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Results of the delay time for the electromagnetic wave to reach its final direction through both
photonic crystal and homogeneous medium are presented. The delay- or transient-time results, based
on different cases and different incoming wave angles, show that the diffracted beam is trapped at
the interface. This delay time is longer for the negative refractive index photonic crystal and is
almost twice the duration of the delay time for the positive one. For the homogeneous medium, we
also find that at the interface between a right- and left-handed medium the delay time is even longer
than in the photonic crystal case. A comparison between left-handed behavior in photonic crystals
and homogeneous media is reported. ©2004 American Institute of Physics.
[DOI: 10.1063/1.1781742]

Veselago1 predicted that materials with simultaneously
negative permittivitye and permeabilitym have a wave vec-
tor k, electric fieldE, and magnetic fieldH, forming a left-
handed set of vectors. As a result, these materials exhibit
many unusual properties, such as negative index of refrac-
tion, n=−Îem, antiparallel wave vectork, and Poynting vec-
tor sSd antiparallel phasesvpd, and groupsvgd velocities, etc.
An electromagnetic(EM) wave incident on the interface of
such a medium will refract the “wrong way,” i.e., negatively.
Thus, materials with these properties are called left-handed
materials(LHM ), or negative index materials(NIM ).1–3 Re-
cent experimental and theoretical studies confirmed the real-
ity of negative refraction.4–7 In fact, composite metallic me-
dia consisting of split ring resonators(SRR) and wires,2,3,5,8

as well as photonic crystals(PCs),4,9–11 have negatively re-
fractive properties under certain conditions. These systems
still attract great attention today due to their vast potential in
applications, such as in superlensing.12,13

In Ref. 4 it was shown that the negative refraction at the
PC interface is not an instantaneous phenomenon, and that
the EM wave takes time to reach its final direction. In this
letter we report numerical simulation results that compare
delay-time phenomena between positive and negative refrac-
tive index media and provide a plausible explanation for the
larger delay times present in the negative index media. For
this purpose we study two kinds of negatively refracting sys-
tems: the photonic crystal and the homogeneous dispersive
medium.

The photonic crystal, a periodic arrangement of elements
with a positive index of refraction, is an inherently lossless
system. It was found that such a system has an effective
index controllable by the band structure.4,9,11In our study we
focus on cases with “almost” isotropic dispersion, where the
PC resembles in many respects a homogeneous medium with
a positive or negative refractive index.4 The PC system we
consider here is a two-dimensional hexagonal lattice of cy-
lindrical rods with dielectric constant 12.96 and radiusr
=0.35a. We employ the finite-difference-time domain
(FDTD) technique with perfect matched layer(PML) bound-

ary conditions14 and study the time and space evolution of
the incident beam as it refracts at the interface and propa-
gates inside the PC system. The EM wave source has a
Gaussian profile in space and is placed outside of the struc-
ture at various angles. The source emits an “almost” mono-
chromatic wave, at the frequency of interest, and with a mag-
netic field perpendicular to the plane of incidence[H-sTEd
polarization].

We study this PC system for cases with a positive and
negative refractive index, at different frequencies, and for

many incident angles. In particular, for frequenciesf̃ =0.48
and 0.49, the PC has a positive refractive index(n=0.43 and

0.59, respectively). For frequenciesf̃ =0.58 and 0.59, the PC
has a negative refractive index(n=−0.69 and −0.55, respec-

tively). Note thatf̃ =va/2pc is the frequency in dimension-
less units, wherev is the frequency,a is the lattice constant,
andc is the velocity of light. Figure 1 displays the magnetic
field of the incoming, reflected and refracted beam at the
interface between vacuumsn=1d and the PC(cut along the
GK direction). In Fig. 1(a) we see a case with a positive
refractive index, while in Fig. 1(b) we see a case with a
negative refractive index. These snapshots depict the field
after a long time has passed and the refracted beam propa-
gates in its final direction. Nonetheless, a corresponding time
sequence of the beam propagation shows that the beam does
not refract instantaneously to the positive[Fig. 1(a)] or to the
negative direction[Fig. 1(b)]. We initially observe a trapping
of the wave at the interface. Afterwards, the wave reorga-
nizes and propagates towards its final direction. These effects
are more prominent for the cases with a negative refractive
index. From these types of time sequences for all the afore-
mentioned cases, we make a rough estimate for the transient
time in units of the periodsTd. We summarize our results in
Table I. When we refer to transient time, we mean the time
the refractive beam needs to reach its final propagation di-
rection. We see that in the negative refractive index PC the
transient time is larger by approximately a factor of 2. Inci-
dentally, the group velocity of the EM wave in the negative
index PC cases is similar, if not larger than, in the positive
ones.15 Thus, the group velocity does not account for thea)Electronic mail: soukouli@iastate.edu
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large difference in the observed transient times between the
positive and negative index PC systems. Therefore, our re-
sults indicate a correlation between large transient times and
negative refractive index. A possible explanation for the long
time delay for the negativen case is that the component of
the wave vectork that is perpendicular to the interface,k',
reverses direction when entering the negativen region. We
have observed a slightly larger transient time for smaller
angles of incidence for the negative index PC medium(see
Table I). For the smaller angles, the magnitude for the
change ofk' is slightly larger.

