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Two graph theory problems

@ Traveling Salesman Problem
@ Hamiltonian Circuit Problem
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Continuous versions

Question (Analyst’s Traveling Salesman Problem)

Which closed subsets of R are contained in a rectifiable curve?

@ Answered for n = 2 by P. Jones in 1990.
@ Answered for all n by K. Okikioulu in 1992.
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Question (Continuous Hamiltonian Circuit)

Which closed subsets of R" are contained in an arc?

(arc = homeomorphic image of [0, 1])
@ Solved for n =2 by R.L.Moore and J.R. Kline in 1919
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Question (Computable Analyst’s Traveling Salesman Problem)

Which points in R" belong to a computable rectifiable curve?

(Curve if computable if it is range of a computable
f:[0,1] — R".)
@ Solved by Gu, Lutz, Mayordomo 2006
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Question (Computable Analyst’s Hamiltonian Circuit Problem)
Which points in R" lie on a computable arc?

(Arc is computable if it is range of computable and injective
f:]0,1] = R")

@ Not solved yet, but lots of interesting partial results.

How are these classes related? \
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Theorem (McNicholl (and Lutz) '11)

There is a point on a computable arc in R? that does not lie on
any computable rectifiable curve.

Proof.
First proof (due to J. Lutz)

@ If a point lies on a computable rectifiable curve, then its
effective Hausdorff dimension is at most 1.

@ There is a computable arc A whose Hausdorff dimension is
> 1. (Lots of them!)

@ Therefore there is a point on A whose effective Hausdorff
dimension is > 1. (Lutz, 2005 )

Ol

y

Timothy H. McNicholl



Timothy H. McNicholl



Second proof:

@ For every k € N, there is a computable arc A, C [0, 1]?
whose measure is > 1 — 2%, (Osgood 19?7 ).

@ Ay can be computed uniformly from k.
@ Therefore, [0, 1] — |, Ak has effective measure 0.
@ So, every Martin-L6f random point belongs to an Ag.

@ No Martin-L6f random point belongs to a computable
rectifiable curve (Gu, Lutz, Mayordomo 2006).
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Theorem (McNicholl "11)

There is a point on a computable and computably rectifiable
curve that does not belong to any computable arc.
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Definition

An arc chain C4 refines an arc chain Cs if each link of C is
contained in a link of C> and if each link of C, has the property
that the links of C; it contains form an arc chain.
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Theorem (sort of in Daniel & McNicholl ’11 and in McNicholl

11)

An arc A is computable (i.e. has a computable
parameterization) if and only if there is a computable sequence
of arc chains C1,Co, . .. such that:

Q (1 refinesCj,
Q@ the diameter of each link of C; is smaller than 2/, and
© A is contained in the union of the links of C;.

Proof is uniform and relativizes.
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Proof sketch: Use a finite injury argument.
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Stage t + 1:

St+1,e+1
Sl+1,e+2

t+1







p := lim;_, p; does not lie on any computable arc but lies on
C := |J; Ct which has computable length.

Definition

A set X C R? is effectively locally connected if there is a Turing
machine with a one-way output tape and two input tapes and
with the property that whenever a name of a point p € X is
written on the first input tape and a name of an open set

U C RR? that contains p is written on the second input tape and
the machine is allowed to run indefinitely, a name of an open
set V C R? for which p € V and V N X is connected is written
on the output tape.
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C is computably compact and ELC.

Theorem (Couch, Daniel, and McNicholl °10 )

If X C R" is computably compact and ELC then there is a
computable surjection of [0, 1] onto X.
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Theorem (Couch, Daniel, McNicholl 10 )

There is a computable map f : [0,1] — R? whose range is not
ELC.
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