged result photoluminescence
spectrum can be observed. To study the effect of the
metamaterial’s resonance of the photoluminescence spectrum,
we use five samples with different unit cell sizes ranging from
545 to 645 nm. The photoluminescence of the QDs coupled
with the metamaterial is presented in Figure 3a. All of the
photoluminescence spectra are normalized to the photo-
luminescence peak intensity without a metamaterial layer.
The dotted lines are the calculated photoluminescence spectra,
and the solid lines indicate the Gaussian fits of the dotted lines.
For D = 545 nm, the iSRR’s resonance frequency matches the
QD emission frequency. The photoluminescence intensity peak
is enhanced by a factor of 6.4 with a pumping rate of 17 × 108

s−1. (In this simulation, we assume that the PMMA/QDs layer
is pumped by a strong plane wave. With the parameters we
used here, the equivalent pump power is Ipump = 2.59 W/mm2.)
Meanwhile, compared to the photoluminescence without
metamaterials, the full width at half-maximum (fwhm) is
decreased to 24 THz from 35 THz. When the iSRR resonance
is red-shifted by increasing the unit cell size D from 545 nm to
645 nm, the photoluminescence spectrum becomes weaker and
broader. The photoluminescence spectrum under the PMMA/
QDs layer has the same properties. However, the coupled
strength of the metamaterial and QDs is inhomogeneous in the
PMMA layer; this will lead to a slightly different photo-
luminescence spectrum shape from the photoluminescence
spectrum up the glass substrate.
To further clarify the influence on the photoluminescence

exerted by the coupling between the QDs and metamaterials,
the photoluminescence enhancement and fwhm are shown as a
function of Δf in Figure 4c. This figure indicates that the
coupling between the emission of the QDs and the
metamaterial is sensitive to the mismatch Δf. When the
iSRR’s resonance frequency is mismatched with the QD
emission frequency, the photoluminescence peak is shifted
from the QD emission frequency toward the respective iSRR’s
resonant frequency. For the larger mismatches at D = 625 nm
and D = 645 nm, the photoluminescence spectrum becomes
even broader than it is without the metamaterial and appears to
develop two peaks close to the emission frequency and iSRR’s
resonant frequency.
In addition, we have investigated the relationship between

the photoluminescence spectrum and the polarization state of

the metamaterial. The metamaterials studied here have
profound polarization-dependent properties. While a plasmonic
Fano resonance is excited by the y-polarized external fields, this
resonance vanishes for the x-polarized wave (see Figure 1b).
This polarization dependence may be expected to affect the
interaction with the QDs, and hence the polarization
dependence of the photoluminescence was calculated, as
illustrated by Figure 4, for the metamaterial with D = 545
nm. By changing the polarization from the y to the x direction,
the absorption spectrum becomes featureless around f 0 (Figure
4b). The corresponding photoluminescence drastically de-
grades (Figure 4a), providing additional evidence that the
photoluminescence spectrum is controlled by the plasmonic
resonance.
One might attempt to explain such spectral shift and

polarization dependence as a result of filtering the photo-
luminescence spectrum of QDs through the metamaterial. The
metamaterials can be considered as a filter for the QDs’
photoluminescence. By definition the power radiated from the
QD as photons through photoluminescence, PL(ω), is simply
proportional the photoluminescence quantum yield, PL0(ω), of
the absorbed power, A(ω), that is re-emitted radiatively. Hence,
the photoluminescence is given by PL(ω) = PL0(ω) × A(ω).
Here in our case, A(ω) is the absorption spectrum of the
metamaterial and PL0(ω) is the photoluminescence spectrum
without the metamaterial. The solid-colored lines in Figure 5f
illustrate the predicted photoluminescence using the formula
PL(ω) = PL0(ω) × A(ω). The dashed lines indicate the
absorption spectra of the metamaterial, and the solid black line
is the photoluminescence of QDs without the metamaterial.
The presence of the plasmonic metamaterial drastically changes
the QD photoluminescence characteristics. Indeed, when the
metamaterial resonance is red-shifted, the photoluminescence
spectrum is weakened, broadened, and distorted. In all cases,
the photoluminescence peak is shifted from its original position
fe toward the respective metamaterial’s absorption resonance fa.
For the largest mismatch (i.e., solid purple line), the
photoluminescence spectrum becomes non-Gaussian and
appears to develop two peaks near the QD’s emission

Figure 4. Polarization dependence of (a) photoluminescence and (b)
absorption, measured for the metamaterial with D = 545 nm. Linear
polarizations x and y are introduced in Figure 1b, while xy is the
intermediate polarization at 45° to x.
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frequency and the metamaterial’s resonance, respectively. These
predicted results are similar to the numerical results and exhibit
the same change tendency. We calculated the electric field
amplitude distribution in the cross-section of the iSRR layer (xy
plane in Figure 1a). The detailed results are plotted in Figures
5a−e. When the metamaterial resonance is red-shifted, the
electric fields in the iSRR cavity get weakened.
However, the previous explanation does not explain the

observed photoluminescence enhancement resulting from the
presence of the metamaterial. In order to explain the
photoluminescence enhancement, we investigate the photo-
luminescence enhancement for different pumping rates with
the matched case (Δf = 0, D = 545 nm). Figure 6a shows the
calculated photoluminescence spectrum as a function of the
pumping rate. The photoluminescence spectra in Figure 6a are
normalized to the photoluminescence peak intensity without
the metamaterial at the corresponding pumping rate. We find
the photoluminescence enhancement is sensitive to the

pumping rate. Indeed, the photoluminescence spectrum
enhancement is proportional to the density of photon states
that the photonic environment offers for spontaneous emission
decay. Here we calculate the absorption of the coupled system.
Figure 6b plots the absorption, with and without QDs. Without
QDs, the absorption around resonance is broad and the fwhm
is 41.2 THz. With the introduction of QDs under a pumping
rate f pump = 17 × 108 s−1, the resonance becomes narrower, and
the fwhm reduces to a smaller value of 9.4 THz. So the coupled
system creates a photonic environment equivalent to a
nanocavity with a varying Q-factor and a mode volume that
can be roughly calculated by V = 2(a + t)ωh; that is, the mode
volume is approximately equal to the slit volume. The
enhancement of the Q-factor enhances the density of photon
states, leading to the Purcell factor enhancement of photo-

luminescence: =
π

λ( )F
n

Q
VP

3
4

3
2 ,36,37 from 69 without pumping

rate to 296 with a pumping rate of 17 × 108 s−1. Here, λ is the
wavelength and n is the refractive index. Thus, the observed
photoluminescence enhancement can be understood in terms
of the enhancement of the Purcell factor. Figure 6c shows the
photoluminescence enhancement of the photoluminescence
spectra and Q-factor enhancement as a function of the pumping
rate. The increasing pumping rate leads to a larger intensity
enhancement factor and a higher Q-factor.
In conclusion, we have studied photoluminescence in QDs

coupled to metamaterials by a time domain self-consistent
approach. We have used a four-level atomic system for the
modeling of QDs. An artificial source is introduced to simulate
the spontaneous emission in the QDs. It is observed that a
strong enhancement in photoluminescence occurs when the
emission frequency of the QD lies near the metamaterial
resonance frequencies. Our artificial source also can be used in
three-level atomic systems. The present study can be used to
make new types of optical devices for sensing, low-threshold
lasing devices, and switching applications.
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