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Finite volume schemes

Hyperbolic conservation laws

PDE in conservation form:
0:.+V-Fl@=0 = qi+fi(@)=0
m Spatial and time coordinates: t€R and x € R?

m Conserved variables:  ¢(t,x) : (RT, RY) — R™
m Flux function: F(g) : R™ — R™*4  fk(g) : R™ — R™
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W Finite volume schemes

Hyperbolic conservation laws

PDE in conservation form:
0:.+V-Fl@=0 = qi+fi(@)=0
m Spatial and time coordinates: t€R and x € R?

m Conserved variables:  ¢(t,x) : (RT, RY) — R™
m Flux function: F(g) : R™ — R™*4  fk(g) : R™ — R™

Quasilinear form and hyperbolicity:
00+ A9 gr =0  where A"(q):= fh(q)

= Flux Jacobian:  A(n,q) :==n- [A'(q), 4*(q), 4*(q)]
m Hyperbolic: A(n, ¢) has real e-vals & lin. ind. e-vectors V|n| =1

m Real eigenvalues = finite speed of propagation
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Finite volume schemes

Integral form

Integral form:
tn+1

/tn /Q{q»t+v'F}dxdt:0
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W Finite volume schemes

Integral form

Integral form:
tn+1

/ /qt-l-V-F}dxdt:O
Q
gl
/q(t"'Hx /q dx—/ {/V Fdx}
Q Q
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W Finite volume schemes

Integral form

Integral form:

/ g+ V- F}dxdt_o
Q

/Qq(t"“,x) dxzfﬂq(” )dx—/tn+l {/v Fdx}dt

gt

/q(t"+1,x) dx—/q (", x dx—f / F-ndtds
Q Q o0
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W Finite volume schemes

Integral form

Integral form:
tn+1

/ /Q{q»t "‘V'F}dxdt =0
oo [ 72}

gt

/q(t"+1,x) dx:/ (", x dx—f / F -ndtds
Q a0

Qn+1 _ Qn At

F”+5 -ndx
19
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W Finite volume schemes

Integral form

Integral form:
tn+1

/ /Q{q»t "‘V'F}dxdt =0
oo [ 72}

gt

/q(t"+1,x) dx:/ (", x dx—f / F-ndtds
Q aQ
Qn+1 _ Qn At Fn+5 .ndx
12l

Average states:

m Spaced-average solution: Qn |Q| / (", x)

1
m Time-averaged flux: e .= Az / F(q(t,x))dt
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Finite volume schemes
1D schem
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Finite volume schemes
1D schemes

tn

Xi.ar2 Xi.172 Xisis2

1D finite volume schemes:
1 Titd " —n+i 1
| Qz . A(E_/ . q(t 7m) dma FZ 1 _E/; F(q(taxi—%))dt
-3

m General 1D finite volume scheme

QI —Qr - ﬁ [p’“f% _Fﬁ%}

i+% zf%
. . 7n+%
m Key question: how to compute numerical fluxes F ?
-3
N . N
. . ntl _ n+ 3 sntg | n
m Conservation: E Q; E Q7 — Az [ N1~ = E Q3

1=1
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Linear advection

equations

Basic equation

A A A A
/ Vs Vs / /
/ /’ // // // A PDE: g:+wug.=0, u>0
4 4 4 4 4
/ / / /7 / IC: 0,xz) = x
IS q(0, ) = n(z)
SR S A BCs: ¢(t,0) =q(t,1) (periodic)
//, /// /// //, II/
0 1

s Method of characteristics:

q(t,x) =n (&), &:=(r—ut) - |z —ut]

m Separation of variables:

q(t,z) = %ao + Z{an cos [nm (z — ut)] + by, sin [n7 (z — ut)]}

n=1

1
an = 2/ n(z) cos(nmz)dx, n >0
0

1
bn = 2/ n(z) sin(nrz)dz, n>1
0
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Centered fluxes

