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ABSTRACT

LCM lattices were introduced as a tool to compute the betti numbers of monomial ideals. In

this work, we study the LCM lattices associated to monomial ideals, as well as a certain kind of

monomial ideal that can be associated to a finite atomic lattice. We prove that the monomial

ideals one can associate to finite, atomic, modular lattices are Cohen-Macaulay, and characterize

the square-free monomial ideals that yield LCM lattices satisfying certain properties.
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CHAPTER 1. OVERVIEW

1.1 Introduction

Free resolutions are a central tool used to understand finitely generated modules over

commutative rings. Their application is as follows. Start with minimal generators for a finitely

generated module M . Then, map the basis elements of a free module to the generators of M . One

can then investigate the relations between these generators. If the relations themselves have no

relations, then we are done. Often, these relations also have relations. Performing the same

process over and over, one obtains a (possibly infinite) chain of maps and modules called a free

resolution.

Since we wish to understand finitely generated modules, the study of free resolutions is at the

forefront of commutative algebra. To this end, completely characterizing the free resolutions of

arbitrary finitely generated modules is utterly intractable. Even restricting to the case of

monomial ideals still yields an extremely difficult problem.

To combat this, topological methods such as homology and cohomology are used to study the

free resolutions of monomial ideals. One such use of homology is through a poset that can be

associated to a monomial ideal, called its LCM lattice. LCM lattices were introduced in Gasharov

et al. (1999) as a means to compute Betti numbers associated to M .

Building on this, it was shown in Phan (2006) that every finite atomic lattice comes about as

the LCM lattice of some monomial ideal by explicitly constructing a monomial ideal given a finite

atomic lattice.

In Chapter 2, we cover this in addition to definitions and prerequisite information that we

build on in later sections. In Chapter 3, we use Phan’s algorithm to investigate the algebraic

properties of the ideals that can be obtained from finite atomic lattices based solely on the

order-theoretic properties of those lattices. In particular, we characterize monomial ideals with



2

Boolean LCM lattices in Theorem 3.2.3 and prove that monomial ideals obtained by Phan’s

algorithm on modular atomic lattices are Cohen-Macaulay in Theorem 3.3.13. In Chapter 4, we

completely characterize many lattice properties of the LCM lattices of quadratic square-free

monomial ideals in terms of the combinatorial structure of their associated graphs. In particular,

edge ideals with Boolean LCM lattices are characterized in Corollary 4.3.3; those with modular

LCM lattices are characterized in Theorem 4.3.1; and those with supersolvable LCM lattices are

characterized in Theorem 4.2.1. Finally in Appendix A, we include Macaulay2 code extending the

existing Posets package to check if lattices are complemented or supersolvable and also implement

Phan’s algorithm.
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CHAPTER 2. BACKGROUND

In this chapter, we present the prerequisite definitions, basic facts, and preexisting theorems

underpinning the remainder of this work. We start with a brief introduction to commutative

algebra and simplicial homology. We then provide a brief introduction to lattice theory, defining

various properties that can be associated to LCM lattices—lattices associated to monomial ideals

that can be used to calculate the information of the minimal free resolution of the quotient. We

define LCM lattices and present a theorem of Jeffrey Phan that provides an algorithm to obtain

square-free monomial ideals with as few variables amongst the generators. Lastly, we briefly cover

basic definitions and facts in graph and hypergraph theory.

2.1 Commutative Algebra

In this section, we provide basic definitions for graded rings and modules, minimal free

resolutions of finitely generated modules over graded rings, and Cohen-Macaulay local (and

Noetherian) modules. We also state (without proof) important results in these areas such as the

Auslander Bushbaum formula and the Hilbert Syzygy Theorem. We work over an arbitrary field

k unless otherwise stated, setting S := k[x1, . . . , xn].

2.1.1 Graded Rings and Modules

We start with the definitions of graded rings and modules.

Definition 2.1.1. Suppose A is a ring. We say that A is graded if there exists a direct sum

decomposition of the form

A =
∞⊕
n=0

An

where AiAj ⊂ Ai+j for all i, j ≥ 0. We call an element r ∈ Ai homogeneous of degree i.
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Definition 2.1.2. Likewise, we say an ideal I ⊆ A is a graded ideal if it admits a direct sum

decomposition of the form

I =
∞⊕
n=0

(I ∩An).

Given a graded ring A and a graded ideal I ⊆ A, it follows that the quotient A/I is yet

another graded ring, with (A/I)i = Ai/Ii.

A fundamental example of a graded ring is the polynomial ring S = k[x1, . . . , xn] where

deg(xi) = 1 for all i ∈ [n]. Here, the j-th direct summand consists of all homogeneous polynomials

of degree j. Furthermore, any ideal generated by homogeneous polynomials is a graded ideal.

Note that the indexing set of the direct sum is the natural numbers under addition.

Occasionally, it is useful to consider direct sum decompositions with the indexing given by other

monoids. A common example of this is the decomposition of S into a direct sum of vector spaces

generated by monomials. We call this decomposition a multi-grading, and refer to such a ring as

multi-graded.

We now consider left A-modules with a similar direct sum decomposition

Definition 2.1.3. Suppose A is a graded ring. We say that an A-module M is graded if there

exists a direct sum decomposition of the form

M =
⊕
n∈Z

Mn

such that AiMj ⊂Mi+j for all i, j ∈ Z.

Additionally, we consider the homomorphisms of graded A-modules that preserve the

structure of the grading.

Definition 2.1.4. Suppose M and N are graded A-modules. An A-module map φ :M → N is

said to have degree j if for all i ∈ Z, we have φ(Mi) ⊆ Ni+j . A graded A-module homomorphism

is an A-module map of degree 0. A graded submodule N ⊆M is a graded A-module such that

the inclusion map is a graded A-module homomorphism.
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As we move on to resolutions, it is often helpful to introduce the notation for a graded

A-module with a shift of degrees.

Definition 2.1.5. Suppose M is a graded A-module. We define M(−p) as graded A-module with

M(−p)i =Mi−p.

2.1.2 Complexes

For the remainder of this section, we consider the polynomial ring S with the standard

grading. Then, fix a graded ideal I ⊆ S and consider the graded ring R := S/I.

Definition 2.1.6. A complex (F, d) over R is a sequence of homomorphisms of R-modules

F : . . . −→ Fi
di−→ Fi−1 −→ . . . −→ F2

d2−→ F1
d1−→ F0 −→ . . . ,

where di−1 ◦ di = 0 for all i ∈ Z. The collection of maps d = {di}i∈Z is called the differential of F.

We say that F is graded if each Fi is a graded module and each di is a graded R-module map.

When F is graded, we can write Fi = ⊕j∈ZFi,j for all i ∈ Z. A component of the form Fi,j is

said to have homological degree i, and internal degree j. Likewise, whenever we have an element

x ∈ Fi,j , we write hdeg(x) = i and deg(x) = j.

Definition 2.1.7. We define the homology of a complex F as a collection of R-modules defined

as follows:

Hi(F) = ker(di)/ im(di+1).

In general, the homology is nontrivial since the inclusion im(di+1) ⊂ ker(di) need not be equality.

The complex F is said to be exact at Fi if instead we have im(di+1) = ker(di). In this case, we

have that Hi(F) = 0. We call F exact if it is exact at all i ∈ Z.

Definition 2.1.8. A free resolution of a finitely generated R-module U is a sequence of

R-module homomorphisms

F : . . . −→ Fi
di−→ Fi−1 −→ . . . −→ F2

d2−→ F1
d1−→ F0,

such that
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1. F is a complex over R with each Fi a finitely generated, free R-module,

2. F is an exact sequence,

3. U ∼= F0/ im(d1).

In particular, a free resolution induces an associated exact complex called the augmented free

resolution:

. . . −→ Fi
di−→ Fi−1 −→ · · · −→ F2

d2−→ F1
d1−→ F0

ε−→ U −→ 0.

Here, each Fi is a finitely generated, free R-module, and ε : F0 → U is given by the composition

F0 → F0/ im(d1) ∼= U .

For a graded R-module U , we call a free resolution graded if F is a graded complex, and the

isomorphism U ∼= F0/ im(d1) is a graded module map.

Definition 2.1.9. Suppose U is a graded, finitely generated R-module. A graded free resolution

F of U is called minimal if for each i ≥ 0,

di+1(Fi+1) ⊂ (x1, . . . , xn)Fi.

Note that since each Fi is a free R-module, the differentials di are determined by the image of

the generators. As such, if we pick a basis for each Fi, we may write each di with

appropriately-sized, R-valued matrices. The above definition for F to be minimal amounts to the

condition that no scalar appear as an entry of the differential matrices.

Definition 2.1.10. A homomorphism φ : F → G of complexes (F, d) and (G, ∂) is a collection of

maps φ = {φi : Fi → Gi}i∈Z such that

diφi = φi−1∂i.

The identity homomorphism 1F : F → F is given by the collection 1F := {1Fi : Fi → Fi}i∈Z.

Composition of homomorphisms φ : F → G, ψ : G → H is given by

ψ ◦ φ := {ψi ◦ φi : Fi → Hi}i∈Z.
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We call a homomorphism of complexes φ graded if there exists some q ∈ Z such that each

φi : Fi → Gi is a degree-q R-module map. An isomorphism of complexes is then an invertible

homomorphism of complexes.

With the notion of an isomorphism of complexes, it makes sense to describe uniqueness of

minimal free resolutions.

Theorem 2.1.11 (Theorem 7.5, Peeva). Let U denote a finitely generated R-module. Then, there

exists a minimal free resolution of U , which is unique up to isomorphism of graded complexes.

By the above theorem, we often refer to the minimal free resolution of a finitely generated

R-module. With this uniqueness, one can associate an invariant to a finitely generated R-module

through the ranks of the free modules appearing in the resolution.

Definition 2.1.12. Fix a minimal free resolution F of U . The i-th Betti number of U over R is

given by

bRi (U) := rank(Fi).

Whenever the module is clear from context, we simply write bRi .

Since each Fi is a graded free R-module, we can write it as a direct sum of the form

Fi
∼=

⊕
p∈Z

R(−p)ci,p .

The integers ci,p in the above expression are called the graded Betti numbers of U , written

bRi,p(U) := ci,p.

Definition 2.1.13. The betti table of a finitely generated R-module U is the matrix whose i, j-th

entry is bRi,i+j(U).

If we take a monomial ideal M ⊆ S and consider the S-module S/M , then the modules Fi

that appear in the free resolution will be of the form:

Fi
∼=

⊕
m∈Nn

≥0

S(m)ci,m ,
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where for some m = (m1, . . . ,mn) ∈ Nr, S(m) denotes the free S-module generated by the

monomial xm := xm1
1 xm2

2 · · ·xmn
n ∈ S. In this decomposition, the integers ci,m =: bRi,m(U) are

called the multi-graded Betti numbers of U .

Aside from the ranks of the free modules in the minimal free resolution, another important

quantity is the length. This quantity is referred to as the projective dimension, which is defined

as follows.

Definition 2.1.14. The projective dimension of U is given by

pdR(U) := max{i : bRi (U) ̸= 0}.

By the following theorem, we know that the minimal free resolution of a finitely generated

module over a polynomial ring has a finite length.

Theorem 2.1.15 (Hilbert Syzygy Theorem, Hilbert (1890)). Let U be a finitely generated,

graded S-module. Then, pdS(U) ≤ n.

2.1.3 Dimension, Depth, and Cohen–Macaulay Modules

Fix a commutative ring A. We start with the definitions of dimension and depth.

Definition 2.1.16. (Krull Dimension) For a prime ideal p ⊆ A, we define the height of p, denoted

by ht(p), to be the supremum of lengths n of chains of prime ideals p0 ⊊ p1 ⊊ · · · ⊊ pn = p. The

Krull dimension of A, denoted dim(A), is given by the supremum of heights of prime ideals:

dim(A) := sup
p∈spec(A)

ht(p).

For an A-module M , we define the dimension as

dimA(M) := dim(A/ annA(M)).

The codimension of an ideal J ⊆ A is defined as follows

codim(J) = dim(A)− dim(A/J).
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In future sections, we will consider quotients of the form S/M , where M ⊆ S. As such, the

above definition of codimension will be the primary way we compute the dimension of S/M . To

effectively use this, however, we note that the dimension of a polynomial ring over a field is what

one would expect.

Proposition 2.1.17 (Corollary 10.13, Eisenbud (2013)). The Krull dimension of a polynomial

ring S is equal to the number of variables, that is, dim(k[x1, . . . , xn]) = n.

Now, we discuss depth.

Definition 2.1.18. Suppose A is a ring, and M is an A-module. We call a sequence of elements

a1, . . . , ar ∈ A an M -sequence if the following hold:

1 (a1, . . . , an)M ̸=M ,

2 The multiplication map Lai :M/(a1, . . . , ai−1)M →M/(a1, . . . , ai−1)M given by m 7→ aim

is injective.

Definition 2.1.19. Suppose A is a noetherian ring, M a finitely-generated A-module, and I ⊆ A

an ideal such that IM ̸=M . We define the I-depth of M , denoted by depth(I,M), to be the

supremum of lengths n of M -sequences a1, . . . , an ∈ I.

Often, when there is an obvious choice of maximal ideal m ⊆ A, we write

depth(M) := depth(m,M). For example, if A is a local ring then we choose m ⊆ A to be its

unique maximal ideal. Likewise, when we consider S-modules, we take the ideal m := (x1, . . . , xn).

Definition 2.1.20. Suppose A is a Noetherian local or graded ring, and M is a nonzero, finitely

generated (graded) A-module. M is called a Cohen–Macaulay module if

depth(M) = dim(M).

A is called a Cohen–Macaulay ring if it is a Cohen-Macaulay module over itself.

For a generic Noetherian ring A and a finitely generated A-module M , we call M a

Cohen–Macaulay module if for all maximal ideals m ⊆ A where the localization Mm ̸= 0 (i.e.

mM ̸=M), we have that Mm is a Cohen-Macaulay module.
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In general, we have an inequality between depth and dimension.

Proposition 2.1.21 (Proposition 1.2.12, Bruns and Herzog (1998)). Suppose M is a nonzero,

finitely generated, graded S-module. Then,

depth(M) ≤ dim(M),

with equality holding if and only if M is Cohen–Macaulay.

To determine if an S-module is Cohen-Macaulay, one can also use the projective dimension

and depth via the Auslander-Buchsbaum formula shown below.

Theorem 2.1.22 (The Auslander-Buchsbaum Formula 15.3, Peeva (2011)). Let M be a finitely

generated S-module.

pdS(M) = n− depth(M).

The following is a direct consequence of the above formula.

Theorem 2.1.23 (Graded Syzygies, Theorem 25.1, Peeva (2011)). Suppose M ⊆ S is an ideal.

