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Schwarz-Christoffel formula

n = number of vertices
a = ¢ '(v) (pre-vertices)
(1 —p;) = turningangle atv;, 0 < f; <1
z o
T[] —a0* 'dc+B
0 k=1
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0 = centerof A

1 = outerradius A

i = inner radius A
ago) . af,?)) = pre-vertices on 9D
aﬁ” . a§711) = pre-vertices on 9D,(0)

x(1-8Y) = turning angle at v, 0 < ¥ < 1

are = 2-4

apk = ﬁ;((o)
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@ L.E. Dunducenko and S.V. Goncarenko, 1978.
@ Delillo, 2006 (and also Delillo, Elcrat, Pfaltzgraf 2004).
@ Crowdy, 2005
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Central claims

@ The Schwarz-Christoffel map for Jordan domains can be
expressed in terms of the functions of potential theory at all

levels of connectivity. (i.e. a representation in the spirit of
Max Schiffer.)

@ One formula works for all levels of connectivity and for
mapping to bounded or unbounded polygonal domains.
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lo,...,[yy = boundary curves of Dy, 'y outermost
aﬁj), e a%) = pre-vertices on T

(1= 8Y) = turning angle at ¢o(a), 0 < Y < 1
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S =g 0Dy — {pre-vertices, pre-endpoints}

E C S connected

On E, Arg(¥(¢)¢)(¥(¢))) = a constant, Cg
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E;, E> connected components of S.

Timothy H. McNicholl (with Valentin V. Andreev)



052 — CE1 =

(1 - pY)
_”519)

c € {pre-eps} — {pre-vertexes}
c= ag) & ¢ & {pre-ep.s}
c= af{) & ¢ € {pre-ep.s}

Timothy H. McNicholl (with Valentin V. Andreev)




Al(ﬂ AZ(J)
()
AJ.)fj J
A A0 A — A

Timothy H. McNicholl (with Valentin V. Andreev)



0 = Cow-Cu

O'Sj) =0
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Vo,1 harmonic on Dy,

.1(¢) = o — Arg(1(¢)) if ¢ € AD.

Vo,1 — Arg(¢} o ) constant on each I;
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wj =g harmonic measure of T;.

Theorem

If u is harmonic on Dy, then there exist unique real
bi(u), ..., by(u) such that

U+ bi(u)w;
J

has a harmonic conjugate.
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Voo =ar Vo1 -+ Y b(vor)w
J
z 8V072

o an

U2(2) =ar — ds

Vo2 — Arg(¢] o 1)) constant on each T;

Upo+ivgo “=" Log(¢} o)

Timothy H. McNicholl (with Valentin V. Andreev)



Ui 2

Vi2

Gt
fi(2)

—df
—df
—df
—df

—df

—df

Upp oty

Upp o™
exp(Ui2 + ivi2) (" ="4¢})
¥(Co)

z

CFﬂOdC
fioy

Timothy H. McNicholl (with Valentin V. Andreev)



Verification sketch:

@ Arg(fy/¢p) is constant.
@ fy/¢y is constant.
@ ¢g = afy + b.
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/ aw/ ds
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P = (Pk,/)k,j
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Re(i) = u+)> buw
J

G(z) =a Gp,(2,¢<0)

¥(2) = exp(=G(2))
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Vo2 = N—Q
Upo +ivop = (—i)(A-Q)

o) = [ e {0 - A} ot
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Derivation of the disk formula

WLOG assume 350) =-1.nb. v =M.

o
ANz) = % (Z(-eﬁ”) Log(z — &%) + 27 Log(1 + z)) +C
k=1

Q(z) = 2Log(1+ z)+ Const.
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WLOG assume (g = 7 € R. Let by, by = endpoints of ~;.

exp(A(2))
o(u~'z/a

0))2

O(p"2/bo)O(1

“1z/by)

no D=1 p, 1-p5)
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exp(Q(2)) = O "2/a”)? (1= Z) ©(u~"2/7) "O(uz/7) !
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' z/n)e(uz/r) G (2)
N(z) =4 o 2/b0")0(n"2/6(M)

B =1y 18y
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Loxodromic function: f(u?z) = f(2).
N(u?z) = n=*N(2)

z — z2N(z) loxodromic and analytic except at 0

z — 22 N(Z2) constant (Liouiville’s Theorem)
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no Z Bm mn Z 1=Bm
foiz) = cz?]]e (;ﬂ) IIe (;ﬂ)
=1
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Conclusions

@ Unified approach to Schwarz-Christoffel maps.

@ Possible convergent formulas for circular domains in terms
of rational functions.

@ Possible new methods of computation.

Timothy H. McNicholl (with Valentin V. Andreev)



[§ V.V. Andreev and T.H. McNicholl, A potential-theoretic
construction of the Schwarz-Christoffel map for finitely
connected domains, To appear in Complex Variables and
Elliptic Equations. Available online at www.tandfonline.com.
DOI: 10.1080/17476933.2011.561333.

[§ D. Crowdy, The Schwarz-Christoffel mapping to bounded
multiply connected polygonal domains, Proc. R. Soc. Lond.
Ser. A Math. Phys. Eng. Sci. 461 (2005), no. 2061,
2653-2678.

[§ T. K. Delillo, A. R. Elcrat, and J. A. Pfaltzgraff,
Schwarz-Christoffel mapping of multiply connected
domains, J. Anal. Math. 94 (2004), 17-47.

[ Thomas K. DeLillo, Schwarz-Christoffel mapping of
bounded, multiply connected domains, Comput. Methods
Funct. Theory 6 (2006), no. 2, 275-300.

Timothy H. McNicholl (with Valentin V. Andreev)



[{ L. E. Dundugenko and S. V. Goncarenko, The
Christoffel-Schwarz formula generalized on n-connected
circular domains, Vycisl. Prikl. Mat. (Kiev) (1978), no. 35.

@ P. Henrici, Applied and computational complex analysis.
Vol. 3, Pure and Applied Mathematics (New York), John
Wiley & Sons Inc., New York, 1986, Discrete Fourier
analysis—Cauchy integrals—construction of conformal
maps—univalent functions, A Wiley-Interscience
Publication.

Timothy H. McNicholl (with Valentin V. Andreev)



