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Schwarz-Christoffel formula

n = number of vertices
aj = φ−1(νj) (pre-vertices)

π(1− βj) = turning angle at νj , 0 < βj < 1

φ(z) = A
∫ z

0

n0∏
k=1

(ζ − ak )βk−1dζ + B
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0 = center of A
1 = outer radius A
µ = inner radius A

a(0)
1 . . . a(0)

n0
= pre-vertices on ∂D

a(1)
1 . . . a(1)

n1
= pre-vertices on ∂Dµ(0)

π(1− β(j)
k ) = turning angle at ν(j)

k , 0 < β
(j)
k < 1

α1,k = 2− β(1)
k

α0,k = β
(0)
k
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φ(z) = B
∫ z

ζ0

n0∏
m=1

(
Θ

(
ζ

µa(0)
m

))α0,m−1 n1∏
m=1

(
Θ

(
µζ

a(1)
m

))α1,m−1

dζ

+C

Θ(z) =
∞∏

k=1

(1− µ2k−1z)(1− µ2k−1z−1).
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L.E. Dundučenko and S.V. Gončarenko, 1978.
DeLillo, 2006 (and also DeLillo, Elcrat, Pfaltzgraf 2004).
Crowdy, 2005
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Central claims

The Schwarz-Christoffel map for Jordan domains can be
expressed in terms of the functions of potential theory at all
levels of connectivity. (i.e. a representation in the spirit of
Max Schiffer.)
One formula works for all levels of connectivity and for
mapping to bounded or unbounded polygonal domains.

Timothy H. McNicholl (with Valentin V. Andreev)



P

!0

D0

!0
!

"1

"2

"3

"0

Timothy H. McNicholl (with Valentin V. Andreev)



Γ0, . . . , ΓM = boundary curves of D0, Γ0 outermost

a(j)
1 , . . . ,a(j)

nj
= pre-vertices on Γj

π(1− β(j)
k ) = turning angle at φ0(a(j)

k ), 0 < β
(j)
k < 1
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S =df ∂D0 − {pre-vertices,pre-endpoints}

E

!

!

E ⊆ S connected

On E , Arg(ψ(ζ)φ′1(ψ(ζ))) = a constant, CE
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!
c

E1

E2

E1,E2 connected components of S.
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CE2−CE1 ≡


−π c ∈ {pre-ep.’s} − {pre-vertexes}

π(1− β(j)
k ) c = a(j)

k & c 6∈ {pre-ep.’s}
−πβ(j)

k c = a(j)
k & c ∈ {pre-ep.’s}
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A(j)
ηj+1 = A(j)

1 , A(j)
0 = A(j)

ηj
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θ
(j)
k = C

A(j)
k
− C

A(j)
k−1

σ
(j)
1 = 0

σ
(j)
2 = θ

(j)
2

σ
(j)
k = σ

(j)
k−1 + θ

(j)
k k ≥ 3
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v0,1 harmonic on D0,

v0,1(ζ) = σ
(j)
k − Arg(ψ(ζ)) if ζ ∈ A(j)

k .

v0,1 − Arg(φ′1 ◦ ψ) constant on each Γj
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ωj =df harmonic measure of Γj .

Theorem
If u is harmonic on D0, then there exist unique real
b1(u), . . . ,bM(u) such that

u +
∑

j

bj(u)ωj

has a harmonic conjugate.
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v0,2 =df v0,1 +
∑

j

b(v0,1)ωj

u0,2(z) =df −
∫ z

ζ0

∂v0,2

∂η
ds

v0,2 − Arg(φ′1 ◦ ψ) constant on each Γj

u0,2 + iv0,2 “ = ” Log(φ′1 ◦ ψ)
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u1,2 =df u0,2 ◦ ψ−1

v1,2 =df u1,2 ◦ ψ−1

H =df exp(u1,2 + iv1,2)(“ = ”φ′1)

ζ1 =df ψ(ζ0)

f1(z) =df

∫ z

ζ0

H(ζ)dζ

f0 =df f1 ◦ ψ
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Verification sketch:

Arg(f ′0/φ
′
0) is constant.

f ′0/φ
′
0 is constant.

φ0 = af0 + b.
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Pk ,j =df

∫
Γk

∂ωj

∂η
ds

P =df
(
Pk ,j

)
k ,j

pj(u) =df

∫
Γj

∂u
∂η

ds
b1(u)
·
·
·

bM(u)

 = P−1


p1(u)
·
·
·

pM(u)


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Re(û) = u +
∑

j

bj(u)ωj

G(z) =df GD0(z, ζ0)

ψ(z) = exp(−Ĝ(z))
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Λ(z) =df

∑
k ,j

σ
(j)
k ω(z,A(j)

k ,D0)

Ω(z) =df −
1

2π

∫
∂D0

Arg(ψ(ζ))
∂GD0(z, ζ)

∂ηζ
dsζ

v0,2 = Λ− Ω

u0,2 + iv0,2 = (−i)(Λ̂− Ω̂)

f0(z) =

∫ z

ζ0

exp
{

(−i)(Λ̂(ζ)− Ω̂(ζ))
}

dζ
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Φ0
D0

ζ0 ●

Ψ
Φ1

P
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Derivation of the disk formula

WLOG assume a(0)
1 = −1. n.b. ψ = Id .

Λ̂(z) =
1
π

( n0∑
k=1

(−θ(0)
k ) Log(z − a(0)

k ) + 2π Log(1 + z)

)
+ C

Ω̂(z) = 2 Log1(1 + z) + Const.
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WLOG assume ζ0 = τ ∈ R. Let b0,b1 = endpoints of γ1.

exp(Λ̂(z)) =

Θ(µ−1z/a(0)
1 )2

Θ(µ−1z/b0)Θ(µ−1z/b1)

×
n0∏

m=1

Θ

(
µ−1 z

a(0)
m

)β(0)
m −1 n1∏

m=1

Θ

(
µ−1 z

a(1)
m

)1−β(1)
m
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exp(Ω̂(z)) = Θ(µ−1z/a(0)
1 )2

(
1− z

τ

)
Θ(µ−1z/τ)−1Θ(µz/τ)−1
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N(z) =df
Θ(µ−1z/τ)Θ(µz/τ)Ĝ′(z)

Θ(µ−1z/b(1)
0 )Θ(µ−1z/b(1)

1 )

f ′0(z) = N(z)

n0∏
m=1

Θ

(
µ−1 z

a(0)
m

)β(0)
m −1 n1∏

m=1

Θ

(
µ−1 z

a(1)
m

)1−β(1)
m
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Loxodromic function: f (µ2z) = f (z).

N(µ2z) = µ−4N(z)

z 7→ z2N(z) loxodromic and analytic except at 0

z 7→ z2N(z) constant (Liouiville’s Theorem)
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f ′0(z) = Cz−2
n0∏

m=1

Θ

(
µ−1 z

a(0)
m

)β(0)
m −1 n1∏

m=1

Θ

(
µ−1 z

a(1)
m

)1−β(1)
m

= Cφ′0(z).
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Conclusions

Unified approach to Schwarz-Christoffel maps.
Possible convergent formulas for circular domains in terms
of rational functions.
Possible new methods of computation.
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