Then, we have

pdS(S/M) ≥ codim(M),

with equality holding if and only if S/M is Cohen–Macaulay.

Proof. By the Auslander-Buchsbaum formula, we have:

pdS(S/M) = n− depth(S/M).

By 2.1.21, we have the following inequality:

pdS(S/M) = n− depth(S/M) ≥ n− dim(S/M),

with equality holding if and only if S/M is a Cohen–Macaulay S-module. Note that in the above

expression, the dimension is taken with S/M to be an S-module. However, since
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annS(S/M) =M , we have that the dimension of S/M computed as an S-module is the same as

its dimension computed as a ring. By 2.1.17, we have the following inequality

pdS(S/M) ≥ n− dim(S/M) = codim(M),

where equality holds if and only if S/M is Cohen–Macaulay.

We now provide a proof for the following well-known characterization of the codimension of a

monomial ideal.

Proposition 2.1.24. Suppose a monomial ideal M ⊆ S satisfies the property that every minimal

prime p ⊃M is generated by at least q variables. Then, codim(M) ≥ q, with equality if there

exists a minimal prime with exactly q variables.

Proof. Write m = dim(S/M), and take a maximal chain of prime ideals in S/M of length m. We

have:

p0 ⊊ p1 ⊊ · · · ⊊ pm ⊊ S/M.

By the correspondence theorem, we have a chain of prime ideals in S:

M ⊊ p0 ⊊ p1 ⊊ · · · ⊊ pm ⊊ S.

Then, since the above chain is maximal, we have that p0 ⊃M is a minimal prime and hence

generated by at least q variables. As such, S/p0 is a polynomial ring on at most n− q variables.

Furthermore, we have

0 = p0 ⊊ p1 ⊊ · · · ⊊ pm ⊊ S/p0.

If the above chain is not maximal, then we could extend it, and then take preimages to obtain a

longer chain in S/M . As such, by 2.1.17, m = dim(S/p0) ≤ n− q. Thus,

codim(M) = n−m ≥ n− (n− q) = q.

If we had that p0 had exactly q variables, then S/p0 would be a polynomial ring on n− q

variables. Hence, we would have codim(M) = n−m = q.
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2.1.4 Simplicial Homology

Lastly, we define the reduced homology associated to a simplicial complex.

Definition 2.1.25. A simplicial complex ∆ over a vertex set V is a collection of finite subsets of

V where for all τ ⊆ σ ∈ ∆, τ ∈ ∆. We call the elements of ∆ faces. A maximal face is called a

facet. The dimension of a simplex σ ∈ K is defined as dim(σ) := |σ| − 1. For all i ∈ Z, let Fi(∆)

denote the set of i-dimensional simplices of ∆, and kFi(∆) the k-vector space with basis

{eσ : σ ∈ Fi(∆)}.

Definition 2.1.26. Let ∆ be a simplicial complex over a finite set V = {v1, . . . , vn}. Fix a total

ordering on V . For a face σ ∈ ∆, write the vertices of σ in increasing order. If v ∈ σ is the i-th

element, we write sign(v, σ) := (−1)i−1. The augmented chain complex over k is a complex

C̃(∆; k) with differentials ∂i : k
Fi(∆) → kFi−1(∆) defined below:

∂i(eσ) =
∑
v∈σ

sign(v, σ)eσ−{v}.

The reduced homology of ∆ is defined as

H̃i(∆; k) = Hi(C̃(∆; k)).

2.2 Lattices

In this section, we present elementary definitions and theorems regarding posets and lattices,

working our way to define various properties a lattice might possess such as being graded,

supersolvable, modular, and Boolean. To this end, we start with the definition of a poset.

Definition 2.2.1. A poset is a pair (P,≤) of a set P and a binary relation ≤ on P satisfying, for

all x, y, z ∈ P ,

Reflexivity : x ≤ x. (2.2.1)

Transitivity : if x ≤ y and y ≤ z, then x ≤ z. (2.2.2)

Anti-symmetry : if x ≤ y and y ≤ x, then x = y. (2.2.3)
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When the relation is clear by context, we refer to the poset (P,≤) by P .

Definition 2.2.2. Suppose (P,≤) is a poset. If it exists, a join of a subset of elements S ⊂ P is

an element y ∈ P such that x ≤ y for all x ∈ S, and z ≤ y for any other z ∈ P with this property.

Likewise, if it exists, a meet of a subset of elements S ⊂ P is an element y ∈ P such that

x ≥ y for all elements x ∈ S, and z ≥ y for any other element z ∈ P with this property.

Note that by definition, two elements satisfying the meet or join condition contain one

another and are hence equal. As such, if they exist, we can talk about the meet or join of a subset

of elements.

We now move on to the class of posets that serves as the primrary focus of this thesis.

Definition 2.2.3. A lattice is a poset (L,≤) where every pair of elements admits a meet and a

join. Since they are unique, the meet and join of two elements x, y ∈ L is well-defined. We denote

the meet and join as x ∧ y and x ∨ y, respectively. A finite lattice is a lattice with finitely many

elements. A bounded lattice is a lattice admitting both a maximum and minimum element,

denoted by 1̄ and 0̄ , respectively.

Note that if a lattice is finite, then it is necessarily bounded. Indeed, since lattices are closed

under finitely many meets and joins, both the join and meet of every element in the lattice is

contained in the lattice as the maximum and minimum elements, respectively.

Observe that in a bounded lattice, the maximum and minimum elements serve the roles of

identities with respect to the meet and join operations, respectively. In particular, as the above

language suggests, one can also view lattices as algebraic structures with binary operations.

Proposition 2.2.4 (p. 285, Stanley (2011)). The above definition of a lattice is equivalent to the

following: a lattice is a triple (L,∧,∨) consisting of a set, and two binary, associative,

commutative, idempotent operations satisfying

a ∧ (a ∨ b) = a = a ∨ (a ∧ b), ∀a, b ∈ L.

In addition to defining a lattice with a join and a meet operation, as we will see in the

following proposition, finite lattices can also be uniquely specified by describing their join (or
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meet) operation. The lattices we will encounter in later sections will be such that the meet

operation is more difficult to describe than the join. The following proposition is convenient in

such cases.

Proposition 2.2.5 (Proposition 3.3.1, Stanley (2011)). Suppose L is a finite poset with a

minimum element admitting all joins between pairs of elements. Then, L is a lattice with meet

operation defined by

a ∧ b =
∨

x≤a,b

x.

Definition 2.2.6. Suppose L,L′ are lattices. A lattice homomorphism ϕ : L→ L′ is a mapping

that respects the meet and join operations. That is, for all x, y ∈ L,

Meet preserving : ϕ(x ∧ y) = ϕ(x) ∧ ϕ(y)

Join preserving : ϕ(x ∨ y) = ϕ(x) ∨ ϕ(y).

A lattice isomorphism is a bijective lattice homomorphism. We call two lattices isomorphic if

there exists an isomorphism between them.

As we will see in the next proposition, if a mapping between lattices preserves joins, it is

automatically order preserving. With this in mind, just as a finite lattice can be specified by the

join operation, isomorphisms can also be specified by join-preserving bijections.

Proposition 2.2.7. Suppose L,L′ are finite lattices, and φ : L→ L′ is a bijection that preserves

joins. Then φ is a lattice isomorphism.

Proof. It suffices to show that φ preserves meets. First, we observe that φ is order preserving. In

particular, for elements a, b ∈ L, a ≤ b holds if and only if b ∨ a = b. Since φ preserves joins,

φ(a) ∨ φ(b) = φ(a ∨ b) = φ(b).

Hence, φ(a) ≤ φ(b). Likewise, if φ(a) ≤ φ(b), then the above equation still holds, but we instead

conclude that a ∨ b = b. As such, a ≤ b holds if and only if φ(a) ≤ φ(b).
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Using the fact that L is a finite lattice, we have the following:

φ(a ∧ b) = φ

( ∨
x≤a,b

x

)
=

∨
φ(x)≤φ(a),φ(b)

φ(x) = φ(a) ∧ φ(b).

Note the above holds since φ is surjective and order-preserving

Definition 2.2.8. Suppose (L,∧,∨) is a lattice. Then the dual lattice is defined as (L,∨,∧) and

denoted by L∗.

Definition 2.2.9. Suppose L is a lattice. An element y ∈ L is said to cover an element x ∈ L if

x < y and, whenever x ≤ z ≤ y for some element z ∈ L, either x = z or y = z. A totally ordered

subset C of elements in a lattice is called a chain. A chain C is called saturated if between any

elements x, y ∈ C such that x < y, either y covers x, or there exists some z ∈ C with x < z < y.

A maximal chain is a chain that is maximal with respect to inclusion of chains. We say that a

maximal chain is of length n if there are n+ 1 elements in M . The height of L, which we denote

by ht(L), is the length of the largest maximal chain in L.

We now move on to the definitions of various lattice properties. For the remainder of this

section, let L denote a bounded, finite lattice unless otherwise stated.

Definition 2.2.10. An element x ∈ L is called an atom if it covers 0̄. It is called a coatom if it is

covered by 1̄. Let at(L) denote the set of atoms of L, and coat(L) the set of coatoms. We call L

atomic if every element can be written as a finite join of atoms.

Definition 2.2.11. Suppose (L,≤) is a lattice. L is called graded if there exists an

order-preserving function ρ : L→ Z where for all x, y ∈ L with y covering x, we have that

ρ(y) = ρ(x) + 1. A bounded lattice L is called complemented if for every element x ∈ L, there

exists a complement element, that is, an element y ∈ L such that x ∧ y = 0̄ and x ∨ y = 1̄. L is

called uniquely complemented if there is exactly one complement element for each element.

Since the lattices we consider will always be finite, we provide an equivalent condition for a

finite lattice to be graded.
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Proposition 2.2.12 (p. 281, Stanley (2011)). Suppose (L,≤) is a finite lattice. Then L is graded

if and only if every maximal chain has length ht(L).

Now, we move on to the remaining lattice properties. Suppose L is a finite lattice.

Definition 2.2.13. Suppose ρ : L→ Z is a rank function. L is called upper semimodular if for

all x, y ∈ L,

ρ(x) + ρ(y) ≥ ρ(x ∧ y) + ρ(x ∨ y).

If L is called geometric if it is both upper semimodular and atomic. L is called lower semimodular

if instead,

ρ(x) + ρ(y) ≤ ρ(x ∧ y) + ρ(x ∨ y)

holds for all x, y ∈ L. L is said to be supersolvable if there exists a maximal chain M where for all

m ∈M and x ∈ X,

ρ(x) + ρ(m) = ρ(x ∧m) + ρ(x ∨m).

Such a maximal chain is called a modular chain. L is called modular if for all x, y ∈ L,

ρ(x) + ρ(y) = ρ(x ∧ y) + ρ(x ∨ y).

The lattice is said to be distributive if for all x, y, z ∈ L, we have that

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z).

A bounded lattice L is called Boolean if it is both distributive and uniquely complemented.

In the above definitions, we define geometric as an atomic, upper semimodular lattice.

However, by the below theorem, one may also view these lattices as those associated to a matroid:

a combinatorial object generalizing the notion of linear independence in vector spaces.

Theorem 2.2.14 (p. 106, Birkhoff (1948)). Suppose L is a finite lattice. Then L is geometric if

and only if it is the lattice of flats of a matroid.
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More information about matroids and geometric lattices can be found in Welsh (1976).

If one restricts their attention to finite atomic lattices, then the above theorem states precisely

that upper semimodular is equivalent to being a matroid lattice: a lattice isomorphic to the

lattice of flats of some matroid. Continuing on in this way, we provide other implications that

hold in the world of finite atomic lattices.

Boolean

Distributive Uniquely Complemented

Modular

Supersolvable Upper semimodular Geometric Complemented

Graded

Figure 2.1 Diagram of Implications for Finite Atomic Lattices

It follows by definition that a Boolean lattice is necessarily distributive. The other direction is

described on page 292 of Stanley (2011) for finite atomic lattices where it is shown that all

distributive lattices are isomorphic to a certain lattice of subsets of a poset whose join and meet

operations are given by unions and intersections, respectively. From this characterization, it

follows that distributive lattices are modular. The equivalence between being uniquely

complemented and distributive is shown on page 170 of Birkhoff (1948) for atomic lattices that

admit all meets and joins of subsets of elements (which includes finite lattices).

The last implication above that doesn’t immediately follow from our definitions is that

Geometric implies Complemented. The proof for this can be seen on page 288 of Stanley (2011)

where geometric implies a stronger condition called relatively complemented which we do not

define here.

We now define the product of lattices. In Chapter 4, this product plays a key role in

decomposing lattices associated to graphs into products of lattices associated to connected
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graphs. Furthermore, we will show in this chapter that the products of lattices satisfying the

properties introduced so far also satisfy those properties.

Definition 2.2.15. Suppose L1, L2 are lattices. Viewing lattices as algebraic structures, the

product lattice of L1 and L2 is the set L1 × L2 equipped with component-wise meets and joins:

(x1, x2) ∧ (y1, y2) = (x1 ∧ y1, x2 ∧ y2)

(x1, x2) ∨ (y1, y2) = (x1 ∨ y1, x2 ∨ y2).

We define maps π1 : L1 × L2 → L1 and π2 : L1 × L2 → L2 to be projections onto the first and

second component, respectively.

Note that by the definition of the product lattice, we have that π1, π2 are lattice

homomorphisms. We now show some properties that the product of lattices satisfy in terms of

their constituents. We include a proof for completeness.

Proposition 2.2.16. Suppose L1 and L2 are finite lattices. Then, rk(L1 ×L2) = rk(L1) + rk(L2).

Proof. Suppose L1 and L2 are finite lattices. Suppose C is a maximal chain in L1 × L2. We then

can consider the projection πi(C) for i ∈ {1, 2}. Writing the elements of C as z1 ≤ . . . ≤ zn, then

we have for each i ∈ [n− 1] either π1(zi+1) covers π1(zi) or π2(zi+1) covers π2(zi) (with the other

fixed). Hence, πi(C) is a maximal chain. As such, |πi(C)| = rk(Li) + 1. Hence,

|πi(C)|+ |π2(C)| = rk(L1) + rk(L2) + 2. Note the lengths of chains is given by the number of

covering relations. Hence, |C| = |C1|+ |C2| − 1. Thus,

rk(L1 × L2) ≥ |C| − 1 = rk(L1) + rk(L2) + 1. Note in particular we have equality since we can

concatenate maximal chains from L1 and L2 to yield one of length rk(L1) + rk(L2) + 1.

Proposition 2.2.17. Suppose L1, L2 are atomic lattices. As for each of the following properties,

they are satisfied by L1 × L2 if and only if they are satisfied by L1 and L2.

