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tﬂ
Xi32 Xi-1/2 Xiv1/2
1D finite volume schemes:
1 Titd —nt+l 1 i
] Qz : A(E_/ 12 q(tnvm) dma FZ ; = E /;n F(q(taxi—%))dt
-3

m General 1D finite volume scheme

Qrt —qp — AL [F“%—F”*ﬂ

’L+% zf%
. . 7n+%
= Key question: how to compute numerical fluxes F, ,* 7
2
N 1 N
. 1 n+ ts
m Conservation: E Q?+ E Qi — 3 L 0| = E QY
— ACL’ N +3 2 4
im
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@ Wave propagation method

Scalar conservation laws

Definition (LeVeque, 1997)
n At T~ -
Qrtt —gr - At [ TAQis s +A+AQ1_7] [F _F ]

Speed: S;_1 = f <Qr%) ,  where Q, L= = Ave(Q7, Qi-1)
Wave: W;_1 := Q" — Qi1
Fluctuations: AiAQi_% o= si W, 1
2

’si_;|At
|si—1] (1 — Ay | Wiy @ (9147%)

W,
or W

Flux correction: F,

Smoothness: 6,

[N IS

Wave limiter: ¢ =0 (Upwind), ¢ =1 (Lax-Wendroff)
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Lax-Wendroff theorem

Theorem (Lax & Wendroff, 1960)

Suppose the method is conservative and consistent with
a++ f(@).e =0,
in the sense that
Fi—% =F(Qi-1,Qi) with F(q,q) = f(q),

and F is Lipschitz continuous.
If a sequence of discrete approzimations converge to a function q(t,x) as
At, Ax — 0, then this function is a weak solution of the conservation law.

v

Notes:
m Does not guarantee that there exists a convergent sequence
m Two sequences might converge to different weak solutions

m To resolve these need: (1) stability and an (2) entropy condition
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Finite volume schemes

W Linear hyperbolic systems

m Linear system of m hyperbolic PDEs:
gt +Aq.=0
m System is hyperbolic if A has only real e-vals & is diagonalizable
A=RAR™, A= diag(,\“), A@ 7A<m>)
R— [ru) ‘rm ’...’,mm)] R T= [g(l) ‘g@) ‘...‘g(m)]
m Diagonalization:
¢+ RAR ' q. =0, w:=R"q
R 'q:+AR 'q.=0
wy+Aw, =0 = wff) + AP @ — ¢
— w(p) (t, x) _ ﬁ)(p)(a: _ )\(p)t) _ g(p) ~¢j(a: _ )\(p)t)

ooq(tx) = i {g(P) gz — )\(p)t)} MO
p=1
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m Riemann soln. consists of waves W® prop. at constant speed A®

m Wave decomposition of solution jump

a?y =" (QF - Qi)

—-Qr, Za(p) (p) . _sz(f)f
p=1

nHl_ on [A(Q)Ww) +A@ W, +/\(”W(1)]
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w Upwmd wave propagation method

m First-order wave propagation method
At _
QI = QF = T [ATAQy +A7AQ, |
Ax 2 3

A*AQF% _ i [)\(P)} B Wz(f)g
p=1

A+AQ7;_% _ i |:>\(17)i| + Wz(i)%

p=1

m Conservation

A_AQF% + A+AQF Z )\(p) W(p) Z )\(p) Z(p) . (QZL _ Q?—1) r(p)
p=1 p=1

Z EAP P (QF — Q1) = A(QF — Q1) = F(QF) — F(Q1-1)
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W Lax-Wendroff method for linear systems

m Taylor series approximation
1
qt+Az) =g+ Atg: + iAtZ q,tt + O(At3)
1
qt+Az)=q—AtAq. + §At2 Aq e + O(AL?)

m Lax-Wendroff method

" " A n n n n
QU = qr - ﬁ (4@ - @) + A@QF - Qi)
A2 2 n n 2 n n
+ AL [A (Q — @ ) — AN(QY — Qi—l)j|

m Matrix-vector products

AQF - Q) =Y 4 (QF — Qi) AW P

p=1

A2(Q? —Qi) = ig(?) Q- Q) [/\(p)]z ®

p=1
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. Wave propagation method

Definition (LeVeque, 1997)

