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|. Kinematic redundancy

ll. Dynamic force/torque relationship



|. Manipulator Jacobian
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effector X1
x =| ! |: task (or operational) coordinates
4] Xm (often position & orientation of the end-effector frame;

som = 6ifa 3D task or 3 if a 2D one.)

Forward kinematics: x = f(0)
¢
x=](0)6
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Jacobian J(8) = % e RIMXN

Assumption 1 The Jacobian J(0) has full row rank. —> rank(J) =m <n



Manipulator Redundancy

Assumption 2 (redundancy) n = ||8|| > 6. = null(J) # @

o JJT = I¢ (6 x 6 identity matrix if m = 6)
- ) .
Pseudoinverse X = ] (H)H

JP=7Tgm 1
0=]"x+(l,—]])w for any w € R™.

Projection of w onto

null()) = {(I, —J1))w | ® € R"}
ﬁ JL, =) ) =]-1J1]=]-]=0
JO=]]"x=x

e null(J) characterizes all the joint motions beyond realizing the specified motion
of the task frame located at the end effector.



Application 1: Position-Dependent Performance
Optimization
Make use of the redundancy to minimize a position-dependent criterion h(0) [1].

¢ Projects the gradient of h onto the joint motion.
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Null space component

« Null space component (self-motion) of 8 decreases h while having no effect on the end effector
motion x.

e Let h = —,/det(JJT) to maximize the manipulability index /det(JJT7) and keep away from
singularities.



Joint Limit Avoidance — Gradient Projection (GP)

Goal: Keep every joint angle 6; in the middle of its range [0imin, Oimaxl-

In [2], let

n

lmld _ o .

h = E // normalized to account for variations in the range.
=1 lmld Himax

0imin+6;
Where Hlmld — lmmz lmax.

. on\
0 =Jtx—A(1, —J1)) <%)

\

Y
DraWbaCkS' self-motion

% The gain —1 > 0 is chosen in a trial-and-error manner. A value suitable for one configuration is
often not good for a different one.

& Keeping the joints in the middle could result in excessive and unnecessary motion to reduce the ability
to perform other tasks such as obstacle avoidance.

% Gradient component along the row space of J is ignored, which may result in a self-motion too small to
avoid joint limit.



Joint Limit Avoidance — Weighted Least Norm (WLN)

In [3], an improvement uses a weighted generalize inverse:

W1 ces 0
Jo=w jTgw-1mNH-1 where W = :
0 - w,
to update the joint velocities as
. w .
0 =Jyx
+ Use a new performance criterion (potential):
1 n (9 P )2 // the closer to a limit, the larger the value.
h - — z [max min dh _ (Himax _ eimin)z(zei - Himax _ Himin)
4 —1 (Hi‘max T el)(el _ leln) 001 4(9imax — 91')2(91' — Himin)z
oh
//‘—‘—>ooase-—>9- or 0; = O, in-
+ Set the weights to penalize only motions towards the limits. 199 Lome e
14+ |22 i (0; — 0;;4) - §; >0 M if the joint is moving toward a limit, the
W 99, // joint motion 6; should be reduced to zero.
i
1 otherwise. /I no penalty if the joint is moving away

[/l from the limit.



Benefits of WLN [9]

In [3], experiments conducted over a 7-DOF manipulator have shown lower motion costs (joint
velocities) and smaller oscillations for WLN than GP.

e WWLN uses self-motion only when it is necessary.
(W=2jh — %)% // self-motion.

e |t guarantees avoidance of joint limits.

e |t is oscillation-free in general.

e |t utilizes the redundancy solely for optimizing another criterion when moving away from the
joint limit.



Il. Force/Torque Relationship

T € R": joint torque vector

f € R™: force applied by the end effector

Virtual displacement Virtual displacement
in the task space in the joint space
— —
dx =J(0)60

¢ Non-redundant manipulator (m = n) = J nonsingular under Assumption 1.

For all 60 - -
T760=fT6x —> T'60=fT]50 > T =[]

— T=]'f

* Materials in Section Il are from [4], [5]



Some Caveats

t=]'f

& T € row(J/) < m. But the set of joint torques has n dimensions. The above force-torque
relationship is not always true if (a) n > m orif (b) m = n but ] is singular.

& The equation has also ignored the gravity effect of the arm:

T=90)+]'f

& It has also assumed non-existence of any dynamic effect:

T = M(B)B + C(e; 9)9 + g(H) — Text



Redundant Manipulator

n>m
Under Assumption 1, rank(J(8)) = m. Consider the SVD J = U(Z,,, 0)V .

-1
¢ The generalized inverse J# =V (Z$ )UT is reflexive.

#_
¢ JJ7T =1y Null space of | associated with J#
|

sx=J(0)80 > 60=J"(0)6x+ (L, —J"(6)](6))56,
\_Y_/

Arbitrary joint vector

o (In —]#(0)](9)) 58, does not vary the position and orientation of the end-effector.

Infinitely many joint displacements exist without altering its pose!

o (In —]#(0)](9)) &8, varies the internal pose of the manipulator.



Force/Torque Relationship under Redundancy

A torque in addition to J T f € row(J) must exist to change the manipulator’s pose.

T=]"f+1

& 7'60 = f"5x does not hold because the applied joint torque T will no longer be
supported by the reaction force f of the environment.

¢ fT6x only accounts for the part of 6W done by f at the end-effector.

¢ The other part of W, done by 7', is attributed to causing the pose changes.