1. graded

2. complemented
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3. uniquely complemented

4. upper semimodular

5. lower semimodular

6. modular

7. supersolvable

8. distributive

9. Boolean

10. atomic

11. geometric

Proof. 1. Suppose L1 × L2 is graded with rank function rk : L1 × L2 → N. Define

rk1 : L1 → N≥0 by rk1(x) = rk(x, 0̄). Then, when x ≤ y in L1, (x, 0̄) ≤ (y, 0̄). As such, rk1 is

monotone. Furthermore, when y covers x, we have for any (x, 0̄) ≤ (z, z′) ≤ (y, 0̄) that z′ = 0̄

and x ≤ z ≤ y. Hence, rk1(y) = rk1(x) + 1. Since L2 × L1
∼= L1 × L2, L2 is also graded.

If on the other hand L1 and L2 are both graded with rank functions rk1, rk2, respectively,

then define rk : L1 × L2 → Z by rk(x, y) = rk1(x) + rk2(y). To see this map preserves

covering relations, suppose (x1, y1) is covered by (x2, y2). Without loss of generality, assume

x1 ̸= x2. It follows that (x1, y1) ≤ (x2, y1) ≤ (x2, y2). Hence y1 = y2 and x1 is covered by x2.

As such, rk(x2, y2) = rk1(x2) + rk2(y2) = rk1(x1) + rk2(x2) + 1 = rk(x1, y1) + 1. Hence

L1 × L2 is graded.

By the above proof, we have that if rk1, rk2 are rank functions, then a rank function of the

product is rk(x, y) := rk1(x) + rk2(y).

2. Suppose L1 × L2 is complemented. Let x ∈ L1. Then there exists an element (a, b) that

complements (x, 0̄) in L1 × L2. Hence, (a, b) ∧ (x, 0̄) = (a ∧ x, 0̄) = (0̄, 0̄). At the same time,

(a, b) ∨ (x, 0̄) = (a ∨ x, b ∨ 0̄) = (1̄, 1̄). Hence a ∨ x = 1̄. Thus, a is a complement for x.
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Likewise, suppose L1 and L2 are complemented. Let (x, y) ∈ L1 × L2. Take complements

a ∈ L1 for x and b ∈ L2 for y. Then (x, y) ∨ (a, b) = (x ∨ a, y ∨ b) = (1̄, 1̄) and

(x, y) ∧ (a, b) = (x ∧ a, y ∧ b) = (0̄, 0̄).

3. Suppose L1 × L2 is uniquely complemented and a′, b′ are complements for x ∈ L1. Then

(a′, 1̄) and (a, 1̄) are complements for (x, 0̄). Hence a = a′.

Suppose that L1 and L2 are uniquely complemented. Let (x, y) ∈ L1 × L2. As in (2.), given

two complements (a, b), (a′, b′) for (x, y), we have that a, a′ and b, b′ are pairs of

complements for x and y, respectively. As such a = a′ and b = b′.

For the remainder of the proofs, we assume L1 × L2, L1, L2 are graded, with rank functions

rk, rk1, rk2, respectively.

4. Suppose L1 × L2 is upper semimodular. Then for any x, y ∈ L1,

rk1(x) + rk1(y) = rk(x, 0) + rk(y, 0) ≥ rk(x ∨ y, 0) + rk(x ∧ y, 0) = rk1(x ∨ y) + rk1(x ∧ y).

On the otherhand, suppose L1 and L2 are both upper semimodular. Then we have for any

(x, y), (x′, y′) ∈ L1 × L2,

rk(x, y) + rk(x′, y′) = rk1(x) + rk1(x
′) + rk2(y) + rk2(y

′)

≥ rk1(x ∨ x′) + rk1(x ∧ x′) + rk2(y ∨ y′) + rk2(y ∧ y′)

= rk(x ∨ x′, y ∨ y′) + rk(x ∧ x′, y ∧ y′).

5. Use the same argument as in (4), but replace each instance of “≥” with “≤”.

6. Follows from (4) and (5).

7. Suppose L1 × L2 is supersolvable. Let M = {(x1, y1) ≤ (x2, y2) ≤ · · · ≤ (xn, yn)} denote a

maximal chain that is rank-modular with every element. Since this chain is maximal, if

(xi, yi) ≤ z ≤ (xi+1, yi+1) then z ∈ m. As such, z = (xi, yi+1) = (xi+1, yi+1) or

z = (xi+1, yi) = (xi+1, yi+1). Let xi1 , . . . , xik denote all the distinct elements appearing on
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the left components along the chain. Let b ∈ L1 and j ∈ [k]. Then,

rk(xij , yij ) + rk(b, yij ) = rk(xij ∨ b, yij ) + rk(xij ∧ b, yij )

⇒ rk1(xij ) + rk2(yij ) + rk1(b) + rk2(yij ) = rk1(xij ∨ b) + rk2(yij ) + rk1(xij ∧ b) + rk2(yij )

⇒ rk1(xij ) + rk1(b) = rk1(xij ∨ b) + rk1(xij ∧ b).

As such, L1 is super solvable. Since π1 : L1 × L2 → L1 is a lattice homomorphism,

{xi1 , . . . , xik} is a chain. The chain is maximal because if it could be extended, then so

could the original chain.

Suppose L1 and L2 are super solvable lattices. Let x = {x1 ≤ x2 ≤ · · · ≤ xk} and

y = {y1 ≤ y2 ≤ · · · ≤ ym} denote modular chains in L1 and L2, respectively. Consider the

chain

M := {(x1, y1) ≤ (x2, y1) ≤ · · · ≤ (xk, y1) ≤ (xk, y2) ≤ · · · ≤ (xk, ym)}.

Since x and y are maximal chains, xi+1 covers xi, and yj+1 covers yj for all i ∈ [k − 1] and

j ∈ [m− 1], respectively. As such, (xi, y1) is covered by (xi+1, y1), and (xk, yj) is covered by

(xk, yj+1) for all i ∈ [k − 1] and j ∈ [m− 1], respectively. Thus, M is a maximal chain.

Suppose (a, b) ∈ L1 × L2, and (xi, yj) ∈M . Then,

rk(xi, yj) + rk(a, b) = rk1(xi) + rk1(a) + rk2(yj) + rk2(b)

= rk1(xi ∨ a) + rk1(xi ∧ a) + rk2(yj ∨ b) + rk2(yj ∧ b)

= rk((xi, yj) ∨ (a, b)) + rk((xi, yj) ∧ (a, b)).

Hence, L1 × L2 is supersolvable.

8. Consider the maps i1 : L1 → L1 × L2 and i2 : L2 → L1 × L2 given by i1(x) = (x, 0̄) and

i2(y) = (0̄, y), respectively. It’s easy to see that i1 and i2 are lattice homomorphisms. Then,

since the composition πi ◦ ii is the identity on Li, if L1 × L2 is distributive, then so is Li for

i ∈ {1, 2}. Likewise, if L1 and L2 are both distributive, then L1 × L2 is distributive since

joins and meets are computed component-wise.

9. Follows from (3) and (8).
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10. Suppose L1 × L2 is atomic. Let (x, y) ∈ at(L1 × L2). Since (x, y) covers (0̄, 0̄), we have that

x ∈ at(L1) with y = 0̄, or y ∈ at(L2) and x = 0̄. Since every element in L1 × L2 can be

written as the join of atoms, we have

z = (a1, 0̄) ∨ · · · ∨ (ak, 0̄) ∨ (0̄, b1) ∨ · · · ∨ (0̄, br)

In particular, π1(z) = a1 ∨ · · · ∨ ak for atoms a1, . . . , ak ∈ at(L1). Since π1 is surjective, L1 is

atomic. Similarly, L2 is atomic as well.

Suppose L1 and L2 are both atomic. We perform the above argument in reverse. In

particular, for any x ∈ L1 and y ∈ L2 we have x = a1 ∨ · · · ∨ ak and y = b1 ∨ · · · ∨ br for

atoms a1, . . . , ak ∈ at(L1) and b1, . . . , br ∈ at(L2). As such,

(x, y) = (a1, 0̄) ∨ · · · ∨ (ak, 0̄) ∨ (0̄, b1) ∨ · · · ∨ (0̄, br).

It follows that for x ∈ at(L1), we have (x, 0̄) ∈ at(L1 × L2). Likewise, (0̄, y) ∈ at(L1 × L2)

for y ∈ L2. Hence, every element in L1 × L2 is a join of atoms.

11. Follows from (4) and (10).

2.3 Monomial Ideals and LCM Lattices

In this section, we will introduce the LCM Lattice: a finite atomic lattice that can be

associated to any monomial ideal.

Theorem 2.3.1 (Proposition 7, Cox et al. (1997)). Let S denote the polynomial ring on n

variables, and fix a monomial ideal M ⊆ S. Then there is a unique minimal set {m1, . . . ,mr}

consisting of monic monomials that generate M . We define µ(M) := r.

Definition 2.3.2. Suppose M is a monomial ideal. Let L(M) denote the poset consisting of all

least common multiples of subsets of {m1, . . . ,mr}, ordered by divisibility. L(M) is called the

LCM lattice of M .
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In the above definition, we have that L(M) is a poset. As the name suggests, we show below

that it is indeed a lattice.

Proposition 2.3.3 (Gasharov et al. (1999)). Suppose M is a monomial ideal. Then, the LCM

lattice of M is a lattice. Furthermore, it is a finite atomic lattice.

Proof. The set of least common multiples of the minimal generators of M is closed under joins

(least common multiples) and has a minimum element, 1. It is hence a lattice by Proposition

2.2.5. Furthermore, by construction, every minimal generator of M is an atom of L(M). With

this, we have that every element in L(M) is a join of atoms. That is, there is a surjective map

from subsets of atoms to elements of the lattice. In particular, L(M) is finite with at most

2µ(M)-many elements.

With the above construction, we may associate a finite atomic lattice to any monomial ideal.

A natural question is then if the reverse is true: can every finite atomic lattice be obtained as the

LCM lattice of some monomial ideal? This question was answered in the affirmative by Jeffery

Phan in Phan (2006) who gave an algorithm to find, given a finite atomic lattice L, a monomial

ideal whose LCM lattice is isomorphic to L.

Definition 2.3.4. Let L be a lattice. An element x ∈ L is called meet-irreducible if x ̸= 1̄ and

whenever x = a ∧ b for a, b ∈ L, we have that x = a or x = b. Likewise, an element x ∈ L is called

join irreducible if x ̸= 0̄ and whenever x = a ∨ b for a, b ∈ L, we have that x = a or x = b. Let

mi(L) denote the set of meet-irreducible elements.

Remark 2.3.5. Observe also that in a finite atomic lattice, the join-irreducibles are precisely the

atoms.

Theorem 2.3.6 (Phan (2006), see also Theorem 58.6 in Peeva (2011)). Fix a field k. Suppose L

is a finite, atomic lattice. We define the L-ideal (or lattice ideal of L) to be the following

squarefree monomial ideal:

M(L) :=

〈 ∏
a∈mi(L)

b̸≤a

xa : b ∈ at(L)

〉
⊂ k[xa : a ∈ mi(L)] =: S(L).
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It follows that the LCM lattice of M(L) ⊂ S(L) is isomorphic to L.

Definition 2.3.7. We call a squarefree monomial ideal M minimal if there exists some finite

atomic lattice L for which M =M(L).

Example 2.3.8. Consider the ideal M ⊆ k[x1, x2, x3, x4] given by M = (x1x2, x2x3, x3x4). It

follows that M is the lattice ideal of the following lattice, up to relabeling.

2.4 Graphs and Hypergraphs

We briefly state definitions and notation for graphs and hypergraphs that will be used in

future chapters.

Definition 2.4.1. A hypergraph is a pair H = (V,E) consisting of a set of vertices V , and a

collection E of subsets of V called edges. We let V (H) denote the vertex set and E(H) the edge

set. We say a vertex is incident to an edge that contains it. If two vertices are incident to an

edge, we say they are adjacent. For a vertex v ∈ V (H), we call the distinct adjacent vertices the

neighbors of v, and denote the set by N(v).

Definition 2.4.2. A hypergraph is called simple if no edges properly contain one another;

r-uniform if E(H) ⊆
(
V (H)

r

)
; a graph if it is 2-uniform hypergraph; disconnected if there exists two

disjoint, nonempty subsets V1, V2 ⊂ V (H) such that every edge is a subset of either V1 or V2; and

connected if it is not disconnected.

Definition 2.4.3. We call a hypergraph nontrivial if E = ∅.
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Note in our definition of graph, all edges must contain two distinct vertices. Additionally, any

edge connecting two vertices appears exactly once if it appears at all. These are usually referred

to as simple graphs: graphs without loops and without multiple edges.

Definition 2.4.4. For a graph G = (V,E), we define the complement graph to be the graph

Gc := (V,
(
V
2

)
− E). For a hypergraph H = (V,E), we define the the dual hypergraph as

H∗ := (V, {V − e : e ∈ E})

We would like to describe when different hypergraphs (or graphs) have the same

combinatorial structure, regardless of the labeling we choose for the vertices. This notion is

precisely described by the following definition.

Definition 2.4.5. An isomorphism of hypergraphs (or graphs) is a bijection φ : V (H1) → V (H2)

such that φ(e) ∈ E(H2) if and only if e ∈ E(H1).

Definition 2.4.6. Let G denote a graph. A subgraph of G is a graph H = (V ′, E′) with

V ′ ⊆ V (G) and E′ ⊆ E(G). An induced subgraph of G is a subgraph H where every edge

e ∈ E(G) with e ⊆ V (H) is an edge of H. For a graph K, we say that G is K-free if there exists

no induced subgraph of G isomorphic to K.

Example 2.4.7. The complete graph Kn is defined as the graph on vertices [n] with all possible

edges
(
[n]
2

)
. The complete graph K5 is shown below.

The path graph Pn is given by V = [n] and E = {{1, 2}, {2, 3}, . . . , {n− 1, n}}. The cycle graph

Cn is given by V = [n] and E = {{1, 2}, {2, 3}, . . . , {n− 1, n}, {n, 1}}. The star graph Stn is given

by V = [n] and E = {{1, i} : i ∈ [n]− {1}}. The graphs P5, C5, and St6 are depicted below:
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Isomorphisms of hypergraphs (graphs) are essentially relabelings of the vertices that preserve

the underlying structure of the hypergraph (graph). In this way when we refer to a hypergraph

(graph), the specific labels of the vertices do not matter. As such, when we refer to the path

graph or cycle graph, we aren’t specifically referring to the one defined on vertices [n]. Instead,

when we refer to a specific hypergraph or graph, we typically mean the isomorphism class.

