566

IEEE TRANSACTIONS ON ROBOTICS, VOL. 32, NO. 3, JUNE 2016

Planning the Initial Motion of a Free
Sliding/Rolling Ball
Yan-Bin Jia, Senior Member, IEEE

Abstract—This paper investigates the motion of a free ball with
initial velocity and angular velocity on a horizontal plane under
friction. The ball will first slide along a parabolic trajectory (with its
contact velocity in constant direction) and then roll along a straight
trajectory. Curving of the sliding trajectory can be utilized for
obstacle avoidance in path planning. A one-to-one correspondence
exists between curved trajectories of the ball from one point to
another and pairs of sliding and rolling directions that span a cone
at the starting point to contain the ending point in the interior. This
leads to a compact 2-D trajectory space, in which obstacles induce
monotonic constraint curves. Based on the monotonicity, a plane
sweep algorithm is described to find all collision-free trajectories.
The work has several distinct features: handling of both sliding and
rolling; planning in the configuration space of trajectories not that
of the ball; computation of not just one collision-free trajectory
but all such trajectories; and, finally, combining dynamics with
computational geometry. The application of the work to spherical
robots is discussed at the end.
Index Terms—Computational geometry, dynamics, friction,
rolling, sliding, trajectory planning.

I. INTRODUCTION
WO rigid bodies in contact with relative motion typically
experience one or both of the following modes: rolling
and sliding. Rolling imposes a nonholonomic constraint of zero
contact velocity that is not derivable from the contact constraint
itself. The mode yields a much larger set of reachable configurations (each comprising a position and an orientation) than
sliding does. For example, a ball rolling on a plane can achieve
reorientation and simultaneously reach a desired location [30].
A general result given in [31] established the controllability of
two bodies rolling on each other to attain an arbitrary relative
configuration.
The ability to access a configuration space of dimensions
greater than the number of controls has attracted much attention to the study of rolling in motion planning, mobile robots,
and dexterous manipulation. The ball–plate problem [35], in
particular, is concerned with rolling a ball on the plane from an
initial configuration to a goal configuration. The solution in [30]
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Fig. 1. Ball of radius ρ moving on a plane at velocity v and angular velocity
ω under frictional force f.

constructed a set of spherical triangles to realize Lie bracket motions. Following this geometric approach, other algorithms were
proposed to generate reconfiguration paths that combined circular arcs with either line segments [35] or Viviani’s curves [43],
concatenated geodesic quadrilaterals [37], or consisted of just
two logarithmic spirals [10]. An optimal control solution was
also devised to minimize the integral of the ball’s kinetic energy
along the path [24].
In comparison, sliding has generated less interest, mostly in
parts orienting and in-hand orientation tracking. In the literature
of motion planning, sliding has largely been ignored. This is due
in part to a limited configuration space accessible via sliding,
as mentioned earlier, and in part to the unavailability of reliable
tactile sensors to track contact locations and predict slips [38].
In this paper, we will demonstrate that sliding offers the benefit of curving the trajectory of a moving ball, a phenomenon that
can be utilized for obstacle avoidance. The problem is depicted
in Fig. 1. A ball is moving on a horizontal plane P under the
complete influence of friction.
Without a loss of generality, the origin o is placed at the ball’s
starting location and the xy plane is aligned with the plane P.
The ball has no actuation during its motion. The following question is posed:
Does there exist any initial velocity and angular velocity that will
bring the ball under friction to stop at a given location on the plane
while avoiding obstacles?

We will present a planning algorithm that computes all feasible initial motions of the ball. This study will bear several
distinctions from most path or motion-planning algorithms.
1) It considers both rolling and sliding contacts.
2) It first applies a dynamics-based analysis to compact the
space of ball trajectories and then applies a computational
geometry technique to acquire the subspace of collisionfree ones.
3) Planning is conducted in the configuration space (Cspace) of trajectories (not of the moving ball).
4) The algorithm finds all collision-free trajectories instead
of just one.

