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Abstract Engineering systems experiencing events of amplitudes higher than 100 gn for a duration under7

100 ms, here termed high-rate dynamics, can undergo rapid damaging effects. If the structural health of8

such systems could be accurately estimated in a timely manner, preventative measures could be employed9

to minimize adverse effects. For complex high-rate problems, adaptive observers have shown promise due10

to their capability to deal with nonstationary, noisy, and uncertain systems. However, adaptive observers11

have slow convergence rates, which impedes their applicability to the high-rate problems. To improve12

on the convergence rate, we propose a variable input space concept for optimizing the use of data13

history of high-rate dynamics, with the objective to produce an optimal representation of the system of14

interest. Using the embedding theory, the algorithm sequentially selects and adapts a vector of inputs15

that preserves the essential dynamics of the high-rate system. In this paper, the variable input space16

is integrated in a wavelet neural network, which constitutes a variable input observer. The observer is17

simulated using experimental data from a high rate system. Different input space adaptation methods are18

studied and the performance is also compared against an optimized fixed input strategy. It is found that19

a smooth transition of the input space eliminates error spikes and yields faster convergence. The variable20

input observer is further studied in a hybrid model-/data-driven formulation, and results demonstrate21

significant improvement in performance gained from the added physical knowledge.22

Keywords High-rate dynamics · input space · embedding · adaptive observer · neural network ·23

structural health monitoring24

1 Introduction25

High-rate dynamics, here defined as events of amplitudes higher than 100 gn for a duration under 10026

ms, can be highly detrimental to modern engineering systems. Examples of such systems include civil27

structures exposed to blast, passenger vehicles experiencing collisions, and aerial or spacecraft vehicles im-28

pacting foreign objects [1]. High-rate dynamics can cause rapid plastic deformation propagating through29
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the structure and to electronics and sensors, which in turn can cause catastrophic failures and endanger30

human lives [2]. Precise and on-time state estimation is a necessary first step to prevent further damage31

and complete failure [3]. However, state estimation of high-rate dynamics is a challenging problem. A32

well-designed estimator must converge very fast (high-rate) and be capable of coping with the following33

unique complexities that characterize the high-rate problem:34

– large uncertainties in the external loads;35

– high levels of nonstationarities and heavy disturbances; and36

– generation of unmodeled dynamics from changes in system configuration.37

In particular, an estimator must be capable of operating through noise, uncertainty, time varying38

parameters/states, and disturbances. Noise is a common issue that can arise from flexing of electronics.39

There is uncertainty in how a system may respond to very large excitations. In the case of a spontaneous40

blast or impact, little is known about the inputs. Plastic deformation or damage leads to time varying41

parameters or states. Lastly, large excitations can resonate the system or components resulting in dis-42

turbances. Sophistication in the algorithm is required to overcome the negative effects of the combined43

complexities leading to slower convergence rates [4,5,6,7,8].44

Classic observers are constructed to estimate one or more states from sensor inputs. Typically, inputs45

are pre-selected and rarely optimized, contributing to a sub-optimal observer design. Hong et al. [1]46

discussed promising properties of adaptive observers (AOs), in general, to perform well in the presence of47

various system complexities (e.g. noise, uncertainty, time varying parameters, and disturbance mentioned48

above). However, it was also discussed that these observers are characterized by slower convergence rates49

due to their adaptive architecture. Various methods have been developed to increase the convergence50

rate of AOs, see [9,10][11] for instance. While such research has yielded important contributions in51

ameliorating the convergence of AOs, all of the methods focused on altering the estimation and adaptation52

algorithm, while the input space selection and construction are vastly overlooked [12].53

Typical observers employ representations that are tuned to fixed types of inputs to attain an appro-54

priate level of performance [13,14]. The choice of inputs influences computation time, adaptation speed,55

effects of the curse of dimensionality, understanding of the representation, and model complexity [15,56