Definition 2.4.8. Suppose H1, . . . ,Hn are hypergraphs. By possibly relabeling vertices, we

assume the sets of vertices are disjoint. We then define the disjoint union of H1, . . . ,Hn as the

hypergraph with vertex set
⊔n

i=1 V (Hi) and edge set
⊔n

i=1E(Hi).

Note that the definition above does not technically result in a unique hypergraph up to

equality. However, as the coproduct in a suitable category, the disjoint union of hypergraphs is

unique up to hypergraph isomorphism.

Definition 2.4.9. We define a vertex cover of H to be a subset S ⊆ V (H) such that for every

e ∈ E(H), there exists some v ∈ S with v ∈ e. A minimal vertex cover is a vertex cover that

doesn’t properly contain another vertex cover. A minimum vertex cover is a vertex cover whose

size is minimal. We denote the size of a minimum vertex cover in H by τ(H).

Definition 2.4.10. Suppose H = (V,E) is a simple hypergraph. We define the edge ideal of H as

MH := (
∏
v∈e

xv : e ∈ E)⊴ k[xv : v ∈ V ] =: SH.

As short hand, for a subset A ⊂ V , we write

xA :=
∏
v∈A

xv ∈ SH.

For a simple hypergraph H, we have that the minimal monomial generators of MH is the set

{xe : e ∈ E(H)}. As with hypergraphs, since we do not care about the specific labels associated

with the vertices, we also refer to an ideal as a hypergraph’s edge ideal even if the variables are

labeled differently.

Proposition 2.4.11. Let H1, . . . ,Hn denote hypergraphs. Let H :=
⊔n

i=1Hi. Then,

L(MH) ∼= L(MH1)× · · · × L(MHn).
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Proof. Without loss of generality, assume the sets V (H1), . . . , V (Hn) are pairwise disjoint subsets

of V (H). Since they are disjoint subsets, we take the rings associated to each Hi to be a subring

of S(H), i.e. SH1 , . . . , SHn ⊆ SH. Note then that the minimal generators of each MHi are

contained in the minimal set of generators for MH. As such, for every element a ∈ L(MH), take

the subset S ⊆ E(H) of every edge whose corresponding minimal generator divides a. We can

then write S = S1 ⊔ · · · ⊔ Sn, where Si ⊆ E(Hi) for all i ∈ [n]. As such, define a map as follows:

φ : L(MH) → L(MH1)× · · · × L(MHn)

φ(a) = φ(
∨
e∈S

me) = (
∨
e∈S1

me, . . . ,
∨
e∈Sn

me).

Likewise, for elements a1, . . . , an with ai ∈ L(MHi), take Si to be the subset of edges whose

corresponding minimal generator divides ai, define

ϕ : L(MH1)× · · · × L(MHn) → L(MH)

ϕ(
∨
e∈S1

me, . . . ,
∨
e∈Sn

me) =
∨

e∈S1⊔···⊔Sn

(me).

Clearly, these maps are mutually inverse. Furthermore, ϕ clearly preserves joins. Hence, both

maps are isomorphisms by 2.2.7.
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CHAPTER 3. LCM LATTICES OF ARBITRARY MONOMIAL IDEALS

3.1 Minimal Monomial Ideals

As described in 2.3.6, from any atomic lattice L, we can construct a monomial ideal whose

LCM lattice is isomorphic to L. However, this is far from a one-to-one correspondence. In this

section, we provide a necessary and sufficient condition for when an arbitrary square-free

monomial ideal can be obtained as the lattice ideal of some finite atomic lattice.

First, we offer an example of a non-minimal square-free monomial ideal.

Example 3.1.1. Consider M = (x2x3x5, x4x5, x1x3x4). The LCM Lattice of M is shown below:

1

x2x3x5x1x3x4 x4x5

x2x3x4x5x1x3x4x5

x1x2x3x4x5

Following the algorithm in 2.3.6 (relabeling the variables for clarity), we obtain the following ideal

that yields the same LCM Lattice:

M(L(M)) = (xaxb, xbxc, xcxd).

By our definition, (xaxb, xbxc, xcxd) is a minimal monomial ideal, while the one given above isn’t.

Note that in the original ideal M , x3 appears in a monomial generator if and only if x1 or x2

appears in a monomial generator. We show in this section that the presence of such a variable is

precisely when a square-free monomial ideal is non-minimal.

But first, note that the elements of a square-free monomial ideal can naturally be thought of

as a hypergraph over the set of indices.
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Definition 3.1.2. Let M ⊆ S = k[x1, . . . , xn] be a square-free monomial ideal. Let gen(M)

denote the set of minimal generators. We define a hypergraph HM with vertex set [n] and edge

set given by

E = {σ ⊆ [n] : xσ ∈ gen(M)}.

Note that by construction, the edge ideal of HM is M .

It’s often convenient to identify a monomial in the LCM lattice by the set of indices of

variable divisors. Doing this, we have that the least common multiple of elements in the LCM

lattice corresponds to taking unions of the sets of indices of monomials. In this section, it will be

helpful to instead view the elements of the LCM lattice as labeled by the complements of these

sets of indices. Doing this, taking the least common multiple of elements corresponds to taking

the intersection of the complements of the corresponding sets of indices. As such, for a simple

hypergraph (which we view as a square-free monomial ideal) we consider the following lattice.

Definition 3.1.3. Suppose H is a simple hypergraph. Let Λ(H) denote the collection of finite

intersections of edges of H, ordered by reverse inclusion.

Note that this is essentially a relabeling of the LCM Lattice of the edge ideal of the dual

hypergraph H∗.

Proposition 3.1.4. For a simple hypergraph H, we have that ΛH ∼= L(MH∗).

Proof. The elements of ΛH are in bijection to those of L(MH∗), given by

xA 7→ V (H)−A.

Clearly, this map is a bijection. We then equip ΛH with the structure of a lattice that makes the

above map an isomorphism of lattices. Note that

xA ≤ xB ⇔ Bc ⊆ Ac

and

xA ∨ xB = xA∪B 7→ (V (H)−A) ∩ (V (H)−B).
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By 2.3.6, a finite atomic lattice can be fully specified by the containment relations between the

meet-irreducibles and the atoms. Using this fact, we consider the incidence structure of a finite

atomic lattice in terms of a hypergraph with the meet-irreducibles as vertices and atoms as edges.

Definition 3.1.5. Suppose L is a finite atomic lattice. We define the incidence hypergraph H(L)

to be the hypergraph with vertex set mi(L) and edge set

{{a ∈ mi(L) : b ≤ a} : b ∈ at(L)}. (3.1.1)

Note that the dual of the above hypergraph is the lattice ideal for L. Indeed, for a finite

atomic lattice L, the minimal generators of M(L) are labeled by the sets of indices of the form:

{{a ∈ mi(L) : b ̸≤ a} : b ∈ at(L)}.

We consider simple hypergraphs as the dual of those labeling the generators of a monomial

ideal.

Definition 3.1.6. We call a simple hypergraph H reduced if the edge ideal of its dual is a

minimal monomial ideal.

We now prove the condition for which a simple hypergraph is reduced.

Lemma 3.1.7. Suppose H = (V,E) is a simple hypergraph. Then H is not reduced if and only if

the following property holds

There exists a vertex v ∈ V (H) and subset of vertices A ⊆ V (H) such that, for all edges

e ∈ E(H), v ∈ e if and only if A ⊆ e.

Proof. Suppose H is reduced. Then there exists some finite atomic lattice L for which

M(L) =MH∗ .

That is,

E(H∗) = {{a ∈ mi(L) : b ̸≤ a} : b ∈ at(L)}.



31

Hence,

E(H) = {{a ∈ mi(L) : b ≤ a} : b ∈ at(L)} = E(H(L)).

Additionally, V (H) = mi(L) and hence H(L) = H.

Recall that the LCM lattice of the lattice-ideal recovers the lattice. We then use the

relabeling of L given by ΛH. We have: L ∼= L(M(L)) = L(MH∗) ∼= ΛH.

By following definitions, we have an isomorphism given by ϕ : L→ ΛH with

ϕ(y) = {a ∈ mi(L) : y ≤ a}.

Now, by way of contradiction suppose there is a vertex v ∈ V (H) and a subset of vertices

A ⊂ V (H) such that

∀e ∈ E(H), v ∈ e holds if and only if A = {a1, . . . , ak} ⊆ e

Note that

E(H) = {{a ∈ mi(L) : b ≤ a} : b ∈ at(L)}

= {ϕ(b) : b ∈ at(L)}.

As such for any b ∈ at(L), we have that v ∈ ϕ(b) ∈ E(H) holds if and only if b ≤ v in L. By

assumption this holds if and only if a1, . . . , ak ∈ ϕ(b) and hence b ≤ a1, . . . , ak. We thus have

v =
∨

v≥b∈at(L)

b

=
∨

a1,...,ak≥b∈at(L)

b

= a1 ∧ · · · ∧ ak.

However, since v is a meet-irreducible element in L, we have v ∈ A.

For the other direction, we show that if H satisfies the properties of Lemma 3.1.7, then it is

reduced.

We show that MH∗ =M(L) for a finite atomic lattice L ∼= ΛH.
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First, observe that every element in ΛH corresponds to an intersection of elements in E(H) by

definition. Additionally, since H is a simple hypergraph, no edges contain one another. We thus

have that at(ΛH) = E(H).

We claim that the vertices of ΛH correspond to meet-irreducibles. Indeed, define a map

ν : V (H) → ΛH given by

ν(a) =
⋂
a∈e

e.

Given any σ ∈ ΛH, we have that σ ≤ ν(a) implies ν(a) ⊆ σ and hence a ∈ σ. Likewise, if a ∈ σ,

then σ is a join of edges containing a and hence containing in ν(a). That is, σ ≤ ν(a) if and only

if a ∈ σ. As such, for σ = {a1, . . . , ak}, we have that

σ = ν(a1) ∧ · · · ∧ ν(ak).

Hence, {ν(a) : a ∈ V (H)} is a generating set with respect to the meet operation in ΛH. If it was

not a minimal generating set, then there exists some v ∈ V (H) such that

ν(v) = ν(a1) ∧ · · · ∧ ν(ak) with v ̸= ai for any i ∈ [k]. This implies that for any σ ∈ ΛH, v ∈ σ

holds if and only if a1, . . . , ak ∈ σ. However, by assumption, this implies v ∈ {a1, . . . , ak}. Note by

this argument, we also have that ν is injective. Indeed, if ν(v) = ν(a1), then v ∈ {a1}.

As such, since {ν(a) : a ∈ V (H)} is a minimal generating set with respect to the meet

operation in ΛH, we have that mi(L) = {ν(a) : a ∈ V (H)}.

Using the fact that ν is injective, we have that M(ΛH) can be described as a hypergraph with

vertices

mi(ΛH) = {ν(a) : a ∈ V (H)} ∼= V (H)

and edges

{{ν(a) ∈ mi(ΛH) : e ̸≤ ν(a)} : e ∈ at(ΛH)}.

Relabeling, we have that this is isomorphic to the hypergraph H∗.

As such MH∗ =M(L) where L is given by ΛH with vertices relabeled appropriately.
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We now translate the condition for a hypergraph to be reduced to the condition for the edge

ideal of its dual to be minimal. Doing so, we obtain the following theorem.

Theorem 3.1.8. Let M ⊆ S be a square-free monomial ideal with gen(M) = {m1, . . . ,mq}. M is

minimal if and only if there are no variables xv and monomials m such that xv | mi if and only if

gcd(m,mi) ̸= 1

Proof. Let L denote the LCM lattice of M . First, consider the hypergraph HM whose vertices are

[n] and whose edges are the subsets of indices of variables that appear in a minimal generator of

{m1, . . . ,mq}.

By definition, H∗
M is reduced if and only if M is minimal. Furthermore, since the minimal

generators of M do not contain each other, this property also holds for the edges of H∗. As such,

H∗
M is a simple hypergraph.

Now, we use the above equivalence of Lemma 3.1.7. Note that H∗
M is reduced if and only if

there are no vertices v ∈ V (HM ) such that for any A ⊆ V (HM )− {v}, v ∈ ec ∈ E(H∗
M ) if

and only if A ⊆ ec.

Taking complements of edge, we have that the above conditions are equivalent to the following

conditions on the hypergraph HM :

There are no vertices v ∈ V (HM ) such that for any A ⊆ V (HM )− {v}, v /∈ e ∈ E(HM ) if

and only if e ⊆ Ac.

Then, observe that e ⊆ Ac holds if and only if e∩A = ∅. We use this, in addition to the fact that

the structure of the set of unions of edges in H can be given the lattice structure of the LCM

lattice of I through the bijection A 7→
∏

i∈A xi. In this way, the above statements on HM are

equivalent to the following of M :

There are no variables xv and monomials xv ∤ m such that xv | mi if and only if

gcd(m,mi) ̸= 1.



34

The above theorem describes when a monomial ideal is minimal. However, we can also

determine what variables need to be removed from the generators to obtain a minimal monomial

ideal. We describe this process in the following proposition.

Proposition 3.1.9. Suppose M is a square-free monomial ideal. If M is not minimal, then we

can obtain a minimal square-free monomial ideal M ′ by removing from each monomial generator

of M all variables that fail to satisfy the condition of 3.1.8.

Proof. Note in the proof for Lemma 3.1.7, we considered the lattice ΛH∗
M , which was isomorphic

to the LCM lattice of M but instead labeled by complements. Here, to each vertex v ∈ V (HM )

we associate a subset of vertices

ν(v) =
⋂

v∈e∈E(H∗
M )

e =
⋂

v/∈e∈E(HM )

ec =

( ⋃
v/∈e∈E(HM )

e

)c

.

In L(M), the above element corresponds to maximal elements that do not contain the variable xv.

Since intersections of elements in the set {ν(v) : v ∈ V } generates ΛH∗
M with respect to meet, the

corresponding elements generate L(M) as well. Hence, it contains the meet-irreducibles (minimal

generating set). We then define a hypergraph H′ by removing all v ∈ V (HM ), where ν(v) is not a

meet-irreducible. It follows that ΛH′ ∼= ΛH ∼= L(M). Additionally, by construction, the

meet-irreducibles of ΛH′ corresponds to the vertices. Additionally, by the proof of Lemma 3.1.7,

it follows that H′ is reduced and hence the corresponding edge ideal of (H′)∗ is minimal.

Applying the above theorem to graphs, we find that the edge ideals of most graphs are

minimal.

Theorem 3.1.10. The edge ideal of a connected, nontrivial, simple graph is non-minimal if and

only if G ∼= Stn for some n ≥ 2.