1552-3098 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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The rest of this paper is organized as follows. Section II surveys related work on contact-based motion planning and manipulation, as well as work on rolling robots. Section III analyzes
the sliding and rolling motions of the ball in Fig. 1, revealing
constant directions of the contact velocity during both phases.
Section IV shows that the sliding trajectory is part of a parabola,
whose geometry can be exploited for obstacle avoidance. Section V quantifies a 2-D space of all trajectories to a destination
point and presents their monotonicities. Section VI investigates
the constraint curves in the trajectory space induced by a set of
(vertical line) obstacles. These constraint curves define a planar
subdivision, over which a plane sweep algorithm is given in
Section VII to compute all collision-free ball trajectories (and
their enabling initial motions). Finally, Section VIII discusses
several generalizations of the algorithm and its applicability to
spherical robots.
In this paper, vectors are denoted by bold letters. A unit vector
has a caret (e.g., v̂).
II. OTHER RELATED WORK
The kinematics of spatial motion with point contact was first
studied in [3]. Contact kinematics were separately derived as
a system of differential equations [33], with a specialization to
rolling.
Assuming rolling contact only, forward kinematics of a multifingered hand and contact kinematics were employed to solve
for the finger motions necessary to achieve a desired object motion [26]. Kinematics of rolling were also combined with motion
planning and force closure checking in dexterous manipulation
planning [14].
A ball rolling in an ellipsoidal bowl with merely one actuation was shown to be controllable [5]. By planning its joint
trajectory, a robot was capable of moving its contacts first into a
“stable region” via rolling and then driving them to the desired
locations [16].
Control algorithms based on rolling contact were developed
for manipulation with two arms [41], four spherical fingertips [4], deformable fingertips [11], and multiple objects [15].
Alongside the above theoretical developments, spherical mobile robots were designed to perform rolling (and possibly spinning) under the assumption of no slip. They usually had internal
driving units (IDUs) mounted inside spherical shells. An IDU
created gravity imbalance to generate the robot’s motion. It
could be a driving wheel [13], a small car [2] moving at the
bottom of the shell, or a pendulum connected with a gimbal
frame [28]. It could also consist of two rotors [1], [23], [34],
[46] or four-step motors [18], which created motion by changing
the system inertia. The ballbot [36], with a design different from
the above two types, combined an inverse mouse-ball drive with
a yaw drive, and planned parameterized trajectories via constrained optimization.
Quasi-static frictional sliding was exploited in sensorless
parts orienting [12]. A six-degree-of-freedom plate capable of
generating asymptotic velocity fields could manipulate parts
under sliding contact [45]. Frictionless sliding of an articulated hand on a 2-D object were able to achieve a force-closure

567

grasp [44]. Motion control of a grasped object to track a preplanned trajectory was realized via finger sliding either without
friction [40], or under friction quasi-statically [25] or dynamically [7].
The work in [29] planned the initial velocity and angular
velocity of a planar part for it to slide freely from one given
configuration to a goal configuration. In this paper, we plan
the initial velocity and angular velocity of a ball for it to slide
as well as roll freely to a goal location. Compared with its
earlier conference version [20], this paper includes details of
motion and trajectory analyses, uses a different plane sweeping
direction for full correctness, and presents a more complete
execution example.
III. MOVING BALL ON A PLANE
Refer to the moving ball in Fig. 1. Denote by v 0 and ω 0 the
ball’s initial velocity and angular velocity, respectively. A zcomponent of v 0 would result in the ball impacting or jumping
from the plane. This leads to our first assumption:
(A1) The initial velocity v 0 has no z components.
A. Sliding
Initially, at the origin o, the ball’s contact point with the plane
has the velocity
s0 = v 0 + ρẑ × ω 0

(1)

where ρ is the ball’s radius and ẑ = (0, 0, 1).
When s0 = 0, the ball starts out sliding. The sliding velocity
at the contact is
s = v + ρẑ × ω.

(2)

Because the total force in the z-direction remains zero, under
Assumption A1 the z component of v will stay zero. The ball is
nevertheless subject to a frictional force f = −μs mgŝ, where
μs is the coefficient of sliding friction, m is the ball’s mass, g is
the magnitude of the gravitational acceleration, and ŝ = s/s
is the instantaneous direction of sliding. The ball’s angular inertia matrix I is equal to 25 mρ2 times the 3 × 3 identity matrix,
with respect to any frame at the its center.
The dynamics of sliding are governed by the following Newton’s and Euler’s equations:
mv̇ = −μs mgŝ

(3)

I ω̇ + ω × (Iω) = (−ρẑ) × (−μs mgŝ)

(4)

where the overdots denote differentiations with respect to time.
Immediately, we obtain the ball’s acceleration and angular acceleration as
v̇ = −μs gŝ
ω̇ =

5
μs gẑ × ŝ.
2ρ

(5)
(6)