16]. Although in practice only limited states in a system can be observed, the essential dynamics may be57

preserved through a proper selection of the input space vector based on limited measurements [17,18].58

Bowden et al. [13] argued that proper input space selection can lead to superior estimators by bypassing59

modeling inaccuracies due to nonlinearities. The benefits of essential dynamics present in an input space60

has been studied in fields of structural health monitoring [19] [20] [21] and control [24,25,26,27,28].61

It follows that a strategy is to employ a dynamic input space to provide stability of the adaptive62

algorithm. The change in the input types and numbers can help target inputs that would contain the63

essential dynamics of the system. A critical advantage of such methodology is that the essential dynamics64

can be extracted from nonstationary systems [12] using limited sensors [29]. The authors have studied65

varying input space strategies for structural control applications [12,30,18], and recently for high-rate66

state estimation [31].67

The decision to take an adaptive algorithm approach was determined from an overview study of68

observers and their general applications [1]. Due to the difficulties in creating a representation of high-69

rate systems, adaptive data-driven observers were found to have an unique advantage of adapting to70

large levels of uncertainties and complexities through pattern recognition capabilities [32]. The downfall71

of adaptive methods, however, is their slow convergence rates. In order to accelerate the convergence72

times, the input space of observers was studied [31]. It was determined that the input space of observers73

was critical to the quality of estimates observers can produce for high-rate systems.74

The method of varying the input space produces a variable input observer (VIO) when used as an75

estimator. Here, the estimator is comprised of the variable input space coupled with a self-organizing76

single-layer wavelet neural network. The single-layer wavelet architecture is selected for its known uni-77

versal approximation capabilities [33], ideal for mapping complex nonlinear dynamics [34] and real-time78

computations due to fewer number of calculations [35]. The input space of the estimator is varied se-79

quentially in real-time, to adapt to complexities of high-rate dynamics, including nonlinearities and80

nonstationarities. Such variation allows the state estimation function to adapt to changing dynamics81

resulting in a minimum number of inputs that preserve the system’s essential dynamics leading to faster82

convergence rates.83
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Systems that initially behave in a linear manner can respond nonlinearly when damaged [19]. Such84

nonstationarities are inherent attributes of high-rate systems. Liu et al. [21] verified that damage assess-85

ment using an embedding strategy provided superior results compared with the same strategy without86

embedding. Previous embedding techniques were only applicable to stationary systems where offline87

processing was used to determine the embedding parameters [22,23]. Through the VIO, we extend the88

embedding strategy to nonstationary systems through the online computation of the embedding over89

stationary segments of data.90

In prior work presented in conference proceedings, a preliminary version of the VIO showed promise91

when compared with a typical fixed input space observer [36]. However, the rapid input space adapta-92

tion produced undesirable error spikes in the estimations, and the authors demonstrated that a slower93

transition of the input space reduced these error spikes [37].94

In this paper, we introduce a smooth transition technique between input spaces by applying a c∞95

type function to the time delay values with the objective to eliminate error spikes, and also further96

previous studies by examining the effects of added physical knowledge into the system by creating a97

hybrid data-/model-driven VIO. Lastly, we explore the possibility of using this hybrid observer for98

system identification applications through pre-training.99

The rest of the paper is organized as follows. Section 2 will present the methodology used in construct-100

ing the VIO, model, and hybrid VIO. Section 3 will describe the experimental setup used for acquiring101

data used in the numerical simulations, and discuss simulation results. Section 4 will conclude the paper102

with a summary of major findings.103

2 Background104

2.1 Variable Input Observer105

The variable input space strategy is combined with a wavelet neural network (WNN) to perform state106

estimation, therefore constituting the VIO. Its architecture is illustrated in Fig. 1. A single layer of107

Mexican hat wavelet network is used to produce the estimate ŷ2(k)108

Fig. 1: Variable input observer’s architecture.