Proof. Suppose G is a connected, nontrivial, simple graph, with a non-minimal edge ideal. Then

there exists a vertex v ∈ V and a subset A ⊆ V (G)− {v} such that v ∈ e holds if and only if

A ∩ e ̸= ∅ for all e ∈ E(G). As such, for any vertex w ∈ A, if w appears on an edge, then v must

also appear. Likewise, any edge containing v must intersect A. It follows N(v) = A. Furthermore,
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since every vertex is connected by a path in a connected graph, every edge takes the form {v, a}

for some a ∈ A. That is, G is isomorphic to Stn, where n = |V (G)|. Note that n ≥ 2 since G is a

nontrivial graph.

Suppose G ∼= Stn with center v ∈ V (G). We have that v ∈ e holds if and only if e ∩N(v) ̸= ∅

for every edge e ∈ E(G). Since v /∈ N(v), we have that MG is not minimal.

3.2 Monomial Ideals with Boolean LCM Lattices

The conditions for when the Taylor resolution of a monomial ideal is minimal are already

known. In this section, we provide a description of this minimality in terms of the structure of the

LCM Lattice.

First, we define the Taylor resolution of a monomial ideal.

Definition 3.2.1. Fix a polynomial ring S. Let M ⊂ S denote a monomial ideal, and

{m1, . . . ,mq} its minimal generating set. Let E denote the exterior algebra over kq with standard

basis elements denoted e1, . . . , eq. We define TM to be the S-module S ⊗k E with homological

grading given by hdeg(ej1 ∧ · · · ∧ eji) = i, and with differential d : TM → TM given by

d(ej1 ∧ · · · ∧ eji)

=
∑

1≤p≤i

(−1)p−1 lcm(mj1 , . . . ,mji)

lcm(mj1 , . . . , m̂jp , . . . ,mji)
⊗ ej1 ∧ · · · ∧ êjp ∧ · · · ∧ eji ,

where êjp and m̂jp denotes omission of the respective element. For each i ∈ N, let Ei denote the

subspace of E spanned by elements of the form ej1 ∧ · · · ∧ eji and write (TM )i := S ⊗k Ei. The

Taylor resolution is given by

TM : 0 −→ (TM )q
dq−→ (TM )q−1

dq−1−→ . . . −→ (TM )1
d1−→ (TM )0.

Theorem 3.2.2 (Theorem 26.7, Peeva (2011)). Let M ⊆ S denote a monomial ideal. Then, TM

is a free resolution of S/M .

While the Taylor resolution is a free resolution, it is often not minimal. The following theorem

characterizes when the Taylor resolution of S/M is minimal. The proof of 2 ⇔ 3 appears in Lin

and McCullough (2013); we provide a proof for completeness.
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Theorem 3.2.3. Let M be a monomial ideal. The following are equivalent:

1. L(M) is a Boolean lattice

2. In the minimal set of generators for M , each monomial generator contains a variable

belonging to no other generator.

3. The Taylor resolution TM is minimal.

4. pdR(S/M) = µ(M),

Proof. (1 ⇒ 2)

If L(M) is a boolean lattice, then by Proposition 3.4.5 of Stanley (2011), we have that

L(M) ∼= 2[q]. As such, there are q meet-irreducibles (which are in fact coatoms) corresponding to

subsets of size q − 1. Let {m1, . . . ,mq} denote the minimal generating set of M . For each

variable, we consider the maximum element that does not contain the variable. By 3.1.9, every

element can be obtained as a meet of such elements. In particular, the meet-irreducibles is

contained in this set. As such, from this set, we obtain variables {xi1 , . . . , xiq} corresponding to

meet-irreducibles {b1, . . . , bq}. The variables satisfy the property that whenever a monomial

divides a meet-irreducibe bk, the variable xik does not divide the monomial.

Suppose mj is an atom of L(M). Note that each atom in 2[q] corresponds to a one-element

subset of [q]. Hence, there is precisely one meet-irreducible bk element that does not contain mj .

That is, the variable xik divides mj . However, bk contains every other atom. As such, xik divides

no other monomial generator. (2 ⇒ 1)

Suppose each atom has a variable by which it alone is divided. Let {m1, . . . ,mq} denote the

atoms and {x1, . . . , xq} denote the associated variables. Then, we can construct a mapping

ϕ : L(M) → 2[q] by ϕ(m) = {i : xi | m} for all m ∈ L(M). Clearly, ϕ is surjective since
∨

i∈Ami is

divided only by {xi : i ∈ A} (out of all x1, . . . , xq).
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However, since there are q atoms, there can be at most 2q elements in L(M). Hence, ϕ is a

bijection. Note that ϕ preserves joins:

ϕ(
∨
i∈A

xi ∨
∨
j∈B

xj) = ϕ(
∨

i∈A∪B
xi) = A ∪B

and is hence an isomorphism.

(2 ⇒ 3) Suppose each monomial generator contains a variable belonging to no other

generator. Let xq denote the variable associated to mq. Then, let j1, . . . , ji ⊆ [q] denote distinct

integers. It follows that xjp divides lcm(mj1 , . . . ,mji) since xjp divides mjp . However, since it

divides no other monomials, xjp does not divide lcm(mj1 , . . . , m̂jp , . . . ,mji). As such,

lcm(mj1 , . . . ,mji)

lcm(mj1 , . . . , m̂jp , . . . ,mji)
∈ (x1, . . . , xp).

for each 1 ≤ p ≤ i. Hence,

d(ej1 ∧ · · · ∧ eji)

=
∑

1≤p≤i

(−1)p−1 lcm(mj1 , . . . ,mji)

lcm(mj1 , . . . , m̂jp , . . . ,mji)
⊗ ej1 ∧ · · · ∧ êjp ∧ · · · ∧ eji ∈ (x1, . . . , xp)(TM )i−1.

Since (TM )i is generated by elements of the form ej1 ∧ · · · ∧ eji , we have that

d((TM )i) ⊂ (x1, . . . , xp)(TM )i−1.

(3 ⇒ 4)

Suppose the Taylor resolution is minimal. We then have that the Betti numbers of S/M are

given by

bSi (S/M) = rank((TM )i).

Note that elements of the form e1 ∧ · · · ∧ eq ⊗ xi11 · · ·xinn generate (TM )q as a k-vector space.

Thus, as an S-module, (TM )q is freely generated by one element. Hence bSq (S/M) = 1.

Furthermore, since the exterior algebra over kq has no nonzero monomials of degree greater than

q, we have that bSi (S/M) = 0 for all i > q. Hence, pdS(S/M) = q = µ(M).

(4 ⇒ 2)
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If there is not a variable that is unique to each monomial generator, then there exists some

term of the q-th differential of the Taylor resolution that is a unit. Under a change of basis, we

have that the first differential corresponds to one obtained from the direct sum of a trivial

complex. Note that the Taylor resolution is a direct sum of the minimal free resolution and trivial

complexes. It follows that the free resolution is smaller, which contradicts our assumption that

the length of the Taylor resolution is the projective dimension.

3.3 Cohen–Macaulayness of Minimal Monomial Ideals with Modular LCM

Lattices

In this section, we prove that the lattice ideals associated to modular lattices are

Cohen-Macaulay. However, we also show that this characterization cannot be extended to all

monomial ideals with modular LCM lattices. Additionally, we show that the result does not hold

if we only require the lattice to be upper semimodular, supersolvable, and complemented.

There is a classical characterization of modular lattices in terms of lattices associated to

projective geometries. We define these lattices and reference the associated structure theorem.

Definition 3.3.1. A projective plane is a hypergraph H = (P,L) satisfying the following

properties:

1. Given any two vertices p1, p2 ∈ P there exists a unique edge ℓ ∈ L with p1, p2 ∈ ℓ.

2. Given any two edges ℓ1, ℓ2 ∈ L there exists a unique vertex p ∈ P for which p ∈ ℓ1 ∩ ℓ2.

3. There exists four vertices p1, p2, p3, p4 ∈ P of which no edge contains more than 2.

We usually refer to the vertices as points and the edges as lines.

A projective plane is in fact always a uniform hypergraph for some positive number q called

its order.

Proposition 3.3.2 (p. 111, Birkhoff (1948)). Let H = (P,L) be a projective plane. Then there

exists some q ≥ 2 such that every point has q + 1 lines containing it, and every line has q + 1



39

1

2 7

3 4

5

6

Figure 3.1 Fano Plane

points, and such that |L| = q2 + q + 1 = |P |. The number q is called the order of the projective

plane.

In the following example, we consider the simplest example of a projective plane, describe its

lattice ideal, lattice, and some properties of the minimal free resolution.

Example 3.3.3. The Fano Plane, depicted below, is the unique projective plane of order 2,

making it the smallest projective plane. It can be represented by the following figure, where each

line contains 3 points: Note that the incidence lattice of the Fano Plane is given by taking

intersections of the lines/edges shown above. Recall that the LCM lattice of the edge ideal of the

dual hypergraph is isomorphic to the incidence lattice of the fano plane. This edge ideal is shown

below:

M = (x1x3x4x6, x2x3x5x6, x1x2x4x5, x1x2x6x7, x2x3x4x7, x1x3x5x7, x4x5x6x7) .

If we label each element in the LCM lattice by the variables they do not contain, we have Using
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∅

257 147 367 345 156 246 123

7 6 5 4 3 2 1

1234567

Figure 3.2 LCM Lattice of Fano Plane (labeled by complements)

Macaulay2, the Betti table is computed to be:

0 1 2 3

0 1 − − −

1 − − − −

2 − − − −

3 − 7 − −

4 − − 14 8

with each associated prime having 3 generators. We thus have that S/M is Cohen-Macaulay since

the codimension and projective dimension are equal to 3.

In the remainder of this section, we show that this holds for all such monomials obtained from

finite atomic, modular lattices.

Before this characterization, we first state the structure theorem of finite atomic modular

lattices that we will use to describe their associated lattice.

Theorem 3.3.4 (p. 120, Birkhoff (1948)). Suppose L is a finite, atomic, modular lattice. Then,

L ∼= L1 × · · · × Lk, where each Li is isomorphic to one of the following lattices:

1. The lattice of subspaces of a finite vector space.
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2. The incidence lattice of a finite projective plane.

3. A height-1 or height-2 finite atomic lattice.

We now observe the utility of LCM lattices of monomial ideals M in computing the Betti

numbers of S/M .

Definition 3.3.5. For a poset P , the order complex of P , denoted O(P ), is the simplicial

complex whose vertices are P and whose faces are finite chains of elements in P .

Theorem 3.3.6 (Theorem 58.8, Peeva (2011)). Suppose M ⊆ S is a monomial ideal. Then,

bSi,m(S/M) =


dimk H̃i−2(O((1,m)L(M)); k) if 1 ̸= m ∈ L(M)

0 if m /∈ L(M),

where (1,m)L(M) := {x ∈ L(M) : 1 < x < m}.

Additionally, recall that bRi,m(S/M) denotes the number of isomorphic copies of S(m)

appearing as direct summands in the i-th module of the minimal free resolution of S/M .

Furthermore, the number of copies of S(−j) corresponds to the sum of the number of copies of

S(m) for monomials m of total degree j. Hence,

bSi,j(S/M) =
∑

1̸=m∈L(M)
deg(m)=j

bRi,m(M).

We use the above formulas as follows:

Lemma 3.3.7. Suppose M is a monomial ideal. Then pdS(S/M) ≤ ht(L(M)).

Proof. Let r := ht(L(M)). We prove bRi (S/M) = 0 for all i > r. Suppose i > r.



42

To this end, note by 3.3.6 we have the following:

bSi (S/M) =
∑
j≥0

bRi,j(S/M)

=
∑
j≥0

∑
1̸=m∈L(M)
deg(m)=j

bSi,m(S/M)

=
∑

1̸=m∈L(M)

bSi,m(S/M)

=
∑

1̸=m∈L(M)

dim H̃i−2(O((1,m)L(M)); k).

Recall that H̃i−2(O((1,m)L(M)); k) is a quotient of the k-vector space generated by i− 2

simplices of O((1,m)L(M)). However, the largest maximal chain in L has size equal to

rk(L) = r + 1. Hence, the cardinality of simplices in O((1,m)L(M)) is bounded above by r − 1. In

particular, the dimension of simplices in O((1,m)L(M)) is bounded by r − 2 < i− 2. As such,

dim H̃i−2(O((1,m)L(M)); k) = 0 for all m ∈ L(M). Hence, bSi (S/M) = 0.

The following result is well-known.

Lemma 3.3.8. Let M be the edge ideal of a simple hypergraph H = (V,E). Then minimal primes

p ⊃M are generated by subsets of vertices. Furthermore, we have

p = (xv1 , . . . , xvk),

where the vertices v1, . . . , vk is a minimal vertex covering in H. In particular, codim(M) = τ(H),

where τ(H) denotes the size of a minimum vertex covering in H.

Proof. Suppose p ⊃M is a minimal prime. For every monomial generator me ∈M , we have that

me ∈ p. Since p is prime, there exists a variable xv | me with xv ∈ p. As such, we obtain a subset

of vertices {v1, . . . , vm} such

p ⊇ (xv1 , . . . , xvm) ⊇M.

Thus, p = (xv1 , . . . , xvm) by minimality. As stated above, we have that for every e ∈ E, there

exists some vi such that xvi | me. Note that this holds if and only if vi ∈ e. As such, {v1, . . . , vm}
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is a vertex cover. It is also a minimal vertex cover since any prime ideal strictly contained in p

does not contain M .

On the other hand, given a vertex cover {v1, . . . , vm}, we have that (xv1 , . . . , xvm) ⊃M since

vi ∈ e holds if and only if xvi | me. If the vertex cover is minimal, then every prime ideal strictly

contained in (xv1 , . . . , xvm) corresponds to a set of vertices strictly contained in {v1, . . . , vm}.

Those sets are not vertex covers, so therefore the corresponding primes do not contain M .

Lemma 3.3.9. Suppose L is the lattice of subspaces of Fr
q. Then S(L)/M(L) is Cohen–Macaulay.

Proof. Write SL := S(L) and M :=M(L) ⊆ SL. By Lemma 3.3.7, we have that

pdSL
(SL/M) ≤ rk(L). However, the longest maximal chain in L is dim(Fr

q) = r, corresponding to

a maximal chain of vector subspaces. Hence, by Proposition 2.1.21, we have that

codim(M) ≤ pd(R/I) ≤ r. To show that equality holds throughout, we show codim(M) ≥ r. To

that end, we make the following observations.

1. The meet-irreducibles in L(Fr
q) are the hyperplanes.

2. The atoms correspond to 1-dimensional subspaces of Fr
q.

3. SL = k[xH : H is a hyperplane in Fr
q]

4. The ideal M can be written as:

M =

( ∏
H ̸⊃ℓ

xH : ℓ ∈ at(L(Fr
q))

)
.