A first attempt at a numerical scheme

Nonlinear equations

1/2
neif2 . Fije 5 i/
Fisre Q’._ 1 Q[. i+1/2
Xi3/2 Xi_1/2 i+1/2

m Represent solution as a piecewise constant

m Centered flux:

F"

,l
L)

m\»—-

(FQ) + f(QiL1) =

l\J\»—l

m Resulting numerical scheme:

Q= - R u@t +an -
= Q- ;‘AA; [Qz+1 Q]

Su(QF +Qitq)

U(Q? + Qi)
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Consistency

m Local truncation error: failure of scheme to satisfy exact equation
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w Consistency

m Local truncation error: failure of scheme to satisfy exact equation

F(z + Az/2) — F(z — Az/2)

q(t + At,x) — q(t, z)

T At + Az
o _at+Atz) —q(t,x)  u{qt,x+ Az) —qt,x — Az)}
ex : T = At + 2A$
1 1
T = (Q,t + iAtq,tt'f'"') + (uq,z + 6qu2q’zzm+“.>
=0 (At, Az?)

J.A. Rossmanith | RMMC 2010 10/39



Finite volume schemes Linear advection TVD Limiters Nonlinear equations

w Consistency

m Local truncation error: failure of scheme to satisfy exact equation

F(z 4+ Az/2) — F(x — Az/2)

q(t + At,x) — q(t, z)

T At T Az
ex: T = At + e
L 1
T = (Q,t + iAtq,tt + ) + (uq,z + 6qu2q’z“’ +>
=0 (At, Az?)

m Consistency: 7—0 as Az, At—0
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w Consistency

m Local truncation error: failure of scheme to satisfy exact equation

F(z 4+ Az/2) — F(x — Az/2)

q(t + At,x) — q(t, z)

T At T Az
ex: T = At + e
L 1
T = (Q,t + iAtq,tt + ) + (uq,z + 6qu2q’z“’ +>
=0 (At, Az?)

m Consistency: 7—0 as Az, At—0

m Fundamental Theorem: Convergence = Consistency + Stability
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Consistency

m Local truncation error: failure of scheme to satisfy exact equation

;o q(t + At,z) — q(t,x) F(x + Az/2) — F(x — Az/2)

At + Az
o qt+ At w) —q(t,x) | ufq(t,z+ Az) —q(t,x — Ax)}
ex: T = At + e
1 1
T= (Q,t + iAtq,tt + ) + (uq,z + 6qu2q’z“’ +>
=0 (At, Az?)

m Consistency: 7—0 as Az, At—0

m Fundamental Theorem: Convergence = Consistency + Stability
ODE: zero-stability, ¢'(t) =0
Linear PDE: Lax-Richtmyer stability

Scalar conservation law: total variation stability

Systems of conservation laws: few convergence proofs
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CFL condition

Courant, Friedrichs, & Lewy (1928)

m Method is stable only if numerical domain of dependence includes true

— ult
<—<
m| SR
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W Lax-Richtmyer stability

m Linear method: Q"' = Ba; Q" (with At/Az fixed)

m Method is LxR stable in some norm || - || if, for every time T'> 0, 3 a

constant Cr s.t.
IBA:l < Cr

for all At, N with (N +1)At<T
m It is sufficient to show that 3 « for which

Q™| < (1+ cat)|Q"],
since then

Q™M < (1 +adt) Q) < ™V Q7) < e Q°)|

m For the centered flux scheme:
uAt

. v v
B = circulant (5, 1, —5) where v = Ax

and one can show that p (B"B) > 1+ c(v), where c(v) >0

J.A. Rossmanith | RMMC 2010 12/39



Finite volume schemes Linear advection TVD Limiters Nonlinear equations

The modified equation

m Numerical method does not exactly solve PDE
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The modified equation

m Numerical method does not exactly solve PDE

m Q: What PDE is exactly solved by the numerical method?
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Finite volume

