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Abstract
In this paper, we introduce a new restricted Bayesian network
classifier that extends naive Bayes by relaxing the conditional
independence assumptions, and show that it is partly generative and partly discriminative. Experimental results show
that the hybrid classifier performs better than a purely generative classifier (naive Bayes) or a purely discriminative classifier (Logistic Regression) and has performance comparable
to some state-of-the-art classifiers.

Introduction
In classification problems, we need to build a classifier
that assigns a class label C to instances described by a
set of attributes A1 , · · · , An . There are two approaches to
the classification problems: generative or discriminative.
In the generative classification, we model the joint probability P (A1 , · · · , An , C) (or the class-conditional probability P (A1 , · · · , An |C) and the prior P (C)), and calculate the posterior P (C|A1 , · · · , An ), often by Bayes rule,
and then pick the class label for an instance for which
P (C|A1 , · · · , An ) is maximum. In contrast, discriminative
classifiers estimate the posterior P (C|A1 , · · · , An ) directly,
or directly learn a function from the attributes A1 , · · · , An
to the class label C. Examples of generative classifiers are
Fisher Discriminant Analysis, Hidden Markov Models, and
naive Bayes. Examples of discriminative classifiers include
Logistic Regression, Neural Networks, and Generalized Additive Models (Rubinstein & Hastie 1997).
Although discriminative classifiers are often preferred to
generative ones, a simple generative classifier, naive Bayes,
is shown to perform surprisingly well in many domains.
naive Bayes assumes that all the attributes A1 , · · · , An are
conditionally independent given the value of the class C.
This assumption rarely holds in practice. There have been
many work on improving the performance of naive Bayes
by relaxing the conditional independence assumptions. For
example, (Kononenko 1991) proposes an extension to naive
Bayes, called semi-naive Bayesian classifier, in which attributes are partitioned into groups and it is assumed that Ai
is conditionally independent of Aj if and only if they are in
different groups. Similarly, (Ezawa & Schuermann 1995;
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Pazzani 1996) attempt to improve the classification accuracy by removing some of the conditional independence assumptions. Also, (Kohavi & John 1997; Langley & Sage
1994) attempt to improve naive Bayes by rendering some
of the attributes irrelevant. (Friedman, Geiger, & Goldszmidt 1997) introduces the use of Bayesian networks as
classifiers. Bayesian networks are powerful tools for representing joint distributions and encoding conditional independence assumptions, and have naive Bayes as a special
case. (Friedman, Geiger, & Goldszmidt 1997) show, by
experiments, that unrestricted Bayesian networks may not
perform better than naive Bayes, and introduced a restricted
form of Bayesian networks as a classifier, called Tree Augmented Naive Bayes (TAN), which augments naive Bayes
by allowing each attribute to depend on at most one other attribute. Their experimental results show that TAN performs
better than naive Bayes or unrestricted Bayesian network
classifier, while maintaining computational simplicity. Recently there have been many interests in restricted or unrestricted Bayesian network classifiers (Singh & Provan 1996;
Keogh & Pazzani 1999; Sahami 1996).
In this paper, we present a new restricted Bayesian network classifier which relaxes some of the conditional independence assumptions in naive Bayes. The set of attributes are partitioned into two sets S1 and S2 . And we
show that the classifier can be viewed as a hybrid generative/discriminative classifier that can be learned by discriminatively learning P (C|S1 ) and generatively learning
P (S2 |C). In related work, (Rubinstein & Hastie 1997) introduces the ideas of combining generative and discriminative learning. (Ng & Jordan 2002) compares a generative
classifier naive Bayes with a discriminative classifier Logistic Regression. (R. Raina & McCallum 2004) introduces a
hybrid model that is partly generative and partly discriminative for an application in text classification and shows that
the hybrid model outperforms both naive Bayes and Logistic
Regression.
In Section 2, we present our hybrid model and give a
learning algorithm. In Section 3, we test two versions of our
hybrid classifier on data sets and compare them with naive
Bayes, Logistic Regression and some state-of-the-art classifiers. Section 4 concludes the paper.
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Figure 1: (a) The structure of naive Bayes; (b) Our proposed Bayesian network classifier.

A Hybrid Generative/Discriminative Bayesian
Classifier
The structure of naive Bayes as a Bayesian network is shown
in Figure 1(a). The assumption in naive Bayes that all the
attributes A1 , · · · , An are conditionally independent given
the value of the class C induces the following class posterior.