Next, we note that every line Fr
qv ∈ at(L(Fr

q)) corresponds to a hyperplane Hℓ as follows:

Fqv 7→ ker(v̂). (3.3.1)

Note that this correspondence is well-defined. In particular, whenever Fqv = Fqu for nonzero

v, u ∈ Fr
q, then v̂(x) = 0 if and only if û(x) = 0 since v and u are scalar multiples of one another.

Furthermore, the correspondence is 1− 1. Suppose ker(v̂) = ker(û) for v, u ∈ Fr
q. Then, take a

basis x1, . . . , xr−1 for ker(v̂). Write xi =
∑r

j=1 ai,jej for i ∈ {1, . . . , n− 1}. Then, consider the
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linear transformation T : Fr
q → Fr−1

q given by the following matrix with respect to the standard

ordered basis (e1, . . . , en):

A =



a1,1 a1,2 · · · a1,r

a2,1 a2,2 · · · a2,r
...

...
...

ar−1,1 ar−1,2 · · · ar−1,r


.

Note that v, u ∈ ker(A) since ⟨v, xi⟩ = ⟨u, xi⟩ = 0. Since x1, . . . , xr−1 are linearly independent, we

have that rk(A) = r − 1. As such, by rank-nullity, we have that dim(ker(T )) = null(A) = 1.

Hence, Fqv = Fqu. By the same argument, we also get that for any hyperplane H, there exists

some line Fqv such that ker(v̂) = H.

Let p ⊃M be a prime ideal generated by variables. As such, write p = (xH1 , . . . , xHt). Using

the correspondence described earlier, let ℓ1, . . . , ℓt denote the lines corresponding to H1, . . . ,Ht,

respectively. Furthermore, let v1, . . . , vt denote nonzero vectors whose spans are ℓ1, . . . , ℓt,

respectively. Then, for any line ℓ ∈ L(Fr
q), the monomial generator associated to ℓ in M is given by

mℓ :=
∏
H ̸⊃ℓ

xH . (3.3.2)

As such, for a hyperplane H ∈ L(Fr
q), xH | mℓ if and only if ℓ ̸⊂ H. As such, for i ∈ {1, . . . , t},

xHi | mℓ holds if and only if ℓ ̸⊂ Hi = ker(v̂i). Writing ℓ = Fqv, we have that xHi | mℓ holds if and

only if ⟨v, vi⟩ ≠ 0 so that Fqv ̸⊂ ker(v̂i). Since p is a prime ideal containing M , we have that for

every mℓ, there exists some i ∈ {1, . . . , t} with xHi | mℓ and hence ⟨v, vi⟩ ≠ 0. So now, write

vi =
∑r

j=1 ai,jej for every i ∈ {1, . . . , t}. Then, consider the matrix

A =



a1,1 a1,2 · · · a1,r

a2,1 a2,2 · · · a2,r
...

...
...

at,1 at,2 · · · at,r


. (3.3.3)

Suppose v ∈ Fr
q is nonzero. Then, write ℓ = Fqv. As described above, we have that there exists

some i ∈ {1, . . . , t} such that ⟨v, vi⟩ ≠ 0. Hence, for every v ∈ Fr
q, at least one entry of Av is
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nonzero. Thus, null(A) = 0. Hence, rank(A) = r. Thus, v1, . . . , vt is a spanning set consisting of

nonzero vectors. In particular, codim(M) ≥ r.

Lemma 3.3.10. Suppose L is the incidence lattice of a finite projective plane. Then S(L)/M(L)

is Cohen–Macaulay.

Proof. Let H = (V,E) denote a projective plane, and L its incidence lattice. Write M :=M(L)

and SL := S(L). We have the following:

1. SL = k[xℓ : ℓ ∈ E].

2. The monomial generators of M are given by

{mp : p ∈ V },

where

mp :=
∏
p/∈l

xl.

3. xl | mp holds if and only if p /∈ l.

4. |V | = |E| = q2 + q + 1.

Suppose p ⊃M is a minimal prime ideal. Then, for any monomial generator mp ∈M , there

exists some line ℓ ∈ E with xℓ ∈ p and xℓ | mp.

We start off with any point p1 ∈ V . Since mp1 =
∏

p1 /∈l xℓ ∈ p, we have that xℓ1 ∈ p for some

ℓ1 ∈ E. Note that p1 /∈ ℓ1. Then, take any p2 ∈ ℓ1. We then obtain a line ℓ2 with xℓ2 ∈ p and

p2 /∈ ℓ2 since mp2 ∈ p. Lastly, take the unique point p3 ∈ ℓ1 ∩ ℓ2 and obtain a third line ℓ3 with

p3 /∈ ℓ3 and xℓ3 ∈ p. Consider the ideal p′ = (xℓ1 , xℓ2 , xℓ3) ⊂ p. Since ℓ1 ∩ ℓ2 = {p3} while p3 /∈ ℓ3,

we have that ℓ1 ∩ ℓ2 ∩ ℓ3 = ∅. Hence,

¬ℓ1 ∪ ¬ℓ2 ∪ ¬ℓ3 = ¬(ℓ1 ∩ ℓ2 ∩ ℓ3) = V.

In other words, for any point p ∈ V , we have that p /∈ ℓi for some i ∈ {1, 2, 3}. Recall that this

occurs if and only if xℓi | mp. Hence, every monomial generator of M is contained in p′ ⊂ p. As
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such, by minimality we have that (xℓ1 , xℓ2 , xℓ3) = p′ = p. Hence, every minimal prime is generated

by exactly 3 variables. It follows, by Theorem 2.1.23, Proposition 2.1.24, and Lemma 3.3.7, that

codim(M) = 3 ≤ pdim(SL/M) ≤ rk(L) = 3.

Lemma 3.3.11. Suppose L is a finite lattice with rk(L) = 2. Then S(L)/M(L) is

Cohen–Macaulay.

Proof. Note that the elements of rank 1 are both meet-irreducible and join-irreducible. Hence, the

incidence hypergraph H(L) has vertex set mi(L) and edge set {{a} : a ∈ mi(L)}. Recall that the

edge ideal of the complement H(L)c is M(L). Then, note for any a ∈ mi(L), a /∈ {a}c ∈ E(H(L)∗).

Hence, the size of a minimum vertex covering in H is at least 2. We thus have

2 ≤ τ(H(L)∗) = codim(M(L)) ≤ pd(S(L)/M(L)) ≤ 2.

Lemma 3.3.12. Suppose L is a finite, height-1 lattice. Then S(L)/M(L) is Cohen-Macaulay.

Proof. We have that L consists only of a top and bottom element. As such, L has lattice ideal

given by M(L) = (x)⊴ k[x]. Thus, codim(M) = pdS(L)(S(L)/M(L)) ≤ 1.

Theorem 3.3.13. Suppose M is a minimal monomial ideal with a modular LCM Lattice. Then,

S/M is Cohen-Macaulay.

Proof. Since M is minimal, we identify it with the ideal M(L), where L denotes the LCM Lattice.

By assumption L is modular. Hence, by 3.3.4, L ∼= L1 × · · · × Lk for modular lattices L1, . . . , Lk

where each is a lattice of finite vector spaces, incidence lattices of projective planes, height-2

lattice, or height-1 lattices. For each i ∈ [k], take the hypergraph Hi whose vertices are the

indices appearing under variables of M(Li), and whose edges are the subsets of indices of

variables that appear on monomial generators of M(Li). By construction, the edge ideal of Hi is
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M(Li) for all i ∈ [k]. It follows, by Lemma 3.3.9, Lemma 3.3.10, and Lemma 3.3.11, that for each

Li, the quotient S(Li)/M(Li) is a Cohen-Macaulay module over S(Li) with the following

equalities satisfied:

τ(Hi) = codim(M(Li)) = pdS(Li) = rk(Li).

As such, consider the hypergraphs H = H1 ⊔ · · ·Hk. Note that every vertex cover of H restricts to

vertex covers for each Hi. Hence,

τ(H) ≥ τ(H1) + · · · τ(Hk).

Note however that a vertex cover of size τ(H1) + · · ·+ τ(Hk) exists—namely, the vertex cover

obtained by taking a union of minimum vertex covers for each Hi. As such, by 2.2.16, we have

that

τ(H) = τ(H1) + · · · τ(Hk) = rk(L1) + · · ·+ rk(Lk) = rk(L(M)).

Hence, equality holds throughout the following:

τ(H) = codim(M) ≤ pdS(S/M) ≤ rk(L(M)).

The above characterization of lattice ideal depends on the minimality of the associated

monomial ideal. As we see below, the codimension of a monomial ideal can be lowered arbitrarily

all while keeping the isomorphism class of LCM lattice fixed.

Remark 3.3.14. Note that this result does not apply to non-minimal monomial ideals. In

particular, consider the ideal (x1, x2) ⊆ k[x1, x2]. Here, the codimension and rank of the LCM

lattice are both 2. As such, k[x1, x2]/(x1, x2) is Cohen-Macaulay. On the other hand, the ideal

(x1x3, x2x3) ⊆ k[x1, x2] has codimension 1 and an isomorphic LCM lattice.

The following example shows that the converse of the Theorem 3.3.13 is also not true.
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Example 3.3.15. Take S := k[x1, . . . , x6] and consider the edge ideal M ⊆ S of the following

graph.

21 3

54 6

The edge ideal is given by

M = (x1x4, x1x6, x2x5, x2x6, x3x6).

One can observe that this graph comes from a poset on three elements {a, b, c} with a, b ≤ c and

a, b incomparable. As such, by Lemma 9.1.11 of Herzog and Hibi (2011) that the quotient is

Cohen-Macaulay.

However, the LCM Lattice corresponding to M is not even graded, let alone modular. In

particular, observe the existence of maximal chains of different sizes:

1 ≤ x1x4 ≤ x1x2x4x5 ≤ x1x2x4x5x6 ≤ x1x2x3x4x5x6

1 ≤ x1x4 ≤ x1x4x6 ≤ x1x2x4x6 ≤ x1x2x3x4x6 ≤ x1x2x3x4x5x6.

Furthermore, weakening the condition of modularity we require of the lattice does not ensure

that the lattice ideal has a Cohen-Macaulay quotient. Indeed, consider the following.

Example 3.3.16. For a lattice ideal M of an upper semimodular, supersolvable, graded, and

complemented lattice, S/M is not necessarily Cohen-Macaulay. In particular, consider the

following graph:
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One may then consider a lattice obtained from a matroid associated to this graph. This matroid

is a hypergraph whose vertices are the edges of the graph, and whose corresponding hyperedges

(usually called independent sets) are those that correspond to cycle-free (acyclic) induced

subgraphs. We call such a matroid associated to a graph its graphic matroid.

Then, for any matroid, we can define the rank of a subset of vertices as the size of the largest

independent set it contains. We then call a subset a flat if upon adding another vertex to the

subset, its rank increases. The set of flats of a matroid ordered by inclusion is called the lattice of

flats.

By Theorem 7 of Chapter 7 of Birkhoff (1948), the lattice of flats of a matroid over a finite

vertex set is geometric: finite, atomic, and upper-semimodular. Additionally, using the Macaulay

functions “isComplemented” and “isSuperSolvable” in Appendix A, we find that it is also

supersolvable and complemented.

Using the “latticeIdeal” function in Appendix A, we obtain the following monomial ideal.

M = (x1x3x5, x3x4x6, x1x2x3x4, x2x4x5, x1x2x6) ⊆ k[x1, . . . , x6] =: S.

Since the algorithm is the same as in Theorem 2.3.6, the output is a minimal monomial ideal.

However, it is not Cohen-Macaulay. Indeed, while no single variable divides every monomial

generator, every monomial generator is divisible by x2 or x3. Hence codim(M) = 2. Using

Macaulay2, we compute that the projective dimension is 3–as such, S/M is not Cohen-Macaulay.

Remark 3.3.17. Despite its shortcomings, the characterization in Theorem 3.3.13 does not

depend on the characteristic of the field k. In general, the homology of the LCM lattice of a

monomial ideal, and hence the Cohen-Macaulayness of the quotient, can depend on the

characteristic field. We provide an example below.

Example 3.3.18. We use the simplicial complex ∆ associated to the triangulation in Barnette

(1982) of the real projective plane given by the embedding of K6. We take the monomial
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associated to I∆, where minimal generators are given by non-faces. This ideal is shown below.

I∆ := (x1x2x3, x1x2x4, x1x3x6, x1x4x5, x1x5x6, x2x3x5, x2x4x6, x2x5x6, x3x4x5, x3x4x6)

⊆ k[x1, . . . , x6] =: S.

The codimension of this ideal in any characteristic is given by 3. Using Maculay2, we find that

the projective dimension of S/I∆ is 3 for k = Q, and 4 for k = F2.

3.4 When is projective dimension equal to height of the LCM lattice?

In the previous section, we showed that the quotients of lattice ideals associated to modular

lattices were Cohen-Macaulay. Note however that since the betti numbers associated to a

monomial ideal can be computed from the lattice, any two monomial ideals with the same LCM

lattice have the same betti numbers. As such, by the previous section, the projective dimension of

the quotient of any monomial ideal with a modular LCM lattices is equal to the rank of the

lattice. In this section, we extend this result, providing criterions to determine when the

projective dimension is equal to the height.

First, we cite theorems from two papers characterizing the homology of (order complexes) of

finite geometric lattices.

Fix a finite, geometric lattice L with height n. Let µ denote the möbius function of L. By the

following theorem, it follows that the homology groups of L have ranks that can be expressed in

terms of µ.

Theorem 3.4.1. Theorem 4.1, Folkman (1966) As shorthand, let Hi(L) denote the i-th homology

group of the order complex of the open interval (0̂, 1̂)L in L. Then,

If n = 0, 1, then Hi(L) = 0 for all i ≥ 0.

If n = 2, then Hi(L) =


Zµ(0̂,1̂)+1, if i = 0

0, otherwise



51

If n > 2, then Hi(L) =



Z|µ(0̂,1̂)|, if i = n− 2,

Z, if i = 0,

0, otherwise

To use the above theorem for computing projective dimension, we need the following theorem.

Theorem 3.4.2. Theorem 4, Rota (1964) Let µ denote the möbius function of L. Suppose

x, y ∈ L are such that x ≤ y. Then,

(a) µ(x, y) ̸= 0.

(b) If z covers y, then µ(x, y) and µ(x, z) have opposite signs.

Using the above theorems, we have the following:

Theorem 3.4.3. Fix a polynomial ring S over k. Suppose M ⊆ S is a monomial ideal whose

LCM lattice is geometric with height n. Then pdS(S/M) = n.