From (6), the z component of ω will not change. By (2), this
component does not affect s and, consequently, it does not
influence the frictional force under Coulomb’s model. Therefore, it has no effect on v or the other two components of ω and,
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eventually, no role in shaping the ball’s trajectory. To keep our
presentation clean, we make a second assumption, as follows.
(A2) The initial angular velocity ω 0 has no z component.
The above assumption and (6) together imply that ω always
lies in the xy plane. Utilizing its orthogonality to ẑ, we can
express ω in terms of v and s by taking the cross products of ẑ
with both sides of (2) as
1
ω = ẑ × (v − s).
ρ

(7)

5
ṡ = −μs gŝ + μs gẑ × (ẑ × ŝ)
2
7
= − μs gŝ
(8)
2
since ẑ · ŝ = 0. From the above, we infer that ṡ is opposite s0 ,
which further implies that s will not change its direction until
it becomes zero. When s0 = 0, we refer to ŝ = s0 /s0  as the
sliding direction.
That ŝ is constant allows us to integrate (5), (6), (8) as

ω = ω0 +

5
μs gt(ẑ × ŝ)
2ρ

(9)
(10)

7
s = s0 − μs gtŝ.
(11)
2
These equations were derived earlier in [32, pp. 10–11].
The sliding trajectory is obtained from one more round of
integration—this time of (9) as
1
x = (x, y) = v 0 t − μs gt2 ŝ.
2
From (11), sliding ends with s = 0 at time
2s0 
.
tr =
7μs g

(12)

(13)

(14)
(15)
(16)

B. Pure Rolling
At time tr , the frictional force opposes v r and is, thus, orthogonal to ω r by (15). Neither v nor ω will change its direction
from now on. The ball starts pure rolling without slip (s = 0)
along a straight trajectory. Now, (7) simplifies to
1
ω = ẑ × v.
ρ

7
mv 2 .
10

Ė =

7
mv v̇.
5

(18)

Meanwhile, the dissipation is due to the rolling frictional force,
which empirically has a magnitude1 equal to μr times the normal force mg, where μr is the coefficient of rolling friction.
The energy change is due to the negative work done by rolling
friction along a distance x: ΔE = −μr mgx, which yields the
dissipation rate
Ė = −μr mgv.

(19)

Equating the two rates (18) and (19), we obtain v̇ = − 75 μr g.
Thus, the ball rolls at the velocity
5
v = v r − μr g(t − tr )r̂
7

(20)

where r̂, referred to as the rolling direction, is the unit vector in
the direction of v r .
From (20), the ball will come to stop at time
te = tr +

7v r 
.
5μr g

(21)

Integrating (20) gives the line trajectory of rolling as

The velocity, angular velocity, and location at the moment follow
from (9), (7), and (12) as
2
v r = v 0 − s0
7
1
ω r = ẑ × v r
ρ


1
xr = tr v 0 − s0 .
7

=

It dissipates at the rate

Let us differentiate (2) and substitute (5) and (6) into

v = v 0 − μs gtŝ

tion. Because the directions of v and ω will not change, we
denote them by their magnitudes v and ω with no ambiguity.
Equation (17) becomes v = ρω. The kinetic energy of the ball
is


2
1
1
2
2
mρ ω 2
E = mv + ·
2
2
5

(17)

To derive the deceleration of the ball, we adopt Marlow’s
treatment [32, p. 12] based on the principle of energy dissipa-

x = xr + (t − tr )v r −

5
μr g(t − tr )2 r̂.
14

(22)

The ball will come to rest at
xe = x(te ) = xr +

7v r 
vr .
10μr g

(23)

Equations (12) and (22), over the time periods [0, tr ] and
(tr , te ], respectively, completely describe the ball trajectory. An
example is shown in Fig. 2.2 The values of the coefficients
of friction μs = 0.3 and μr = 0.15 will also be used in the
remaining examples in this paper.
The trajectory in Fig. 2(a) agrees with what we will observe
right after a massé shot in a billiards game: The cue ball slides
along a curve, making a slight noise from scratching the felt,
before rolling straight ahead.