P (Ai |C)
(1)
P (C|A1 , · · · , An ) = αP (C)
i

where α is a normalization constant.
Relaxing the strong conditional independence assumption
of naive Bayes, we propose a Bayesian network classifier
with a structure in the form shown in Figure 1(b), in which
the set of attributes {A1 , · · · , An } are partitioned into two
sets S1 and S2 ; each attribute in S2 has the class C as
the only parent; each attribute in S1 is a parent of C and
there can be unspecified edges among attributes in S1 . The
Bayesian network structure in Figure 1(b) assumes the following conditional independence relations:
(i) All the attributes in S2 are conditionally independent
given the value of the class C,
(ii) The set of attributes S1 are conditionally independent of
the set of attributes S2 given the value of the class C.
All these conditional independence assumptions are assumed in the naive Bayes classifier. And we have eliminated
the assumption that the attributes in S1 are conditionally independent given the value of the class C.
Assuming the Bayesian network structure in Figure 1(b),
the posterior of the class label C can be computed as, using
conditional Bayes rule,
P (C|A1 , · · · , An )

= αP (C|S1 )P (S2 |C)

= αP (C|S1 )
P (Ai |C) (2)
Ai ∈S2

where α = 1/P (S2 |S1 ). To use this model as a Bayesian
classifier, from (2), the parameters we need to learn are
P (C|S1 ) and P (Ai |C) for Ai ∈ S2 , and one key observation is that the probability P (S1 ) is not needed for the
classification purpose. But first, we need to decide how to
partition the set of attributes into S1 and S2 . One approach

is to learn a Bayesian network restricted to the form of Figure 1(b). The problem with this approach is that it is computationally costly and that we have to learn a structure over
S1 which is not needed for the classification purpose and the
best structure learned may not be the best one for classification as argued in (Friedman, Geiger, & Goldszmidt 1997).
In this paper, we partition the attributes directly based on
the training-data classification accuracy. We start with the
naive Bayes structure, then add variables to S1 in a greedy
way, that is, add a single attribute to S1 each time until the
classification accuracy is not improved.
In standard Bayesian networks, conditional probability
distributions (CPDs) are normally represented in a tabular
form. And the parameters P (C|S1 ) and P (Ai |C) can be
estimated using the maximum likelihood estimation. The
problem is that when the number of attributes in S1 is large,
the estimation for P (C|S1 ) is not reliable. One way to
tackle this problem is to use some local structures to encode the CPDs that reduce the number of parameters. For
example, CPDs can be represented by Logistic Regression,
noisy-or, decision trees, and neural networks (Friedman &
Goldszmidt 1996). In fact, we can think this as a discriminative learning problem that learns the class posterior
P (C|S1 ) with S1 as the set of attributes. In this sense, our
proposed model is a hybrid generative/discriminative classifier that partitions the attributes into two sets S1 and S2 ,
then learns P (C|S1 ) discriminatively and P (S2 |C) generatively, and combines them naturally by Bayes rule as shown
in Eq. (2). We can use any discriminative learning method
that can output the posterior P (C|S1 ) (for example, Logistic Regression), we can use any generative learning model to
estimate P (S2 |C) (for example, TAN), and we can decide
the partition of attributes based on the classification accuracy. In this paper, we use Logistic Regression to learn the
CPD P (C|S1 ), and use naive Bayes and TAN to estimate
P (S2 |C). Note that when using TAN to estimate P (S2 |C),
we assume a Bayesian network structure in Figure 1(b) with
some additional edges among S2 and the posterior of the
class label C is computed as

P (Ai |P Ai )
(3)
P (C|A1 , · · · , An ) = αP (C|S1 )
Ai ∈S2

where α = 1/P (S2 |S1 ) and P Ai are the parents of Ai .

Next we give the details of our algorithm.

Our Algorithm
We now introduce HBayes, a hybrid generative/discriminative Bayesian classifier.
We consider
two versions of HBayes. Both of them learn the CPD
P (C|S1 ) using Logistic Regression with a ridge estimator
(le Cessie & van Houwelingen 1992) which is implemented
in Weka (Witten & Frank 1999). The first, HBayes-NB, uses
the naive Bayes model to estimate P (S2 |C). HBayes-NB
chooses S1 based on the classification accuracy over the
training data. Since searching the space of all possible
subsets is computationally hard, we use a greedy method
to select S1 starting with S1 being empty. We start by
examining every pair of attributes since Eq. (2) will reduce
to the naive Bayes formula (1) when S1 has only one
attribute. Given training data, we add the pair of attributes
to S1 that improve the accuracy of the classifier the most, or
we stop and output S1 as empty if none of the pair improves
the accuracy. Subsequently, we test every single attribute to
find an attribute that maximally improves the classification
accuracy when it is added to S1 . We keep adding attributes
to S1 until the classification accuracy cannot increase.
HBayes-NB is presented in Figure 2.
The parameters P (Ai |C) for Ai ∈ S2 are easily estimated, based on the frequencies over the training data.
We use the Laplace correction (Niblett 1987) to prevent the
harmful effects of zero probabilities. The Laplace corrected
estimate of P (Ai = a|C = c) is
P (Ai = a|C = c) =

nca + 1/N
nc + ni /N

(4)

where nca is the number of times class c and value a of
attribute Ai occur together, nc is the number of times class
c occurs, ni is the number of values of attribute Ai , and N
is the number of examples in the training set.
The second version, HBayes-TAN, uses TAN to estimate
P (S2 |C). In this network structure, Eq. (3) will not be identical for every S1 with single attribute. This enables us to do
the greedy search much faster than HBayes-NB. HBayesTAN starts by considering every single attribute to add to
the initially empty set S1 , not every pair of attributes as in
HBayes-NB.
Another key aspect of the proposed classifier is that it
learns the network structure by maximizing the classification accuracy while setting some parameters by maximizing conditional likelihood and others by maximum likelihood. Note that the parameters P (C|S1 ) are set to maximum conditional likelihood by Logistic Regression and the
parameters P (Ai |C) for Ai ∈ S2 to maximum likelihood.
Our approach contrasts with the one proposed by (Grossman & Domingos 2004) which chooses structures by maximizing conditional likelihood while setting parameters by
maximum likelihood. If we learned an unrestricted Bayesian
network, our method would be computationally too costly.
However, the restriction on the structure given in Figure 1(b)
greatly reduces the computational effort.