ŷ2(k) =

h∑
j=1

γjφj(ν(k)) (1)
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where ν is the input vector also termed delay vector,τ the time delay, d the embedding dimension, h the109

number of nodes or activation functions, γ the nodal weights, and φ the Mexican hat wavelet activation110

function111

φj(ν(k)) =

(
1− ‖ν(k)− µj‖2

σ2
j

)
e
−
‖ν(k)−µj‖2

σ2
j (2)

where µj and σj are the center and bandwidth of the jth node, respectively, and ‖ · ‖2 is the 2-norm.112

The VIO is specifically designed to self-organize based on Kohonen’s self-organizing map (SOM) theory113

[38], and to perform self-adaptation. The SOM functionality consists of adding nodes when a new sample114

falls outside the region covered by the WNN. When a new node j is added, it is given a weight γj115

initially equal to zero, a center µj at the location of the new observation, and a bandwidth σj set at the116

user-defined value σ(0). Self-adaptation consists of sequentially adapting the WNN parameters γ and σ117

following a stable back-propagation rule [39]:118

γ̇j(k) = −Γγj

∂E(k)

∂γj

σ̇j(k) = −Γσj

∂E(k)

∂σj

(3)

where Γγj and Γσj are positive learning rates for γj and σj and E is the error function119

E(k) =
1

2
(ỹ2(k))2 =

1

2

 h∑
j=1

γjφj(ν(k))− y2(k)

2

(4)

where ỹ2(k) = ŷ2(k)− y2(k) is the estimation error.120

Substituting Eq. (4) into Eq. (3) gives121

γ̇j(k) = −Γγj

∂

(
1
2

(∑h
j=1 γjφj(ν(k))− y2(k)

)2)
∂γj

= −Γγj

 h∑
j=1

φj(ν(k))

 h∑
j=1

γjφj(ν(k))− y2(k)


= −Γγj

 h∑
j=1

φj(ν(k))

 ỹ2(k)

(5)

and122

σ̇j(k) = −Γσj

∂

(
1
2

(∑h
j=1 γjφj(ν(k))− y2(k)

)2)
∂σj

= −Γσj

∂

 1
2

(∑h
j=1 γj

(
1− ‖ν(k)−µj‖2

σ2
j

)
e
−
‖ν(k)−µj‖2

σ2
j − y2(k)

)2


∂σj

= −Γσj

 h∑
j=1

γj(
1

σ5
j

e

−‖ν(k)−µj‖2
σ2
j (4σ2

j ‖ν(k)− µj‖2 − 2‖ν(k)− µj‖22))

 ỹ2(k)

(6)

4



Using ẋ(k) = (x(k+1)−x(k))/∆k with ∆k = 1 yields a discrete formulation for the adaptation rules123

γj(k + 1) = γj(k)− Γγj

 h∑
j=1

φj(ν(k))

 ỹ2(k)

σj(k + 1) = σj(k)− Γσj

 h∑
j=1

γj(
1

σ5
j

e

−‖ν(k)−µj‖2
σ2
j (4σ2

j ‖ν(k)− µj‖2 − 2‖ν(k)− µj‖22))

 ỹ2(k)

(7)

The delay vector ν is variable, and its selection and adaptation is described in what follows.124

2.1.1 Embedding of High-Rate Data125

The embedding theorem [40,41] is the fundamental principle underlying the variable input space formu-126

lation. The theorem, developed by Takens [40], states the phase-space of an unknown autonomous system127

can be geometrically reconstructed using an observation y delayed by τ in an embedding dimension d128

forming a delay vector, ν129

ν(k) =
[
y1(k), y1(k − τ), y1(k − 2τ), · · · , y1(k − (d− 1)τ)