Total virtual displacement: §0 = J#(0)6x + (In —]#(9)](9)) 50, for some 66,

Total virtual work: SW =1'50
=17J%(0)ox + 7 (I, —J*(6)](8)) 56,

= ((]#)Tr)T 5x + ((In —]#])TT)T 50,



Static Consistency

T T
SW = ((]#)Tr) 5x + ((In —]#])Tr) 56, T=]"f+7T
\_Y_)
=f
¢ The additional torque t’ does not yield work along §x. So, it must hold that
f = (]#)TT _ ]#TUTf + 1) (static consistency)

ﬁ JT =) = I
T =0 ie., T € null(]#T).
ﬂ]# is reflexive (i.e., J*JJ* = J#) and thus]## =].

]T# _ ]#T

T = (In —]T]#T) To forsome t, € R"
\

v
Projection onto null(]#T)



Total Joint Torque

¢ Total joint torque:
T_]Tf‘|‘( T]#T) Ty
I f=1" (") =1
(=177 )70 = (b =1 ) ro + (I =TI T) J7f
= (L =JT7*") (7S + 7o)
= (L, =) )z

¢ Decomposition of t:
g r=] v+ (L, -7 )T
— Y /
Torque generating Torque acting in
the end-effector force the null space

since JTJ# JT =7



Manipulator Dynamics

M(6)0+C(0,0)0+g(0) =T+Teyy —> O+MICO+M1g=M"1(T+ Tey)
—r S — = JO+JMTICO+ Mg = JMTI(T + Toyr)

Mass matrix  Coriolis & Gravity External
centrifugal torque
terms x=]0 —> x=J0+]6

N
X+(UMIC—])0+ Mg =M™ (T + Tex)

T=]"f+ (I, —JTUT)#)roﬂ

X+(MIC—])0+]M g =M JTf + Texr) + M (I, = JTU )70

Toxt 1S €Xxerted on the manipulator due to, say, the resultant force passed on from the environment
through the object in contact with the end-effector (T.4¢ = J T fext Often holds).



Dynamic Consistency

X+(MIC—])0+]M g =M JTf + Tex) + M (L, = JTU )70

¢ The acceleration x at the operational point is not affected by any z, if and only if

T, arbitrary

M~ (I, = )T *)te =0 S MY (L, —-JTgD*) =0
(llT)# = (]#)> M1 (In _]T(]#)T) —0
> " =My M
> JF=rEMtt oM DT

¢ /* Is the unique dynamically consistent generalized inverse.



Minimum Kinetic Energy

The kinetic energy of the manipulator is %GTMB.

Let us determine the joint velocity to achieve a given end-effector velocity while minimizing
the kinetic energy:

1. : :
manHTMH subjectto JO = x
0

We convert the problem into an unconstrained one using m Lagrange multipliers represented by a vector A:

1. . . . .
min=0"MO+127(J6-%x) —> O'M+AT =0 c— O=M1YTA

6 2
—> JO=]MYTA=x —> i=((M YT lx
J fully ranked and
M non-singular

|:> 0 — M—1]T(]M—1]T)—1x :]*X

The dynamically consistent generalized inverse J* of the Jacobian also
minimizes the kinetic energy.


https://faculty.sites.iastate.edu/jia/files/inline-files/lagrange-multiplier.pdf

Dynamics Projected onto the End Effector

With J# = J* = M~1 JTJM~YJ 7)1, dynamics is simplified to
X+(MC—])0+ M g =M (JTf + Texe)

J

AO)X + u(e, 9) +p@)=f +A(9)]M_1Text (Dynamic behavior of the end

effector in the workspace.)

= fext if Text — ]Tfext

where
& A(@) = UM~Y1)~1 : the operational space kinetic energy matrix.

% 1) =AN6)M1C(6,0)6 — A (0)]6
=7*7C(6,0)0 — A(0)]6 since J* =M1 JTUM~YYT)1 = M~1 JTA(B)
»p(0) =]"g(6)

¢ fincludes all the dynamic forces reflected at the end effector.



Decoupled Controls
M(0)6 +C(6,0)0 + g(0) = T+ Tex
=T+ (In =JTJ )T + Text =TT 0+ (b =TT+ Tex
=JT(A(0)% + p(6,8) +p(6) — " Texe) + (In —J 7T )To + Text

If Text = ]Tfext’ then

T  Taxt + Text = ()T JT + ] )fext = O
i

M(0)8 +C(6,6)8 + g(0) =7 (A®)i +p(6,8) + p(8)) + (I, —JTJ* "),



Operational Space (i.e.,Task Space) Control

Rewrite dynamics:
T =] (A% +p(0,0) +p(0) —J " Text) + (In —J 7T )70

Construct controller:

e Control the end-effector by designing f to compensate for centrifugal, Coriolis, and
gravitational forces, i.e., f = A(@)a + u(0,8) + p(6).

¢ Forinstance, in the above equation replace x with a servo a = x; + K, x, + K, x,.

e Control the internal motion by designing z,, which will be responsible for the dynamics
projected onto the null space. For example, T, = VV for some potential function V.

t=]T(A@)a+u(0,0) +p0) —J " tex) + (I — 7T )70

t=]T(A@)a+pu(0,0)+pO) — fext) + (In—JTT )10 if Text =) fext



Application 2: Potential Field Based Minimization

«T
=]+ (=] )T
Choose t, to realize a desired internal motion of the manipulator.

e Construct an artificial potential field function V().
o Let TO = _VV(B)

» Interference of T, with the end effector dynamics is avoided by the projection I, — JTJ*'
onto null(J*").

Example Keep every joint angle 6; in the middle of its range imin Olmax]

2
V =k z (ei . Oimin ‘|2' 9imax> or V= k z Oimax — Himin)z
— (9 —0:)(6; — Oimin)

imax

/I not good for online control because it offers no

// information on how close 8; is t0 0;,iy, OF Omay- /lintroduced for Application 1.
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