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Friday, September 23, 2022

Induction

1. Prove that |sin(nx)| ≤ n|sin(x)| for any real number x and any positive integer n.

2. Prove that the Fibonacci sequence satisfies the identity

F2n+1 = F2
n+1 +F2

n , for n≥ 0.

3. Show that any positive integer can be represented as ±12± 22±·· ·± n2 for some positive

integer n and some choice of signs.

4. Let f : R→ R be a function satisfying

f
(

x1 + x2

2

)
=

f (x1)+ f (x2)

2

for any x1,x2. Prove that

f
(

x1 + x2 + · · ·xn

n

)
=

f (x1)+ f (x2)+ · · · f (xn)

n

for any x1,x2, . . . ,xn.

5. Prove that f (n) = 1− n is the only integer-valued function defined on the integers that

satisfies the following conditions.

(i) f ( f (n)) = n, for all integers n;

(ii) f ( f (n+2)+2) = n for all integers n;

(iii) f (0) = 1.