The modified equation

m Numerical method does not exactly solve PDE
m Q: What PDE is exactly solved by the numerical method?
= Q: What PDE is better approximated than original PDE?
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W The modified equation

m Numerical method does not exactly solve PDE
m Q: What PDE is exactly solved by the numerical method?
= Q: What PDE is better approximated than original PDE?
m For centered flux scheme:
q(t+At7 :IT) _q(tv :IT) u{q(t,x—i—Am) _q(t7‘73—A$)}
=0
At 2Azx

1 1
(q,t+§Atq,tt+"'> + <uq,m+EUA$2q,xmx+"') =0

1
G+ uqe = —5 Altque + O(At? + Az?)
Gt = —uqut + O(AL) = > un + O(AL)
g+ uge = —% At U’ gue + O(AL + Az?)

J.A. Rossmanith | RMMC 2010 13/39



Finite volume schemes Linear advection TVD Limiters Nonlinear equations

W The modified equation

m Numerical method does not exactly solve PDE
m Q: What PDE is exactly solved by the numerical method?
= Q: What PDE is better approximated than original PDE?
m For centered flux scheme:
q(t+At7 :IT) _q(tv :IT) u{q(t,x—i—Am) _q(t7‘73—A$)}
=0
At 2Azx

1 1
(q,t+§Atq,tt+"'> + <uq,m+EUA$2q,xmx+"') =0

1
G+ uqe = —5 Altque + O(At? + Az?)
Gt = —uqut + O(AL) = > un + O(AL)
g+ uge = —% At U’ gue + O(AL + Az?)

® .. method approx an advection-diffusion eqn to O(At? 4+ Az?)

m However, diffusion coefficient is negative for all At > 0 and u # 0

J.A. Rossmanith | RMMC 2010
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Why did centered flux approach fail?

The problem

m Write system in semi-discrete form (At — 0, fix Az):
0 -1 1

1

Qt)=BQ(t), B= Aw
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Why did centered flux approach fail?

The problem

m Write system in semi-discrete form (At — 0, fix Az):

1

Qt)=BQ(t), B= Az

-1 1 0

m Since B is anti-symmetric, it has purely imaginary eigenvalues

J.A. Rossmanith | RMMC 2010 14/39



Finite volume schemes Linear advection TVD Limiters Nonlinear equations

Why did centered flux approach fail?

The problem

m Write system in semi-discrete form (At — 0, fix Az):

1

Qt)=BQ(t), B= Aw

-1 1 0

m Since B is anti-symmetric, it has purely imaginary eigenvalues

m Centered flux finite volume method: forward Euler in time
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Why did centered flux approach fail?

The problem

m Write system in semi-discrete form (At — 0, fix Az):

1

Qt)=BQ(t), B= Az

-1 1 0

m Since B is anti-symmetric, it has purely imaginary eigenvalues

m Centered flux finite volume method: forward Euler in time

One possible cure

m Leapfrog in time: Q™' =QF ' — UTA; Q1 — QF-4]

m Problem: 2-time levels, no dissipation

J.A. Rossmanith | RMMC 2010 14/39
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Artificial viscosity

Basic idea

Artificial viscosity

= Add to semi-discrete system a viscous term: (¢ + g, = € q,z2)

Q) = BQ(1),
0 -1 1 -2 1 1
1 0 -1 1 -2 1
1 €
B= 2Ax * Ax?
1 0 -1 1 -2 1
—1 1 0 1 1 -2
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Artificial viscosity

Basic idea

Artificial viscosity

= Add to semi-discrete system a viscous term: (¢ + g, = € q,z2)

Q) = BQ(1),
0 -1 1 -2 1 1
1 0 -1 1 -2 1
1 €
B 2Ax * Ax?
1 0 -1 1 -2 1
—1 1 0 1 1 -2

m Eigenvalues of B lie in the stability region of Euler for

2 2
u” At Az 2e
<e< <
2 =f=9a;r U VElUAx

<

R =

(0<v <1 byCFL)
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Artificial viscosity

Basic idea

Artificial viscosity

= Add to semi-discrete system a viscous term: (¢ + g, = € q,z2)

Q) = BQ(1),
0 -1 1 -2 1 1
1 0 -1 1 -2 1
1 €
B 2Ax * Ax?
1 0 -1 1 -2 1
—1 1 0 1 1 -2

m Eigenvalues of B lie in the stability region of Euler for

2 2
u At Aw <% <1 (90<u<1 bycCFL)
14

<e< <
2 _6_2At or V_uAm_

m Resulting methods:  1-step, conservative, first-order accurate?