]
(8)

where ν ∈ <dx1 and k is the discrete time step. From this formulation, there exists a one-to-one map130

between the phase-space produced by ν and the phase-space of the unknown system, provided ν is131

constructed appropriately with the optimal parameters τ∗ and d∗, yielding ν∗. Because such a map132

exists, the essential dynamics of the unknown system are preserved in ν∗. It is hypothesized that,133

because ν∗ preserves the essential dynamics of the system, it can be used as a minimal input space to134

an estimator, producing more computationally efficient system representations. Originally developed for135

autonomous systems, the theorem has been extended to stationary systems with forcings [42], and applied136

to nonstationary high-rate systems through the calculation of the input spaces over stationary segments137

of data [12]. Here, the system of interest is nonstationary due to rapid changes in system configuration138

or from possible damage. Our solution is to vary ν∗ in real time using τ∗(t) and d∗(t). It follows that139

a challenge is in the selection of τ∗ and d∗. It was demonstrated in literature that a combination of the140

mutual information (MI) test for τ∗ and the false nearest neighbors (FNN) test for d∗ yielded the most141

accurate results [43].142

The MI test [44] is based on Shannon’s information theory. The algorithm selects τ∗ such that143

maximum level of information can be extracted between y1(k) and y1(k − τ∗). Mathematically,144

MI(y1(k), y1(k − τ)) =
∑

y1(k),y1(k−τ)

p(y1(k), y1(k − τ)) log
p(y1(k), y1(k − τ))

p(y1(k), p(y1(k − τ)))
(9)

where y1(k) and y1(k−τ) are discrete observations of the time series, p(·) denotes a probability, and p(·, ·)145

denotes a joint probability. The value τ∗ is taken as the first local minimum of the mutual information146

function.147

The false nearest neighbor (FNN) test [45] is used to calculate the optimal embedding dimension148

d∗. The FNN test calculates the Euclidean distances between the rth neighboring points of a vector for149

increasing dimensions. If the distance between neighboring points is greater than some threshold, the150

point is considered a false neighbor. Mathematically,151 ∣∣∣∣R2
d+1(k, r)−R2

d(k, r)

R2
d(k, r)

∣∣∣∣ > Rtol (10)

where Rtol is a user-defined threshold and R2
d(k, r) and R2

d+1(k, r) are the Euclidean distances between152

measurement y(k) and its rth nearest neighbor y(r)(k) for dimensions d and d+ 1. To increase accuracy,153

a second condition was added154

Rd+1(k)

RA
> Atol (11)
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with155

R2
A =

1

n

n∑
k=1

(y1(k)− ȳ1)2 (12)

where ȳ1 is the mean of observations y1 and Atol is a user-defined value. If both conditions are satisfied,156

the points are considered false neighbors. The value d∗ is taken at the point when the percentage of FNN157

drops below an acceptable value.158

2.1.2 Smooth Transition of the Input Space159

The values for τ and d in constructing ν are updated based on computed τ∗ and d∗. In a previous160

study by the authors, it was demonstrated that rapid variation of the input space led to error spikes in161

the estimation [37]. To overcome this challenge, a slow transition of the input space was implemented.162

The slow transition allowed τ to vary by ±10 and d to vary by ±1 with the restrictions that τ remains163

positive and d does not drop below an embedding dimension of 2. For the smooth input space transition,164

we apply a sigmoid function S(x) when adapting τ and allow d to vary by d ± 1. New τ and d values165

are calculated every 10 iterations for a data history of 200 points. The 200 point data history is a sliding166

window of data used to calculate the input space for stationary segments of data. In real-time, τ would167

have units of seconds. In this study, we use discrete time, which makes τ the corresponding number of168

past data points. A transition region of 10 points is selected to smooth the transition from the previous169

τ , τold to the new τ , τnew, with170

S(x) =
1

1 + e−x
(13)

where x = −4 : 1 : 5, and τ updated as follows:

τ(k : k + 10) = S(x)(τnew − τold) + τold (14)

where values for τ are rounded to the closest integer, and τ(k : k+10) are the next ten τ values providing171

the smooth transition. Fig. 2 illustrates the smooth transitioning of τ . Since d has to be an integer, it172

varies by ±1 with no further manipulation.173

Fig. 2: Smooth transition of τ .