procedure HBayes-NB(D)
INPUT: training instances D
OUTPUT: Bayesian network B
Let Ai , Aj be the pair of attributes that maximize
Accuracy(D, {Ai , Aj });
S1 = {Ai , Aj };
maxAccuracy = Accuracy(D, {Ai , Aj });
if maxAccuracy < Accuracy(D, ∅) then
S1 = ∅;
else
repeat
Let Ak be the attribute that maximizes
Accuracy(D, S1 ∪ {Ak });
if maxAccuracy < Accuracy(D, S1 ∪ {Ak }) then
S1 = S1 ∪ Ak ;
maxAccuracy = Accuracy(D, S1 ∪ {Ak });
else
exit loop;
Let B be a Bayesian network in which the class C
has parents S1 and C is the only parent of all the other
attributes S2 . Estimate the parameters of B on D.
Use Logistic Regression and naive Bayes to estimate
P (C|S1 ) and P (S2 |C), respectively.;
return B
procedure Accuracy(D, S1 )
INPUT: training instances D, parent set S1
OUTPUT: accuracy
Let B be a Bayesian network in which the class C
has parents S1 and C is the only parent of all the other
attributes S2 . Estimate the parameters of B on D.
Use Logistic Regression and naive Bayes to estimate
P (C|S1 ) and P (S2 |C), respectively.;
return the classification accuracy of B on D
Figure 2: Our proposed algorithm: HBayes-NB

Computational Complexity
Since Logistic Regression dominates other computations in
the procedure Accuracy, HBayes-NB has time complexity
O(m2 l) where m is the number of attributes and l is the
time it takes for Logistic Regression to estimate P (C|S1 ). l
depends on implementation. The exact time complexity of
Logistic Regression used in our algorithm is not available.
HBayes-TAN has time complexity O(ml).

Experimental Results
We compared our algorithms HBayes-NB and HBayes-TAN
with naive Bayes (NB), Logistic Regression (LR), TAN, and
C4.5(J48) (Quinlan 1993). All of them are implemented in
Weka (Witten & Frank 1999).
We ran our experiments on 20 data sets from the UCI
repository (Newman et al. 1998). We carried out preprocessing stages for numeric attributes and missing values.
Numeric attributes were discretized into ten equal-length intervals. Each occurrence of a missing value was replaced by
the most frequently occurring value in that attribute. These
preprocessing stages were carried out by the filters in Weka.
Classification accuracies were measured via 10-fold cross
validation for the smaller data sets, and via 3-fold cross validation for the larger data sets (Chess, Hypothyroid, Segment
and Wave).
Table 1 shows the classification errors of each algorithm
on the data sets. Figures 3 and 4 compare HBayes-NB
and HBayes-TAN with the competing algorithms. Points
above the y = x diagonal are data sets for which our algorithms outperform the competing algorithms. Also, the
figures show one-standard-deviation bars. In our experiments, HBayes-NB outperformed naive Bayes and Logistic
Regression in the Wilcoxon paired-sample signed-ranks test.
HBayes-NB provided a modest, but not statistically significant improvement against TAN and C4.5. The significance
values appear in the figures. While HBayes-TAN is much
faster than HBayes-NB, it produced slightly worse classification accuracy.
We also tested a variant of HBayes-TAN, which starts by
examining every pair of attributes as in HBayes-NB. Interestingly, we found that it did not produce better results than
those obtained by HBayes-NB.

Conclusion
This paper introduces a new restricted Bayesian network
classifier that relaxes some conditional independence assumptions made by naive Bayes. We show that the proposed
classifier can be seen as a hybrid generative/discriminative
classifier. We present an algorithm that learns the classifier by combining naive Bayes and Logistic Regression in
a greedy fashion, and show that HBayes-NB, the resulting
classifier, outperforms a purely generative classifier (naive
Bayes) and a purely discriminative classifier (Logistic Regression) and has performance comparable to other classifiers such as C4.5 and TAN. We also propose another version
of the restricted Bayesian network classifier, HBayes-TAN,
that combines TAN and Logistic Regression. HBayes-TAN

achieves slightly worse classification accuracy than HBayesNB, but is computationally more efficient.
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Table 1: Classification error.
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(d) HBayes-NB : p <0.276

Figure 3: HBayes-NB vs. competing algorithms: classification error.
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Figure 4: HBayes-TAN vs. competing algorithms: classification error.
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