J.A. Rossmanith | RMMC 2010 15/39



Finite volume schemes Linear advection TVD Limiters Nonlinear equations

W Artificial viscosity

Lax-Friedrichs method

Derivation

ot =ar - 22 n, - Q]

Qitt= 1(Q;L—H + Q?—l) _ uAl [Qz-H Q?—l]

QnJrl Qz [Fli“'lz _ FZ’L_‘Z%}
i +3 n 1Az n
if% - 7(.}0(@2) +f(Q271)) 2 At (Ql Qifl)
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W Artificial viscosity

Lax-Friedrichs method

Derivation
ot =ar - 22 n, - Q]
Qi = (Qz+1 + Qi 1) _ uAl [Qz-H Q?—l]
Qrtt —Qr - [F:;Z _ Fi—f}
1 Az

+1

2
F,1
2

i—1

5 (f(Qz )+ F(Qi1)) — 3 AL (QF — Q1)

Modified equation

Az?
2At
m Local truncation error: 7 = O(At + Az?)

m Stableif 0<v<1

¢+ uge = (1= 1?) guw + O(AF + Az?)

. . _ Az?
m Most diffusive method, ¢ = 5%;

J.A. Rossmanith | RMMC 2010 16/39
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Artificial viscosity

Upwind method

Derivation

Reconstruct, Evolve, and Average (REA):

il Bl B

Numerical update: Q?H =1-v)Q7F +vQi,

. +3
Numerical flux: Fln_ ; =uQi
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Artificial viscosity

Upwind method

Derivation

Reconstruct, Evolve, and Average (REA):

il Bl B

Numerical update: Q?H =1-v)Q7F +vQi,

. +3 n
Numerical flux: Fln_ %2 =uQi
Modified equation
1
gt +ugs = §A:I:I/ (1 —v) que + O(AF + Az®)

m Local truncation error: 7 = O(At + Az?)
m Stableif 0<v<1

m Less diffusive than Lax-Friedrichs, still not least diffusive method
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Artificial viscosity

Lax-Richtmyer stability of the upwind method

m Upwind method:
QI =(1-1)Q +vQi,

J.A. Rossmanith | RMMC 2010 18/39
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Artificial viscosity

Lax-Richtmyer stability of the upwind method

m Upwind method:
QI =(1-v)Q +vQi,
m L;-stability:

19"l s= Az 3 J](1 = v) QF +v Qi |

<Az (l-v) Z‘Q?’-I—Amy Z‘Q?—l’

i

<Ar(1-v) 1R+ Aww 3|07

i

<Az Z Q¥ [ = Q"I

J.A. Rossmanith | RMMC 2010 18/39
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W Artificial viscosity

Lax-Richtmyer stability of the upwind method

m Upwind method:
QI =(1-v)Q +vQi,
m L;-stability:

Q" |1 := Az Z |(1-v)QF + v Q7|
<Az (1-v) Z‘Qf’ + Azv Z‘Q?—l’
<Az(1-v) Y |QF|+Azv Y |Q7

<Az |QY = 11Q"
m Lo-stability: '
Q"™ =BQ", B := circulant (v, (1 — v), 0)
Q" o = 1B 121Q, #(B7B) <1

J.A. Rossmanith | RMMC 2010 18/39
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W Artificial viscosity

Lax-Wendroff method

Derivation

1
gt + At 2) = q(t, ) + At qu(t, 2) + S AL gu(t, 7) + O(AL)