2.2 Hybrid VIO174

The VIO described above is a pure data-driven technique. While the system of interest is complex, it175

is possible that a certain level of physical knowledge be available. This gives raise to an opportunity176

to integrate such knowledge in the VIO, therefore creating a hybrid data-/model-driven observer. Here,177

this is done by using the data-driven VIO in parallel with a model-based observer constructed using178

the partial physical knowledge. It results that, in this configuration illustrated in Fig. 3, the VIO is179
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used to estimate only the unmodeled dynamics, the difference between the model and the system output180

measured by the sensor. The difference is further used to train the VIO. The estimates from the VIO181

and model are summed to produce the hybrid VIO’s estimate.182

Fig. 3: Block diagram of the hybrid data-/model-driven observer.

To study the effect of adding physical knowledge, the experimental data from the high-rate system183

of interest is modeled using a state-space representation184

ẋ(t) = Ax(t) + Bu(t) + Kw(t)

y(t) = Cx(t) + Du(t) + w(t)
(15)

where A, B, C, D, and K are the state-space matrices and u(t), y(t), w(t), and x(t) are the input,185

output, disturbance, and state vectors. A six degrees-of-freedom (DOF) representation will be used to186

synthetically create partial physical knowledge from the system. The representation is constructed using187

the function ssest from the MATLAB system identification toolbox by feeding the time series of the input188

and output measurements and specifying the DOFs.189

3 Numerical Simulations190

Simulations were conducted on high-rate experimental data gathered from a mechanical shock test on191

an electronics unit. The various input space transition techniques of the VIO (fast, slow, and smooth192

transitions) are compared along with a traditional pre-optimized fixed input strategy as a base line.193

Simulations are also conducted on the hybrid data-/model-based observer.194

3.1 Experimental Data195

The experimental setup is shown in Fig. 4. An electronics unit (Fig. 4(c)) houses four circuit boards each196

equipped with a high-g Meggitt 72 accelerometers. These high-g accelerometers are capable of accurately197

measuring upward accelerations up to 120,000 gn or 120 kgn [46], where 1gn = 9 .81 m/s2 = 32.2 ft/s2.198

The electronics in the unit are potted in high density polystyrene for shock survivability. The unit is199

securely held in a fixture (Fig. 4(b)) with a threaded lock ring. The fixture is bolted to an accelerated200

drop tower (Fig. 4(a)), which creates an impact condition. In this study, only the top (accel 2) and201

bottom (accel 1) accelerometer data sets are used.202

Data was acquired using a Precision Filters signal conditioner coupled with a National Instruments203

data acquisition system. Precision Filter 28000 chassis with 28144A Quad-Channel Wideband Transducer204

Conditioner is operated in constant voltage excitation mode with an anti-aliasing filter of 204.6 kHz. A205

National Instruments chassis with a PXI-6133 acquisition card sampling at 1 MSa/s is used for the206

acquisition of data.207

This high-rate experiment contains many complexities. Noise is added to the data from the cable208

whip from the operation of the drop tower. The uncertainties are in the unknown high-rate material209

response of the unit and boundary conditions. It is unsure whether or not the potting material stays210

bonded to the inner wall of the electronics unit. The precise input to the system from the drop tower211
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Fig. 4: Experimental setup: a) MTS-66 drop tower; b) unit mounting fixture; and c) electronics unit.

impact is unknown. Only the response to the impact is measured. There are time varying properties in212

the system response observed through back-to-back test results. Lastly, disturbances are created from213

sensor and system resonance from vibrations of threaded interfaces.214

The experimental data is plotted in Figs. 5 and 6. The data is collected from five back-to-back215

tests of the same test condition. The entire high-rate dynamic event happens within 1 ms and produces216

deceleration responses ranging between -60 kgn to above 50 kgn . The overall response of the system217

is distinct from the similarities between the tests. However, from the zoomed in plots of both accel 1218