Proof. For a poset P , write H̃i(P ; k) := H̃i(O(P ); k) for all i ≥ 0. By Lemma 3.3.7, we know that

pdS(S/M) ≤ ht(L(M)). Note that if n = 1, 2, then equality holds by last section since L(M)

would be modular. As such, assume n > 2. Let m denote the maximum element in L(M). Write

L̂ := (1,m)L(M). By Theorem 3.3.6, we have that

bSn ≥ bSn,m(S/M) = dimk H̃n−2(L̂; k).

Since n > 2, we have that H̃n−2(L̂; k) ∼= Hn−2(L̂; k). By the universal coefficients theorem, we

have that there exists a split exact sequence of the k-vector spaces.

0 Hn−2(L̂;Z)⊗Z k Hn−2(L̂; k) Tor1(Hn−3(L̂;Z), k) 0

In particular, we have that Hn−2(L̂;Z)⊗Z k ∼= Z|µ(1,m)| ⊗ k ∼= k|µ(1,m)|. Hence, by Theorem 3.4.2,

dim(Hn−2(L̂; k)) ≥ |µ(1,m)| ≠ 0.
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The above theorem shows that the projective dimension of monomial ideals with geometric

lattices is equal to the rank. The converse is not true.

Example 3.4.4. Consider the edge ideal M of the following graph

As we will see in the next chapter, this graph is not graded and, hence, not geometric. However,

the projective dimension and height are both equal to 4.
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CHAPTER 4. LCM LATTICES OF EDGE IDEALS OF GRAPHS

In this section, we investigate properties of the LCM Lattice of edge ideals of graphs,

deducing the necessary and sufficient conditions for all of the following lattice properties: graded,

upper-semimodular, modular, complemented, geometric, distributive, and Boolean.

By Proposition 2.4.11, the LCM Lattice of an edge ideal of a graph splits as the product of

the edge ideals of each connected component. As such, by Proposition 2.2.17, a product of lattices

is graded, upper semimodular, etc, if and only if all of the factors satisfies those properties. In

other words, the lattices corresponding to a graph satisfy one of those properties if and only if all

of the lattices corresponding to the connected components satisfy those properties. Additionally,

since the edge ideal of a graph only captures information on the edges, we assume our graphs

have no isolated vertices, i.e. that each connected component is non-trivial.

Thus, we may we focus our attention on connected, nontrivial, simple graphs.

Let G denote a connected, simple graph with no isolated vertices. For the remainder of this

section, we call the LCM Lattice L(MG) by “the lattice of G.”

4.1 Graded LCM Lattices

We first discuss the conditions on a graph that are necessary and sufficient for its

corresponding LCM Lattice to be graded. The following characterization was already proved by

Eran Nevo and Irena Peeva.

Theorem 4.1.1 (Proposition 1.3, Nevo and Peeva (2013)). Let G be a simple, nontrivial graph.

Then the following are equivalent,

1. The complement graph Gc is C4 free.

2. L(MG) is graded
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3. MG is linearly presented.

Proof. Let n denote the number of vertices in G. We prove the equivalence between 1 and 2.

First, note that rk(L(MG)) = n. To see this, by taking the edges on a spanning tree of G,

proceeding inductively along this tree, we find a sequence of edges e1, e2, . . . , en such that

∅ ⊆ e1 ⊊ e1 ∪ e2 ⊊ · · · ⊊ e1 ∪ · · · ∪ en,

with |ei+1 ∪ · · · ∪ e1 − ei ∪ · · · ∪ e1| = 1. That is, in L(MG), we have a chain of the form

1 ≤ xe1 ≤ xe1 ∨ xe2 ≤ · · · ≤ xe1 ∨ xe2 ∨ · · · ∨ xen .

Note that this chain is maximal. In particular, there are no elements with 1 < z < xe1 since each

edge has two elements, and there are no elements with xe1 ∨ · · · ∨ xei < z < xe1 ∨ · · · ∨ xei+1 since

|ei+1 ∪ · · · ∪ e1 − ei ∪ · · · ∪ e1| = 1.

Suppose L(MG) is not graded. As such, there exists a maximal chain M with length less than

rk(L(MG)) = n. Write the sets of subscripts of elements in M in increasing order:

∅ ≤ e1 ≤ e1 ∨ e2 ≤ . . . e1 ∨ e2 ∨ · · · ∨ ek.

Since the length of M is less than n, there exists some i ≥ 1 such that

|ei+1 ∪ · · · ∪ e1 − ei ∪ · · · ∪ e1| > 1. Since each edge has 2 vertices, we have that

|ei+1 ∪ · · · ∪ e1 − ei ∪ · · · ∪ e1| = 2, with ei+1 disjoint from each e1, . . . , ei. Consider the induced

subgraph on the vertices in e1 ∪ ei+1. Label the vertices such that e1 = {v1, v2} and

ei+1 = {v3, v4}. Since M is a maximal chain, there exists no edge of the form

{v1, v3}, {v1, v4}, {v2, v3}, {v2, v4}. As such, {v1, v2, v3, v4} is an induced C4 in the complement

graph.

Now, suppose the complement is not C4 free. Then, relabeling, we have two edges {1, 2} and

{3, 4}, where the edges {1, 3}, {1, 4}, {2, 3}, {2, 4} do not occur. Using another spanning tree, take

a chain of elements

1 ≤ x1x2 ≤ x1x2x3x4 ≤ · · · ≤ x1x2 · · ·xn,
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where each monomial after x1x2x3x4 has one more variable than its predecessor. The only way

this chain is not maximal is if there is an element z ∈ L(MG) with x1x2 < z < x1x2x3x4.

However, the existence of such an element is impossible since x1x3, x1x4, x2x3, x2x4 do not occur

as atoms in the LCM lattice.

One can use the above characterization to determine that any induced subgraph of a graded

graph is also graded. Indeed, notice that the complement of an induced subgraph appears as an

induced subgraph in the complement of the graph. We now show forbidden subgraphs that

characterize having an edge ideal with a graded LCM Lattice (or having a C4-free complement

graph).

Proposition 4.1.2. Suppose G is a simple graph. Then L(MG) is not graded if and only if it

contains an induced subgraph isomorphic to one of the following:

Proof. We first consider the case where G is connected. Doing so, suppose L(MG) is not graded.

By Theorem 4.1.1, there exists an induced C4 subgraph in Gc, say {1, 2}, {2, 3}, {3, 4}, {1, 4}. In

G, this corresponds to two edges {1, 3}, {2, 4} for which the above listed edges do not exist.

We now consider the line graph of G, denoted by L(G). This graph is defined to be the graph

whose vertices are edges of G, with two edges being connected iff they share a vertex in G.

Furthermore, in a connected graph H, we define the distance between two vertices v, u ∈ V (H) as

the smallest integer n of a sequence

v = v0, v1, . . . , vn = u,

where vi is adjacent to vi−1 for i ∈ [n]. We denote this quantity by dH(v, u). We then have that

dL(G)({1, 3}, {2, 4}) is greater than 2. In particular, a path of length 2 to one of the form:

{1, 3}, e, {2, 4},
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where e = {1, 3}, {1, 4}, {2, 3}, or {3, 4}. Such edges do not exist by assumption. As such, the

distance between {1, 3} and {2, 4} is at least 3. So now, take a path connecting {1, 3} and {2, 4}

with minimal length m ≥ 3. We thus have edges e0, e1, . . . , em with

{1, 3} = e0, e1, . . . , em = {2, 4}.

Note in particular since m is minimal, dL(G)(e0, e3) = 3. As such, write

e0 = {v1, v2}, e1 = {v2, v3}, e2 = {v3, v4}, {v4, v5}. Note v1, v2, v3, v4, v5 are distinct since otherwise

we could shorten the path below m. Since dL(G)(e0, e3) = 3, no edge {vi, vj} with i ∈ {1, 2} and

j ∈ {4, 5} exist. Hence, the induced subgraph on the vertices {v1, v2, v3, v4, v5} takes on one of the

graphs depicted in the statement of this proposition.

For the other direction, note that if G has one of the graphs depicted above as an induced

subgraph, then there exists edges e, e′ with dL(G)(e, e
′) = 3. Hence, writing e = {1, 3} and

e′ = {2, 4}, the edges {1, 2}, {2, 3}, {3, 4}, {1, 4} do not exist in G. This is an induced C4 in Gc.

For the case where G is not connected, we have that its LCM Lattice is not graded if and only

the LCM Lattice of one of G’s connected components isn’t graded. By the above argument, this

holds if and only if that connected component has an induced subgraph isomorphic to one of the

graphs depicted above.

4.2 Supersolvable LCM Lattices

With the characterization for graphs with graded LCM lattices, we now determine what

characterizes stronger properties on the lattice. Next, we show the necessary and sufficient

conditions for a graph to have a supersolvable LCM lattice.

Theorem 4.2.1. A connected, nontrivial graph G has a supersolvable LCM lattice if and only if

there exists an edge adjacent to every other edge.

Proof. Suppose no edge is adjacent to every other edges in G. First, note by definition of a

supersolvable lattice, if the lattice of G is not graded, then it cannot be supersolvable. As such,

suppose L(MG) is graded. Take a maximal chain M . Since it is a maximal chain, the first
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element in M covers 1 and is hence a monomial generator of MG. Let e be the edge labeling this

element. By our assumption, there exists some edge e′ nonadjacent to e. Then, since G is graded,

there exists an edge connecting endpoints of e and e′. That is, rk(xe ∨ xe′) = 3. Thus,

2 = rk(xe) + rk(xe′) ̸= rk(xe ∨ xe′) + rk(xe ∧ xe′) = 3.

Since this holds for every maximal chain, L(G) is not supersolvable.

Now, suppose there is an edge e = {a, b} adjacent to all other edges in G. Relabel the vertices

as follows: V (G) \ e := {1, . . . ,m}. Then, consider the maximal chain

M = {1 ≤ xe ≤ xex1 ≤ xex1x2 = xex[2] · · · ≤ xex[i] ≤ · · · ≤ xex[m]}.

We claim this maximal chain satisfies the condition required for supersolvability. Note that every

edge in G has a or b as an endpoint. Hence, xa or xb divides every atom of L(MG). Then, every

non-bottom element in L(MG) is of the form xaxS with S ⊂ N(a), xbxT with T ⊂ N(b), or

xaxbxR with R ⊂ V (G) \ e. Let S ⊂ N(a) and R ⊂ V (G) \ e. We have:

xex[i] ∨ xexR = xexR∪[i],

xex[i] ∧ xexR = xexR∩[i],

xex[i] ∨ xaxS = xexS∪[i]

xex[i] ∧ xaxS = xaxS∩[i].

Hence,

rk(xexR∪[i]) + rk(xexR∩[i]) = (|R ∪ [i]|+ 2)− 1 + (|R ∩ [i]|+ 2)− 1

= |R ∪ [i]|+ |R ∩ [i]|+ 2

= |R|+ |[i]|+ 2

= (|R|+ 2− 1) + (i+ 2− 1) = rk(xexR) + rk(xex[i]).
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Additionally,

rk(xexS∪[i]) + rk(xaxS∩[i]) = (|S ∪ [i]|+ 2)− 1 + (|S ∩ [i]|+ 1)− 1

= |S ∪ [i]|+ |S ∩ [i]|+ 1

= |S|+ |[i]|+ 1

= (|S|+ 1− 1) + (i+ 2− 1) = rk(xaxS) + rk(xex[i]).

By the same argument, elements of the form xbXT satisfy the rank condition with elements from

M .

Example 4.2.2. By the above theorem, a graph with a supersolvable LCM lattice will take the

following form.

4.3 Modular and Boolean LCM Lattices

Theorem 4.3.1. Suppose G is connected and nontrivial. The following are equivalent:

1. L(MG) is geometric

2. L(MG) is upper semimodular

3. G has no disjoint edges

4. G is isomorphism to C3 or Stn

5. L(MG) is modular

Proof. We take the vertex set of G to be [n].

(1 ⇔ 2) Since LCM lattices of monomial ideals are atomic, L(MG) is upper semimodular iff

L(MG) is geometric.



59

(2 ⇒ 3) Suppose L(MG) is upper semimodular; let ρ denote the rank function of L(MG).

Suppose two edges e, e′ are disjoint. Write e = {1, 2} and e′ = {3, 4}. Since L(MG) is graded, it

contains at least one of the following edges: {1, 3}, {1, 4}, {2, 3}, {2, 4} ⊆ [n]. As such,

1 ≤ x1x2 ≤ x1x2xi ≤ x1x2x3x4 is a saturated chain for some i ∈ {3, 4}. Since the rank function

can be defined by position of an element on a maximal chain, we have ρ(x1x2x3x4) = 3. Note

however, x1x2 ∧ x3x4 = 1. We thus have that L(MG) is not upper-semimodular since:

1 + 1 = ρ(x1x2) + ρ(x3x4) < ρ(x1x2 ∨ x3x4) + ρ(x1x2 ∧ x3x4) = 3 + 0.

As such, e and e′ are not disjoint.

(3 ⇒ 4) On the other hand, suppose there are no disjoint edges in G. If n = 2, we have that

G ∼= St2 as a single edge. If n ≥ 3, then G ∼= St3 or G ∼= C3. If n ≥ 4, then we have G ∼= Stn. Say

we have {1, 2}, {1, 3} ∈ E(G). Since there are no disjoint edges, any vertex i must be contained

on an edge of the form {1, i}. For n ≥ 4, any edge without 1 can contain at most 2 of the vertices

in G. However, there are at least 3 other vertices, and hence at least one pair of disjoint edges.

(4 ⇒ 5) If G ∼= Stn, then L(MG) is Boolean by Theorem 3.2.3. If G ∼= C3, then the lattice

L(MG) is a rank-2 lattice given as follows.

1

x1x2 x1x3 x2x3

x1x2x3

Hence, L(MG) is modular by Theorem 3.3.4.

(5 ⇒ 2) By definition, a modular lattice is upper semimodular.

Corollary 4.3.2. The only simple, nontrivial, connected graphs associated to upper semimodular

lattices are C3 and Stn for n ≥ 2. Furthermore, all upper semimodular lattices of edge ideals are

also supersolvable.

Proof. By the proof of Theorem 4.3.1, for a simple, nontrivial, connected graph G, L(MG) is

upper semimodular if and only if G has no disjoint edges, which we proved holds if and only if
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G ∼= Stn or G ∼= C3. Note that these such graphs also satisfy the condition for supersolvability.

That being, there is at least one edge connected to every other edge.

Corollary 4.3.3. For connected graphs G, the following are equivalent

1 L(MG) is distributive.

2 L(MG) is Boolean.

3 G is a star graph.

4 MG is not minimal.

Proof. For 1 ⇒ 2, we have by Proposition 3.4.5 of Stanley (2011) that a finite distributive lattice

is Boolean if and only if it is atomic. For 2 ⇒ 1, note that a Boolean lattice is distributive by

definition.