At _ At T = ~
ntl _ ~An _ 2Y + _ =" _
QI =QF - 37 [A78Quy + 4780y | - [y - By
Speed: s®, =A@
i—g
Wave: Wz.(i)l =0 (QF — Q1)
2
i +
Fluctuations: AiAQF; = Z [s(,p)l] w®),
3 i—3 i—3
p=1
: SO 2B
3 . o p 2 p p
Flux correction: Fi_% =3 Zl Si1 1 A Wi_% () (01__%)
=
(p) V\}(p)1 W@) W(p)
SN b R s
2 Wl_% Wi_% WZ 1 W
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W Shallow water equations

Basic equations

z = h(z,y,t) +b(z,y)

z =b(z,y)
*

m Shallow water equations:

o # e ¥y] = e
hu . hu? + %gh2 - —ghb o

= Fluid layer thickness

h(t,x) :
t,z) :

u( = Depth-averaged fluid layer velocity

= b(z) := Bottom topography
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W Shallow water equations

Hyperbolic structure

m Flux Jacobian:

Eigenstructure: c¢:=+/gh

_|u—c _ 1 1 ,1_i u+c -1
A_{ u—&—c}’ R_{u—c u—i—c}’ R _QCL—u 1]

Strictly hyperbolic for all h > 0, weakly hyperbolic if A =0

m Both waves are genuinely nonlinear if h > 0:  V A® . ¢+ £

m Lax entropy condition:  1-shock if  h, > hg, 2-shock if  h, > h,
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Shallow water equations

Exact Riemann solution

Fluid Layer Height

Approximate

Depth-Averaged Fluid Velocity

3
b,
2 h,
h, Y
-3 2 1 0 1 a 3 3 2 1 0 1 B
m Find h, such that ®(h,) = ®,.(h.) — P¢(h.) =0, where
NN OO s R
U + 2 (\/ghg — \/gh*) if he < hyg
B N A C S
Uy — 2 (\/ghr - \/gh*) if he < h,
k
m Newton iteration: hFt!t =nk — s,((};*,;)

Riemann solvers
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1D nonlinear systems

Godunov’s method

Fluid Layer Height Depth-Averaged Fluid Velocity
T T T " 08
u,
04
h, u Yr
1 0
-3 -é -1‘ 6 ‘i a 3 -3 -2 -1 0 1 2 3
m Riemann problem:
n
i r<T, 1
n i—1 i—i
gt + f(@)e =0, qt"2)=1 2
Q5 T>T;_ 1

Often can find exact solution

m Rankine-Hugoniot conditions
m Riemann invariants

m entropy conditions

At each interface: anfll/f = f (P, uy)
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A different perspective

BGK relaxation

The problem with exact Riemann solutions:
m Generally need to solve nonlinear algebraic equations to find g,

m Even though g¢. is exact, overall solution is not

A small interlude: the Boltzmann equation

fetule=2QU0)

= f(t,z,v) := distribution function

Q(f, f) := collision term, & := collision frequency

m BGK collision operator [Bhatnagar—Gross—Krook, 1954]:

m mv2
QLN = ("), M= \/% exp [— 2kT]

B Ase—0: f=fM4efM 402

m Relaxation: collisions drive f towards f™
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Relaxation systems for scalar equations

A simple relaxation system:
bt e abal (] -2l
ul, B a+p]|u], e |fle)-—n
m Idea: as e —>0, pu—f = q:+f(q@)=0
B Let pu=f+ep®+0(E?):
First equation: gt + fe= —suf;) +0(?)
Second equation: fi—aBqe+ (a+B) fo=—pY +0(E?)
Chain rule: fe=faqt=—f40z+O()
Second equation: 1V ={—f2+ (@+B) fg— aB} qa + Oe)
Second equation: — puY = (f, —a)(B— f.q) g+ O()
Combine: ¢4+ fu =¢[(f. = @) (B~ fa) 42] +O()

m Sub-characteristic condition: a < f,<0
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W Approximate Riemann solvers

Local Lax-Friedrichs

Operator splitting:
q 0 1 q _
= Solve RP for [#} . + [—aﬁ o+ /B} [VJ i’ -

m Solve py=21(f—p) bysetting p=Ff

Local Lax-Friedrichs [Rusanov, 1961]:

m Take a=—-s and 8=5 = a+F=0 and —af =s*

q 0 1| |q| _ Qi — Qi1 a1 2|1
[f]jLQ o} Hx‘o - [f(Qi)—f(QHJ - [—s]“” L]
m Finite volume method in ﬂuctuation form