(inputs) and accel 2 (outputs), there is evidence of time varying properties. Fig. 5(c) and 6(d) shows the219

amplitudes increasing and the response delay varies as the test numbers increase.220

Fig. 5: Time history of accel 1: a) over 1 ms; b) zoom on 0.11-0.21 ms; c) zoom on 0.3-0.4 ms; and d)
zoom on 0.41-0.47 ms.
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Fig. 6: Time history of accel 2: a) over 1 ms; b) zoom on 0.14-0.22 ms; c) zoom on 0.32-0.37 ms; and d)
zoom on 0.44-0.53 ms.

3.2 Simulation Results221

3.2.1 Comparison of the VIO input space transition strategies222

First, the performance of the different input space transitioning techniques is studied. Their performance223

is investigated relative to a traditional fixed input strategy. The fixed input space observer used the same224

WNN architecture as that of the VIO, but ν is pre-optimized over the range τ = [1, 500] and d = [2, 5]225

to obtained the smallest root mean square error (RMSE). The optimal fixed input observer used τ = 46226

and d = 3. Data from accel 1 (Fig. 4) is used as the input and accel 2 as the output to construct a227

representation.228

The same parameters were used to simulate all observers for a direct comparison to determine which229

input space adaptation performs best. The parameter values are tabulated in Table 1. Values Γγ and Γσ230

are respectively the learning rates for γ and σ, σ(0) is the initial σ assigned to newly added nodes, Rtol and231

Atol are threshold values suggested by Kennel [45] to determine if a neighbor is a false nearest neighbor,232

the FNN percentage is the upper percentage threshold in which to determine the proper embedding233

dimension, and the sliding window size is the history data size used to calculate the input space.234

Table 1: Parameter values for all observer variations.

Parameter Value
Γγ 0.02
Γσ 2.4
σ(0) 8
Rtol 15
Atol 2

FNN percentage 10
Sliding window size 200
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Fig. 7 is a plot of typical estimation time histories. The experimental data of accel 2 is represented235

by the gray solid line, the fixed input observer by the solid orange line, the fast transitioning VIO by the236

red solid line, the slow transitioning VIO by the green dashed line, and the smooth transitioning VIO237

by the blue dashed line. The overall estimations for the observers are plotted in Fig. 7(a), with zoomed238

portions in Fig. 7(b)-(d). Visual inspections of results show error spikes detected in the fixed observer,239

and in the fast and slow transitioning observers. The nonstationary nature of the high-rate experiment240

requires the input space to adapt to the dynamics. The proposed technique of using the sigmoid function241

to provide a smooth transition between input spaces shows superior to the previous versions based on the242

elimination of the error spikes. Another observable feature is that the data-driven methods did poorly243

in capturing the rise time of the initial pulse, but later was able to converge and produce good results.244

Fig. 7: Estimation time histories: a) over 0.9 ms; b) zoom on 0-0.13 ms; c) zoom on 0.4-0.52 ms; d) zoom
on 0.52-0.58 ms.

Three more simulations were conducted to evaluate the robustness in the smooth transitioning VIO’s245

choice of parameters. The second simulation used the same parameters as listed in Table 1, but with246

changing σ(0) to 105% (5% increase) of the value listed in Table 1. Likewise, the third and forth sim-247

ulations changed Γγ and Γσ to 105% of the value listed in Table 1, respectively. Performance of the248

observers are assessed through performance metrics listed in Table 2. A smaller number of nodes (J1)249

represents a more compact representation of the essential dynamics of the high-rate system, and thus a250

faster computation time. Note that the computation time itself is not part of this study. The RMSE of251

the entire trace (J2) gives an indication of overall fitting error. The RMSE of the first 0.13 ms (J3) is252

selected to compare the initial pulses of the estimations. The convergence time (J4) is determined from253

the start of the event (time = 0 ms) to when the absolute error falls and remains under 10% of the initial254

pulse value (3.7 kgn). The error (J5-J6) is defined as the difference between the experimental data and255

the estimations produced by the different observers.256

Fig. 8 compares the performance metrics (J1-J6) of the observers for the different simulations on radar257

plots. All the performance metrics are defined such that a smaller number exhibits a better performance.258