Note that a Boolean lattice is always upper-semimodular. As such, G ∼= C3 or G ∼= Stn for

n ≥ 2. Since L(MC3) is not Boolean, we must have G ∼= Stn.

By Theorem 3.2.3, a star graph has a Boolean lattice.

Recall that by Theorem 3.1.10, MG is non-minimal if and only G ∼= Stn for some n ≥ 2.

4.4 Complemented LCM Lattices

The weakest condition we present is that for complemented lattices. Here, the translation of

the existence of a complement for every element in the LCM lattice of an edge ideal is given as

follows.

Proposition 4.4.1. Let G be a simple graph. For any induced subgraph H without isolated

vertices, let I(H) denote the vertices v ∈ V (G) connected only to vertices in H. The LCM lattice

of a graph G is complemented iff for every induced subgraph H ∈ V , there exists some

independent set X ⊂ H such that I(H) ⊂ N(X).

Proof. Suppose L(MG) is complemented. Then, let xA, xB ∈ L(MG) be a pair of complements.

Let I(A) denote the vertices that become isolated in G[V \A]. Since I(A) ⊂ V \A, we have that
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I(A) ⊂ B. Consider the set B ∩A. Since B is a complement, B ∧A =
∨

e∈B∩A e = ∅. Hence,

B ∩A is an independent set. Note that since they correspond to elements of the LCM lattice, A

and B are both unions of edges. As such, for each a ∈ I(A), there exists an edge ea ⊂ B to which

it’s incident. Then,
⋃

a∈I(A) ea ⊂ B satisfies A ∩
⋃

a∈I(A) ea ⊂ A ∩B = ∅. We then have that

I(A) ⊂ N(A ∩
⋃

a∈I(A) ea).

Suppose for every union of edges A ⊆ V , there exists some independent X ⊂ A such that

I(A) ⊂ N(X). Let A ⊆ V be a union of edges. Choose any independent X ⊂ A such that

I(A) ⊂ N(X). We then have that for each a ∈ I(A), there exists an edge ea connecting some

element in X to a. Consider B :=

(⋃
a∈I(A) ea

)
∪ (V (G) \ (A ∪ I(A))). Since every vertex in

V (G) \ (A ∪ I(A)) is non-isolated in G[V \A], we have that (V (G) \ (A ∪ I(A))) can be obtained

as a union of edges. Hence B is also a union of edges. Furthermore, A ∩B = A ∩
⋃

a∈I(A) ea ⊂ X.

Hence A ∧B = ∅. At the same time, A ∪B = A ∪ (V (G) \A) = V (G). Hence B is a complement

for A.

4.5 LCM Lattice Properties for Edge Ideals of Standard Graph Classes

Proposition 4.5.1. We have the following characterizations:

1. The path graph Pn has a

• graded LCM lattice iff n ≤ 4.

• complemented LCM lattice iff n ̸≡ 1(mod 3).

2. The cycle graph Cn has a

• graded LCM lattice iff n ≤ 6.

• complemented LCM lattice for all n ≥ 3.

3. The complete graph Kn has a graded and complemented LCM lattice for all n ≥ 2.

4. The anticycle graph (Cn)
c has a graded LCM lattice for n ̸= 4.
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Proof. 1. For any n ≥ 5, Pn has an induced P5. As such, L(MPn) is not graded.

Take the vertices of Pn to be [n] such that i is adjacent to i+ 1 for i ∈ [n− 1].

First, suppose n ≡ 1(mod 3) with n > 1. We show that Pn is not complemented. To this end,

consider the element indexed by the set S = {i ∈ [n] : i ≡ 0, 2(mod 3)}. We claim no complement

exists for xS . To see this Let T denote the indices of the complement. Note that T is a union of

edges covering [n]− S and not containing any edges in S. As such, since 1 ∈ T , we have that

2 ∈ T and hence 3 /∈ T . Proceeding inductively, we have that 1, 2, 4, 5 . . . , n− 3, n− 2 ∈ T . We

then have that n− 1 /∈ T so as not to induce an edge. However, having n ∈ T forces n− 1 ∈ T .

Thus, no complement exists for S.

Now, we prove that for r ∈ {0, 2}, P3k+r is complemented by induction on k. First, the lattice

of P2 consists only of the top and bottom elements which are complemented. Then, the lattice of

P3 has elements {1, x1x2, x2x3, x1x2x3}. Here, the pairs of complements are (1, x1x2x3) and

(x1x2, x2x3).

Now, suppose n ≥ 5 with n ≡ 0, 2(mod3). Suppose xS is an element of L(MPn). If we consider

the membership in S of the first three vertices in Pn, we have the following possible arrangements:

1 ∈ S, 2 ∈ S, 3 ∈ S, 1 /∈ S, 2 ∈ S, 3 ∈ S, 1 ∈ S, 2 /∈ S, 3 ∈ S, 1 ∈ S, 2 ∈ S, 3 /∈ S

1 ∈ S, 2 /∈ S, 3 /∈ S, 1 /∈ S, 2 ∈ S, 3 /∈ S, 1 /∈ S, 2 /∈ S, 3 ∈ S, 1 /∈ S, 2 /∈ S, 3 /∈ S.

Note however that, as a union of edges, every element in S must be adjacent to another element

of S. This leaves us with only the following possible arrangements:

1 ∈ S, 2 ∈ S, 3 ∈ S,

1 /∈ S, 2 ∈ S, 3 ∈ S,

1 ∈ S, 2 ∈ S, 3 /∈ S

1 /∈ S, 2 /∈ S, 3 ∈ S,

1 /∈ S, 2 /∈ S, 3 /∈ S.

We construct a complement element xT for xS as follows. Consider the induced subgraph

corresponding to xH = x4x5 · · ·xn. Then, consider the subset S′ = S ∩ {4, . . . , n}. For xS′ to be
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an element of [1, xH ], we need every element in S′ to be adjacent to at least one other element in

S′. Since S satisfies this property, we have the following:

4 ∈ S, 5 ∈ S ⇒ xS′ ∈ [1, xH ]

4 /∈ S, 5 ∈ S ⇒ xS′ ∈ [1, xH ]

4 /∈ S, 5 /∈ S ⇒ xS′ ∈ [1, xH ]

4 ∈ S, 5 /∈ S ⇒ xS′ /∈ [1, xH ].

In the case where xS′ ∈ [1, xH ], we note that [1, xH ] is isomorphic to the lattice of Pn−3. By the

induction hypothesis, this lattice has a complement xT ′ for xS′ . We then define complements for

xS as follows.

1 ∈ S, 2 ∈ S, 3 ∈ S,⇒ xT := xS′

1 /∈ S, 2 ∈ S, 3 ∈ S,⇒ xT := x1x2xS′

1 ∈ S, 2 ∈ S, 3 /∈ S,⇒ xT := x2x3xS′

1 /∈ S, 2 /∈ S, 3 ∈ S,⇒ xT := x1x2xS′

1 /∈ S, 2 /∈ S, 3 /∈ S.⇒ xT := x1x2x3xS′

It suffices to show no edges exist in S ∩ T . However, since no edges exist in S′ ∩ T ′, we have that

any edge in S ∩ T must be either {1, 2}, {2, 3}, {3, 4}. We can easily check that no edge appearing

in S also appears in T . Hence xT is a complement for xS in this case.

For the other case, we have 4 ∈ S and 5 /∈ S. As such, consider the subset S′′ := S′ − {4}. It

follows that xS′′ ∈ [1, xH ]. By induction, we take a complement element xT ′′ . In each of the
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following possibilities, we define the complement xT :

1 ∈ S, 2 ∈ S, 3 ∈ S, 4 ∈ S, 5 /∈ S ⇒ xT := xT ′′

1 /∈ S, 2 ∈ S, 3 ∈ S, 4 ∈ S, 5 /∈ S ⇒ xT := x1x2xT ′′

1 ∈ S, 2 ∈ S, 3 /∈ S, 4 ∈ S, 5 /∈ S ⇒ Impossible: S is a union of edges

1 /∈ S, 2 /∈ S, 3 ∈ S, 4 ∈ S, 5 /∈ S ⇒ xT := x1x2xT ′′

1 /∈ S, 2 /∈ S, 3 /∈ S, 4 ∈ S, 5 /∈ S ⇒ Impossible: S is a union of edges.

Since xT ′′ is a complement of xS′′ in [1, xH ], there are no edges in T ′′ ∩ S′′. Since 4 /∈ S′ ⊆ S,

we have that T ′′ ∩ S′′ = T ′′ ∩ S′ = T ′′ ∩ S. Hence, no edges in H appear in T ′′ ∩ S. As such, we

just need to check if any of the edges {1, 2}, {2, 3}, {3, 4} appear in T ∩ S. But one can easily

check that none of these edges appear in T ∩ S. As such xT ∧ xS = 1. At the same time, every

element of ¬S is contained in T . Hence, xS ∨ xT = x1 · · ·xn. Thus Pn is complemented.

2. For n ≥ 6, Cn has an induced P5 and is therefore not graded. For n = 3, 4, 5, the line graph

of Cn has diameter 1, 2, 2, respectively.

Suppose n ≥ 3. Label the vertices of Cn by the elements V := {0̄, 1̄, . . . , ¯n− 1} = Z/nZ such

that each ī is adjacent to ¯i+ 1.

Now, take a union of edges S. Define ei := {̄i, ¯i+ 1} for each ī ∈ V − S. Then consider

T :=
∨
ī /∈S

ei.

We have T ∪ S = V since the complement of S is contained in T . Observe that no edges in S are

induced in T since for any ī /∈ S, we must have ¯i+ 1, ¯i+ 2 ∈ S.

3. For n ≥ 2, the line graph of Kn has diameter 1. Hence, L(MKn) is graded.

Let the vertices of Kn be denoted by [n]. To see that it is also complemented, suppose

S ⊆ [n]. If S = [n], then take T = ∅. If S = [n]− {i}, take T = {1, i}. Otherwise, take

T = [n]− S. It follows in each case that T is a union of edges. We thus have that |S ∩ T | < 2 and

hence xS ∧ xT = 1. Since [n]− S ⊆ T , we have that xS ∨ xT = x1 · · ·xn. As such, L(MKn) is

complemented.
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4. The complement of an anti-cycle on n vertices is defined as the complement graph of Cn.

(Cn)
c has an induced C4 in its complement precisely when n = 4.

The following Venn diagram depicts the relationships between properties of LCM lattices of

edge ideals. Each nonempty part of the Venn diagram has an accompanying example graph.
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CHAPTER 5. SUMMARY AND DISCUSSION

In Chapter 3, we investigated minimal monomial ideals: those that occur as the output of the

algorithm in Phan (2006). Viewing a square-free monomial ideal as a simple hypergraph, we

characterized when a monomial ideal is minimal in terms of the combinatorial structure of the

dual hypergraph. We then investigated the minimal monomial ideals associated to modular

lattices, using Birkhoff’s characterization of modular lattices via projective geometries to show

that the quotients of such ideals are Cohen-Macaulay. We also show that that result depends on

the minimality of the monomial ideal.

In Chapter 4, we fully characterized quadratic square-free monomial ideals whose LCM lattices

satisfy properties such as graded, geometric, modular, Boolean, solvable, or complemented.

5.1 Future Work

In the future, one may generalize the conditions on the graph for the associated LCM lattice

to be graded, geometric, modular, Boolean, etc, to r-uniform hypergraphs for r > 2. Additionally,

one may also use these characteristics to determine properties of the Betti numbers as in Nevo

and Peeva (2013).
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APPENDIX A. MACAULAY2 CODE

We provide several of the functions defined in our LCM lattice package.

--**************************************************************************

Usage: I = latticeIdeal L

Input: L a (finite) lattice

Output: The squarefree monomial ideal via Phan’s algorithm whose LCM lattice

is L.

--**************************************************************************

latticeIdeal = method()

latticeIdeal Poset := ideal => L -> (

if not(isAtomic L) then (

error "ideal: Expected a atomic lattice."

);

C := select(meetIrreducibles L, x -> not x == (maximalElements L)_0);

n := length C;

S := QQ[x_1..x_n];

I := ideal(apply(apply(apply(atoms L, a -> select(toList(1..n),

i-> compare(L,a,C_(i-1)))),S->product apply(S, i->x_i)),

M-> product apply(toList(1..n),i->x_i)/M));

sub(I,S)

)
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--**************************************************************************

Usage: x = isSuperSolvable L

Input: L a (finite) lattice

Output: A boolean corresponding to whether L is a supersolvable lattice.

--**************************************************************************

isSuperSolvable = method()

isSuperSolvable Poset := Boolean => L -> (

if not(isGraded L) then (

O := false

) else (

S := L.GroundSet;

rk := y->(rankFunction L)_(position(S,x->x===y));

M := maximalChains L;

M = apply(M,m->flatten unique apply(m,y->(apply(S,x->

(rk((posetMeet(L,x,y))#0) + rk((posetJoin(L,x,y))#0) == rk(x) + rk(y))))));

M = M/unique;

O = any(M,x->x==={true})

)

)

--**************************************************************************
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Usage: x = isComplemented L

Input: L:Lattice

Output: x:Boolean corresponding to whether lattice L is complemented

--**************************************************************************

isComplemented = method()

isComplemented Lattice := Boolean => L -> (

S := L.GroundSet;

S = apply(S, x->any(S,y->((posetMeet(L,x,y))#0 == (minimalElements L)#0 and

(posetJoin(L,x,y))#0 ==(maximalElements L)#0)));

S = not (#(unique S) === 2)

)

--**************************************************************************

--Sample code:

-- Graph that is both supersolvable and complemented:

i1 : G = graph{{1,2},{2,3},{2,4},{3,4}};

i2 : I = edgeIdeal o34;

i3 : L = lcmLattice I;

i4 : isComplemented L

o4 = true

i5 : isSuperSolvable L

o5 = true
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-- Graph that is complemented but not supersolvable:

i1 : G = completeGraph 4;

i2 : I = edgeIdeal G;

i3 : L = lcmLattice I;

i4 : isComplemented L

o4 = true

i5 : isSuperSolvable L

o5 = false

-- Graph that is supersolvable but not complemented:

i1 : G = pathGraph 4;

i2 : I = edgeIdeal G;

i3 : L = lcmLattice I;

i4 : isComplemented L

o4 = false

o5 : isSuperSolvable L

o5 = true

-- Graph that is neither complemented nor supersolvable:

i1 : G = pathGraph 7;

i2 : I = edgeIdeal G;

i3 : L = lcmLattice I;

i4 : isComplemented L

o4 = false
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i5 : isSuperSolvable L

o5 = false
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