To factor out any effects that may be present due to the
periodicity of the PC system, we study a homogeneous dis-
persive medium. We implement a dispersive model for both
permittivity e and permeabilitym:

« = «0«rS1 −
vp

2

v2D, m = m0mrS1 −
vp

2

v2D . s1d

vp is the plasma frequency,«0 and m0 are the vacuum
permittivity and permeability, and«r andmr are the relative
permittivity and the permeability. In each of the subsequent
cases, the parameters«r, mr, andvp are chosen appropriately
to obtain the desired values fore andm. Note that the refrac-
tive index is negative below the plasma frequency and has
exactly the value of −1 whenv=vp/Î2.

To study the refraction at the interface of the dispersive
medium, we implement the FDTD technique for a dispersive
system in a manner analogous to the one in Ref. 16. We
place the source(Gaussian in space and “almost” monochro-
matic) at an angle of 45°. The incident wave has wavelength
l=10 mm and magnetic field perpendicular to the plane of
incidence(H polarization). A time step ofdt=0.185 ps and a
spatial grid withdx=dy=0.098 mm are considered. We fo-
cus on two cases, one with negative refractive indexn=−1
and one with positive refractive indexn=0.8.17 In Fig. 2 we
show the time sequence of the EM wave propagation inside
the negative refractive index medium withn=−1. Since
n=−1, we expect the beam to refract negatively at an angle
of −45°. However, at early times[Fig. 2(a)] the refracted
beam seems to propagate parallel to the interface—a similar
phenomenon we observed for the negative index PC. After
an elapsed time of 33 periods, the angle of the refracted
beam is aboutu=−20° [Fig. 2(b)]. The angle of the refracted
beam approaches the predicted value only after a time of 77
periods. For the medium withn=0.8, the refracted beam ap-
proaches the predicted propagation angles,62°d after 30
periods. So, the transient time in the negative index homo-
geneous medium is longer than in the positive one. This
transient time involves both the delay at the interface and the

FIG. 1. (Color online) The magnetic field of the Gaussian beam undergoing
reflection and refraction for(a) positive refractive index PC withn=0.59 for

f̃ =0.49, and(b) negative refractive index PC withn=−0.69 for f̃ =0.58.T is
the period 2p /v.

TABLE I. Transient time for various angles and different frequencies. No-

tice that the transient time forf̃ =0.48, in the last column, corresponds to 23°
and not to 30°.

f̃ n 8° 15° 30°

0.58 −0.69 33–43 T 34–41 T 27–41 T
0.59 −0.55 32–38 T 30–35 T 28–36T
0.48 0.43 13–16 T 12–16 T 13–17 T
0.49 0.59 12–16T 11–14T 13–17T

FIG. 2. (Color online) The magnetic field of the Gaussian beam undergoing
reflection and refraction at the interface of a homogeneous dispersive me-
dium with n=−1. T is the period of the incident EM wave.

1126 Appl. Phys. Lett., Vol. 85, No. 7, 16 August 2004 Moussa, Foteinopoulou, and Soukoulis

Downloaded 12 Aug 2005 to 139.91.179.195. Redistribution subject to AIP license or copyright, see http://apl.aip.org/apl/copyright.jsp



time it takes for the beam to rearrange into the final propa-
gation direction.

To investigate the delay time at the interface, we calcu-
late the time it takes an EM wave to propagate through a
finite slab of material. In particular, we consider the source
placed at 1.5l in front of the first interface of the slab. We
monitor the field at a point 1.875l away from the second
interface. The thickness of the homogeneous slab is 3.5l. We
study two cases, withn=1 and −1. In both cases, the incom-
ing wave has a wavelengthl=10 mm and a group velocity
vg inside the slab equal toc/3.18 In Fig. 3 we show the
intensity of the field at the specified point. The dotted line
represents the case with refractive indexn=1, while the solid
line represents the case withn=−1. It is clear that the beam
propagating through the negative index slab is delayed by
about 2.5 T. Evidently, the delay time at the interface is as-
sociated with a negative refractive index. Thus, the existence
of dispersion itself can neither explain the large transient
time in the cases of negative refractive index, nor the delay
time observed in Fig. 3.

In conclusion, we systematically studied transient-time
phenomena associated with refraction of an EM wave at the

interface of materials with a positive or negative refractive
index. In negative index media(both photonic crystal and
homogeneous) larger transient times were observed. In addi-
tion, we found that the delay time at the interface is longer
for the homogeneous medium with a negative index than for
the medium with a positive index. This delay is not due to
the dispersion of the medium. This time delay is most prob-
ably due to the change of the direction ofk', as the EM
wave enters the negativen region.
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FIG. 3. (Color online) The magnetic-field intensity vs time forn=1 (solid
line) and n=−1 (dotted line), at a point located at 1.875l away from a
homogeneous dispersive slab. A source withl=10 mm located at 1.5l be-
fore the slab is considered.(Inset.) The magnetic field inside the structure
with n=−1 after a time of 22 periods is shown.
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