Results show that the smooth transitioning input space VIO outperforms all other observers over all259

performance metrics for every simulations, except for metric J4 under 105% of Γγ . A cross-comparison260
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Table 2: Performance metrics.

Metric Description
J1 Number of nodes
J2 RMSE of entire trace (kgn)
J3 RMSE of first 0.13 ms (kgn)
J4 Convergence time (ms)
J5 Maximum absolute error (kgn)
J6 Average absolute error (kgn)

between simulations show that the wavelet neural network-based representation is relative robust to the261

studied changes in parameters.262

Fig. 8: Radar plots of performance metrics J1-J6: a) simulation using parameters in Table 1; b) 105% of
σ(0); c) 105% of Γγ ; d) 105% of Γσ.

Fig. 9 plots the evolution of τ and d for the smooth transitioning input space technique. The input263

space is constantly fluctuating throughout the simulation due to the nonstationary dynamics of the high-264

rate system. Remark that prior studies have shown the stabilization of these parameters over stationary265

excitations (see [18], for instance). Early in the simulation at approximately 0.1 ms, there is a spike in τ266

attributable to a noisy low-amplitude excitation, after which τ drops and fluctuates at values under 50267

points, later converging around 10 when the excitation becomes more stationary between 0.75-0.9 ms.268

The value for d increases from 2 when the excitation becomes more chaotic, oscillating between 2 and 3269

for the majority of the excitation. It oscillates between 2 and 4 at the end of the simulation due to the270

higher level of chaos in the signal.271

The performance of the smooth transitioning VIO is further validated on a high impact velocity test272

using the same electronics unit (see Fig. 4). The unit was shot out of a smooth bore Howitzer impacting273

a concrete specimen. The estimation is compared with the same fixed input observer with τ = 46 and274

d = 3. The same observer parameters listed in Table 1 were used. Fig. 10 plots the time histories.275

The smooth transitioning VIO outperformed the fixed input observer in the initial convergence (Fig.276

10 (b)), eliminated the error spikes (Fig. 10 (c)), and yielded a smaller overall RMSE of 1.38 kgn compared277

with the fixed observers RMSE of 1.93 kgn (a 29% improvement). The smooth transitioning VIO was278

capable of achieving better results while using a more compact representation of 33 nodes compared with279

38 nodes for the fixed observer.280
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Fig. 9: The evolution of τ and d.

Fig. 10: Estimation time histories: a) over 80 ms; b) zoom on 0-10 ms; c) zoom on 25-35 ms; d) zoom on
55-65 ms.

3.2.2 Model estimate of high-rate dynamics281

The result for modeling high-rate dynamics with a six degrees-of-freedom representation is shown in Fig.282

11. Fig. 11 shows that the modeling approach produces an acceptable fit with a better estimate than the283

pure data-driven observer early on, but that the high-rate complexities are not captured by the model.284
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Fig. 11: Modeled estimate of the high-rate experimental data.

3.2.3 Hybrid VIO study285

Now, we study the exploitation of physical knowledge to create a hybrid VIO. Fig. 12 shows the compar-286

ison between the hybrid VIO estimate versus the smooth transitioning VIO (pure data-driven). It can287

be observed in Fig. 12(b) that better initial convergence is achieved through the addition of the physical288

knowledge. The hybrid VIO outperformed the smooth transitioning VIO using a fewer number of nodes289

and smaller overall RMSE, RMSE of the initial pulse, maximum absolute error, and average absolute290

error, and a similar convergence time as illustrated in the radar plot on Fig. 13.291

Fig. 12: Hybrid observer vs. smooth transitioning VIO: a) over 0.9 ms; b) zoom on 0-0.13 ms.