QnH Q7 — [A AQit1/2 + ATAQ;— 1/2]
ATAQu 1y = —su' = % (FQ) = F(@i-1) = 5 (@i = Qi)
(s

AFAQ s = sw' = L (/@) = [(@1) + 5 (@i = Qi)
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W Approximate Riemann solvers

Local Lax-Friedrichs for systems

Systems of conservation laws:

L‘i] LT {—%H (a N 5) H] L‘i] L : [f(q)o - /J

m Sub-characteristic condition:  « < min [)\ (f,q)] < max [)\ (f,q)} <p

m LLF: a=-s and $=s, where s=max|A(fq)

I
)\<L2H }) = -5, —S, —S,..., —8, 8,8, 8...,8

m eigenvalues m eigenvalues

m Finite volume method in fluctuation form

n At _
Q; i Qz [ AQit1)2 +A+AQ¢71/2]

ADQip = (f(Qi) — Q=) = 5 (Qi = Qi)

AFAQi 12 = 5 (FQ) ~ f(@i-1) + 5 (@i~ Qi)
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W Approximate Riemann solvers

Roe solver

Roe approximate Riemann solver [Roe, 1981]:

m Relaxation system:

R Bl PE P

J= fa (Q) where fa (Q) (Qr - Qf) = f(QT) - f(Qé)

m Eigenvector decomposition

0. (1) . (m)
{f(Q% _?(ZQi—l)] = otV [s(f)r(l)} oot al™ [smc)r(m)]

m 2m equations for only m a’s? Only m lin. ind. eqns due to Roe avg.
= Finite volume method in fluctuation form

AiAQi71/2 _ i [S(p)] + {Z(p) . (Qz _ Qi—l)} T(P)
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Modlﬁed Roe solver

Conservation without Roe average

m If Q is not the Roe average, then 2m equations for only m unknowns:

—Oi M . (m)
f(Q% - ?(ZQL)] e [s&r“)} el [s<;>r(’">]

m Conservation if we only enforce the second set of m equations:
F@0) = F(Qi1) = BVr D) o gy
BY =P (f(Qi) = F(@i-1)

m Z-waves:
z® ﬁ(p) 7P

FAO @ 1 (»)
PRI MIELEE I i
p:s(P)>0 p:s(?’)=0

m Conservation:

ATAQ+A”AQ =" 2" = f(Q:) - f(Qi-1)

p=1
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Wave propagation method

1D nonlinear systems

o =ar- 7[A’AQi+%+A+AQi—%]—E[Fi+ = Fiy

Speed: s.”, = =P (Q 7%) ,  where Q, 1= Ave(Q“ Qi 1)
2

Wave: zzg =02 (f( ?)—f(czl R

Fluctuations: AiAQF = Z Z,(p)l + = Z Z(”)
p:s>0 ps =0

‘S(P)l

t
o 1S on (5 i~} ®) 4 (p®
Correction: Fi_% =3 Zl sign (si_%> 1— N Zi_% ¢ (02__%)

Z(Z’) Z(P) Z(P) . Z(P)
o® . =% Timg o Tihy Timy
i—2t (p) (p) (») (p)
2 Zi_l 'Zi—l Zi_l'zi_l

2 2 2 2

Smoothness:
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w Wave propagatlon method

Approximate Riemann solvers

A note about the entropy fix

m Need an entropy fix if k" wave is genuinely nonlinear and

A= 2"Q) <0
A= 2%Q,) >0

m In this case, will split £*" wave into two waves:
(k)W(k) al™ W(k) B}\-‘r W(k)

m Conservation dictates that: a+ (=1
m Therefore
8= AT
A=At
ATAQ = A"AQ +ax WP
ATAQ = ATAQ + (1 — a) AT W™
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Example

1D Euler equations

rarefaction wave contact shock

Euler equations:
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Example

1D Euler equations

s Waves: @ Sound, @ Contact, @ Sound

Density att=0.2 Pressure att=0.2
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Example

1D ideal magnetohydrodynamics

p pu
o [Pl g [Pu@ut (p+3|BI ) I-BeB| _
ot | & u(€+p+3|BJ?) —B(u-B)

B uB-B®u

V-B=0

s Waves: @ & ® Fast, @ & @ Alfvén, @ & ® Slow, @ Entropy, ® Div

Density at t = 0.15 B?(x) att=0.15
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