(Qz+1 Q?fl)

qt = —Uqx = q,t ~ = A

Qi =Uqer = qu~ A ~2 (Q1+1 2Qi + Qi)

QU = QU — v QU — Q) + 30 QU — 207 + Q1)

A
(@) + F(QI)) = A (QF = Qi)

F"

1
T2

[N

1
2
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W Artificial viscosity

Lax-Wendroff method

Derivation

1
gt + At 2) = q(t, ) + At qu(t, 2) + S AL gu(t, 7) + O(AL)

(Qz+1 Q?fl)

4t = —uq = (= — A

Qi =Uqer = qu~ A ~2 (Q1+1 2Qi + Qi)

QU = QU — v QU — Q) + 30 QU — 207 + Q1)

A
(@) + F(QI)) = A (QF = Qi)

F"

1
T2

[N

1

2

Modified equation

uAz?
6

= Local truncation error: 7 = O(At* + Az?)

m Stableif 0<v<1

m Least diffusive method, ¢ =

g+ uge = — (1- 1/2) Qe + O(AE 4+ Az®)

u?At
2

J.A. Rossmanith | RMMC 2010 19/39
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Linear advection

Two examples

Upwind and Lax-Wendr

D

Limiters

Nonlinear equations

q(t,x) attime t =5 [Upwind]

q(t,x) attimet=5 [LxW]

1
05
L
0 0.25 05 0.75 0 0.25 0.5 0.75 1
q(t,x) attimet=5 [Upwind] q(tx) attimet=5 [LxW]
1 ﬁ 1r 5
e
05f 05F
Sl o
r Vi |
0 0.25 05 075 0
J.A. Rossmanith | RMMC 2010
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Outline

TVD Limiters
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Harten’s theorem

Statement

Definition (Discrete total variation)

TV(Q™) = > |QF — QiL|

1=—00

| A\

Theorem (Harten, 1984)

Consider an explicit 1-step method with a 3-point spatial stencil of the form:
QI = Qi — CL (QF — Q1) + D7 (@1 — Q7

where C{* 1 and D} may depend on Q™. Then
TV(Q™") < TV(Q™) (Total variation diminishing)

provided that

Cr,>0, D'>0, Cr+D'<1 Vi

J.A. Rossmanith | RMMC 2010 22/39
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Linear advection

@ Harten’s theorem

TVD Limiters Nonlinear equations

Proof

Harten, 1984.
Q?jﬁl = Q?-Q-l - Cz‘n (QZL-H
Q= QF - Ol (QF -

|Qn+1 n+1|

— Qi)+ D41 (R — Qi)
Q1) + Di (Qi4: — QF)

|1—CF' = DI)(QF1 — QF) + D4 (@2 — Qi1)
+Ci1 (QF — Q?—1)|

i+1

By assumption: (1—-C{" —D}) >0, Dj,>0, C;>0

|Q?+l - Q?+l| <(1-C!—D})|Q%1 — Q7| + D1 | Q2 — Q1]
+CZL71|Q? —Q?,1|

STV < TV(Q™)

J.A. Rossmanith | RMMC 2010
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Wave propagation formulation

Definition (LeVeque, 1997)

At At [~ -
n+1 —
Qi =QF = 5y [A7AQuy + 478Gy | - 77 [Py — Py
Speed: s, 1 =u, st = max(s,_1,0), s, =min(s,_1,0)
2 =3 2 1= 3 2

Wave: WF% =Q7 — Q74
Fluctuations: AiAQ1_7 = sf_l W1
2
Conservation: A+AQi_% + A_AQZ._% =u(QF — Qi_1)

5 1 |Si7l | At
Flux correction: FF% = |5i,; 1= # WF% 10) (917%)

2
W;_s W1
Smoothness: Gi_% = Wi,; or Wi,;
Wave limiter: ¢ =0 (Upwind), ¢ =1 (Lax-Wendroff)
24/39
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@ Wave llmlters

Definition (Sweby, 1984)

Let v = %2t assume u > 0.