The combination of the model and VIO is capable of producing a representation between accel1 (the292

input) and accel2 (the output) for test 3. Test 3 was chosen as the training data set to be consistent with293

previous VIO studies. Using the different tests shown in Figs 5 and 6, we verify the robustness of the294

representation. The inputs of tests 1, 2, 4, and 5 were used to estimate the outputs of the corresponding295

tests through a pre-trained hybrid VIO, using the data from test 3. The absolute errors are plotted in Fig.296

14. The majority of the errors fall below 20% of the initial pulse value with some peak errors occurring297

just under 15 kgn. These maximum absolute errors are much smaller than those displayed in Fig. 8’s J5298

metric.299
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Fig. 13: Radar plot of performance metrics J1-J6 comparing the hybrid VIO with the smooth transitioning
VIO.

Fig. 14: Absolute errors of estimates of tests 1, 2, 4, 5 using the learned representation from the hybrid
observer.

4 Conclusion300

State estimation of high-rate dynamic systems is challenging due to multiple system complexities such301

as noise, uncertainties, time varying parameters/states, and disturbances. Examples of these systems302

include civil structures exposed to blast and aerial vehicles exposed to in-flight anomalies such as contact303

with foreign objects. Adaptive observers showed to be an important tool for estimating complex systems.304

However due to the high-rate nature, adaptive observers would require faster convergence rates to be305

applicable.306

As a potential solution, we presented a variable input observer (VIO) which optimized the use of past307

data. By doing so, we optimize the inputs to an estimator with the objective to enable faster convergence308

through an optimized representation. The variable input concept was based on the embedding theorem,309

whereas the input space is designed through a delay vector that preserves the essential dynamics of the310

system of interest. By allowing the delay vector to vary as sensor measurements become available, the311

embedding theorem is applied to complex nonstationary high-rate problems.312

Three different input space transitioning strategies were studied. Those included fast, slow, and313

smooth transitioning input spaces. The fast transition applied no restriction on the input space adaptation314

allowing the time delay τ and embedding dimension d to vary as the calculations were made. The slow315

transitioning input space limited τ to vary by ±10 and d by ±1. The smooth transitioning input space316

applied a sigmoid function to τ to allow a smooth transition between input spaces.317

Demonstrated in the simulations of high-rate experimental data, the smooth transitioning VIO out-318

performed all other methods, including a typical pre-optimzied fixed input space observer in terms of319
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number of nodes, RMSE of the entire trace, RMSE of the first 0.13 ms, convergence time, maximum320

absolute error, and average absolute error. The error spikes are eliminated through the smooth transition321

and through a more accurate representation of the nonstationary high-rate system.322

The training speed of the a neural network depends on many parameters such as the number of nodes323

used to build the representation, CPU speed, quality of the coding, etc. Through the smooth transitioning324

VIO, the number of nodes were minimized and provided more efficient training as observed through the325

faster convergence times. The real-time application of the VIO is currently under investigation.326

A six degrees-of-freedom model of the high-rate data, representing a level of physical knowledge about327

the system, was added to the VIO to create a hybrid VIO. Results showed that the hybrid observer was328

capable of producing superior representations of the system compared with either a pure data- or model-329

driven observer. To validate the representation, inputs from consecutive tests were used to estimate the330

corresponding outputs. The study showed the majority of absolute errors were below the 20% of the331

initial pulse value. Furthermore, the peak absolute errors were much smaller than those seen using other332

observers.333

Based on this study, the VIO has shown great promise for the use in nonstationary high-rate appli-334

cations. The VIO, through the adaptive input space, is capable of sequentially learning chaotic represen-335

tations improving the performance of an adaptive observer including its convergence time.336
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