Write wave propagation method in Harten form:

¢(0i l)
D=0, Cf_lzy—;l/(l—l/)< 0+2 —¢(9i_;))-

i+l

Need 0<CP;<1 and 0<v<l,
Want
¢(0 <0)=0 (limit extrema),
$(0 > 0) >0,
#(1) =1 (2* order)

Sweby region: {0 < @ < 2} n {0 < ¢(0) < 2} N {¢(1) = 1}

|5 — ¢ (62)

<2 Vi, 6,

J.A. Rossmanith | RMMC 2010
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W Examples of limiters

Linear methods:

Upwind: »(@)=0
Lax-Wendroft: p0) =1
Beam-Warming: »(0) =106
1

=1

Fromm: ) 1+0)

Total variation diminishing limiters:

Minmod: ¢(0) = minmod(1,0)
Superbee: ¢(0) = max (0, min(1, 26), min(2, §))

Monotonized Centered: ¢(0) = max (0, min ((1 _5 6), 2, 20))

:0+|9|
1+ 6]

van Leer: o(0)

J.A. Rossmanith | RMMC 2010 26/39
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Sweby region

& Beam-Warming ¢ Minmod
Fromm
sl 2l
| Lax-Wendroff 1L
/ o
2 8 : ’
@ Superbee Y MC

J.A. Rossmanith | RMMC 2010 27/39



advection TVD Limiters Nonlinear equations

Finite volume schemes Linear

A numerical example

q(t,x) attime t =5 [Upwind] qft,x) attimet=5 [LxW]

05

fpooo
o

. .
0 0.25 05 0.75 1 o
q(t,x) attimet =5 [Minmod]
% I ! g ]
©] le

1 0.5 g

O P

Y 2

0

o 0.25 05 0.75 1 0 0.25 05 0.75 1
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Outline

Nonlinear equations
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Traffic flow

Cartoon

Cartoon illustrating a shock wave, from Supersonic
Flow and Shock Waves by Richard Courant and K. O.
Friedrichs, Interscience Publishers, 1948,
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Traffic flow

Basic equations

Scalar hyperbolic conservation law

0.+ f(@)e=0, f(g):R—=R
Assume a convex flux:  f”(q) <0 Vq or (@) >0 Vg
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Traffic flow
Basic equations

Scalar hyperbolic conservation law

0.+ f(@)e=0, f(g):R—=R
Assume a convex flux:  f”(q) <0 Vq or f'(q) >0 Vg

Example: traffic flow

m Flux function: f(q) =U(1 — q)q
0<qg<1: density of cars on a single-lane road
u(q) =U(1—¢q): carspeed (u(l)=0, u(0)="U)
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Traffic flow
Basic equations

Scalar hyperbolic conservation law

0.+ f(@)e=0, f(g):R—=R
Assume a convex flux:  f”(q) <0 Vq or f'(q) >0 Vg

Example: traffic flow

m Flux function: f(q) =U(1 — q)q
0<qg<1: density of cars on a single-lane road
u(q) =U(1—¢q): carspeed (u(l)=0, u(0)="U)

m Method of characteristics

d d
G700 T =U020E) = q=q), &=2-U1-20()
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Limiters Nonlinear equations
W Traffic flow

Basic equations

Scalar hyperbolic conservation law

fll@:R—R

qt+ f(Q),x =0,
() <0 Vq or

Assume a convex flux: f'(q) >0 Vg
Example: traffic flow

m Flux function: f(q) =U(1 — q)q
0<qg<1: density of cars on a single-lane road
u(q) =U(1—¢q): carspeed (u(l)=0, u(0)="U)
m Method of characteristics

d dx
T=0, Z=U0-2() = q=q), §=a-Ul-2q(e)
m Gradient of solution:
1 1
. = . = ————— = thlowup = ————————
Qo =0ebe So = T o Plowue = o max(qo.c)
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Traffic flow

Shock formation

qixt) attimet=0 qix,t) attime t =0.25
1 1- 1
05 05-
0 . . . o .
0 0.25 05 075 1 0 025 05 075 1

m Example: Gaussian distribution of cars
m Cars to the left of the peak are driving into congestion
m Cars to the right are driving out of congestion

m The congestion creates a traffic shock wave

Shock wave: |g.z(x,t)] — oo in finite time
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. Rankine-Hugoniot conditions

t+h
qL /;H-sh ‘/tt+h{%q N %f(q)} dide — 0
a, sh(gr — ae) = h (f(ar) = f(ge)) = 0
s flar) = flar)
t X x+sh =
m Once |g,-(x,t)] — oo, the differential equation is no longer valid

m Must return to integral conservation law

m Integrate around a small section of the shock in the space-time plane

Eqns that have the same smooth solns may not have same shock solns

1, 2 2 3
q’t+(§q)m:0 and (q)7t+(§q>x:0

)

= ¢t+9q2=0
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. Non—unlqueness & Vamshmg viscosity

Green Light Red Light

05 1 05
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m Defn: The Riemann problem

. r<x
¢+ f(@)e=0  with  ¢(z,0) = {qe 0
qr €T > X

In general, the solution to this problem is not unique

m Can obtain a unique solution if we add wviscosity and take ¢ — 0T:
qt+ f(q),x = &4q,zx

m For traffic flow: if ¢ < ¢ = shock, if ¢, < ¢¢ = rarefaction
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Godunov’s method

A generalization of the upwind scheme

Qi Q Qi Qi
m Piecewise constant representation
m Solve Riemann problem between neigh. states: QF and Q74
m State at the interface, T 1 persists for At < sﬁﬁ: Q 1
. n+g
m Define interface flux as: Fl__%2 = f(Q;‘_%)

1
m For linear advection with u > 0, this returns: Fi"_Jrf =uQp
2

m For systems Riemann problem is expensive to solve (Newton iteration)

m Not immediately obvious how to extend this to higher-order
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Roe’s method

Linearized Riemann problems

m Piecewise constant representation

m At each interface create a linearized Riemann problem:

q.:+ fl(Qi_%)q,w =0

i if z<z,_
a(t", @) =4 l
Q7 if x>,

D= =

Definition (Roe’s method)

Fluctuations: AT AQ
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Roe’s method
A note about conservation

= Conservation requires that
ATAQ; 3 + ATAQ, 1 = f(QF) — f(Q-)
= U@ - @] —v @i - @]
=U(1- (@ + Qi) (@ - Qi)

= In the wave propagation method
ATAQy +ATAQ,y =5y (QF = Qi) =U (1-2Q,_1 ) (QF - Q1)

m Therefore, we require:

Qi

m This choice is called the [Roe, 1981] average

Lor+qry

573

Key point: need to be careful about how s,_ 1 is defined
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Roe’s method

An entropy fix

Traffic flow - transonic rarefaction Traffic flow - transonic rarefaction
1 T T ' 1 T

0 0.25 05 0.75 1 o 0.25 0.5 0.75 1

m Linearization works except in the case of a transonic rarefaction
m At the sonic point, linearized wave speed is zero

m To obtain correct entropy solution, need to split zero wave

F*::f(qzé):%U

ATAQ_y = P~ Q1)
ATAQ_y = Q1) ~ F*
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@ Wave propagation method

Scalar conservation laws

Definition (LeVeque, 1997)
Qi =Qr - 2[4 aQ,, v atag, ] - 2[R,

k2
Wave: W,_1 := Qr — Qi
Fluctuations: AiAQi_% = S?E,; Wi
2

Speed: i1 = U(l- 2@1._%), where Ql_% = Ave(Q7, Qi1)

1
2

- Az

Fl t"ﬁ'1||1ﬂW¢(0)
ux correction: -1 = 5l8i-1 i1 i1

W

Smoothness: 6,

Wave limiter: ¢ =0 (Upwind), ¢ =1 (Lax-Wendroff)
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