1 Rolling friction is caused by deformations of the rolling object and the
surface in the contact area. Such deformations depend on the material of the
object and the surface, and on the weight of the object. Unlike for sliding friction,
a formula for rolling friction is not easily derivable.
2 From now on, the sliding segment of a trajectory will be drawn in blue and
the rolling segment will be drawn in red.
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B. Parabolic Sliding
When v 0 · ω 0 = 0, under Assumptions A1 and A2 it follows
from (1) that v 0 × s0 = 0 and v 0 × ŝ = 0. Take the cross products of ŝ with (12) to obtain the time when the ball slides to a
location x as
x × ŝ
(24)
t=
v 0 × ŝ
where cross products are treated as scalars along the z-axis.
Thus, x × ŝ = 0 as long as t > 0 (i.e., x = 0).
Next, we take the cross product of (12) with v 0 and substitute (24). After some cleanup and rewriting, the following
implicit equation for the sliding trajectory is derived4 :
1
μs g(x × ŝ) · (x × ŝ) + (x × v 0 ) · (ŝ × v 0 ) = 0
(25)
2
and the curve (25) is quadratic. Letting ŝ = (cos α, sin α),
where α is called the sliding angle, we write the quadratic term
in (25) as
(x × ŝ) · (x × ŝ) = (x · x) − (x · ŝ)2
= ax2 + 2bxy + cy 2

Fig. 2. Motion of a unit ball with initial velocities v0 = (4, 3) and
ω0 = (14, −25). The initial sliding velocity is s0 = (29, 17). Rolling starts
at xr = (−0.46669, 1.86675) at time tr = 3.26681 with velocity vr =
(−4.28571, −1.857143) and angular velocity ωr = (1.85714, −4.28571).
It ends at xe = (−9.99892, −2.26389) at time te = 7.71519. (a) Ball trajectory, where the velocities are drawn as arrows of lengths proportional to their
magnitudes. Piecewise straight trajectories of (b) the velocity v over (0, te ), (c)
the angular velocity ω over (0, te ), and (d) the sliding velocity s over (0, tr ).

IV. GEOMETRY OF SLIDING
The ball’s rolling trajectory (22) is a line segment and thus
simple. This section will focus on its sliding trajectory, which
turns out to be generally curved.
A. Straight Sliding
Proposition 1: The ball’s velocity and trajectory are always
collinear with the initial velocity v 0 if v 0 is orthogonal to the
initial angular velocity ω 0 .
Proof: When v 0 · ω 0 = 0, the initial sliding velocity s0 =
v 0 + rẑ × ω 0 is collinear with v 0 , and so is the sliding direction
ŝ. It follows from (9) and (12) that v × v 0 = 0 and x × v 0 = 0
during sliding. The two cross products will stay zero when the
ball changes to rolling, which will keep the velocity direction at
the end of sliding.

By the proposition, the entire ball trajectory is straight. We can
analyze the ball’s movement by comparing v0 = v 0  with ρω0 ,
where ω0 = ω 0 · (ẑ × v 0 /v 0 ).3 Details are given in [21].

3 In

the case v0 = 0, let ω 0 = ω0 .

where a = sin2 α, b = cos α sin α, and c = cos2 α. Because
ac − b2 = 0, the curve is a parabola [17, p. 394].
Theorem 2: When v 0 · ω 0 = 0, the ball slides along a
parabola generated from first rotating the parabola
μs g
y=
x2
(26)
2v 0 × ŝ2
about the origin through α + π/2 and then translating it by


v 0 · ŝ
1
∗
x =
(27)
v 0 − (v 0 · ŝ)ŝ .
μs g
2
Proof: The curvature function of the parabola (25) is obtained from its parametric form (12) as
κ(t) =

ẋ × ẍ
μs gv 0 × ŝ
=−
.
ẋ3
v3

(28)

The parabola’s vertex is at x∗ , where the curvature reaches the
maximum value or, equivalently by (28), where the ball has the
minimum speed v. Utilizing (9), the dot product
v · v = v 0 · v 0 − 2μs g(v 0 · ŝ)t + μ2s g 2 t2
is minimized5 at t∗ = μ1s g v 0 · ŝ, which is substituted into (12)
to yield the form (27) of x∗ .
The curve’s orientation can be found from the velocity vector
at t∗ (which is tangent to the curve) as
v ∗ = v 0 − μs gt∗ ŝ = v 0 − (v 0 · ŝ)ŝ.

(29)

Thus, v ∗ · ŝ = 0. Since x∗ · ŝ = 2μ1s g (v 0 · ŝ)2 > 0, the curve
bends away from ŝ (see Fig. 3). This implies that the parabola’s
axis of symmetry is in the direction −ŝ, and α + π/2 is the
desired rotation.
4 Equation (25) is trivially satisfied when v · ω = 0 under which x, ŝ, and
0
0
v0 are collinear.
5 The vertex is not reachable by the ball if t∗ < 0 or t ∗ > t .
r
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by (1) and v r = 0 by (14). In this section, we will ignore obstacles to characterize the following set:
Sv ω = {(v 0 , ω 0 ) | v 0 · ω 0 = 0 and xe = q}.
Section VI will study how the set is reduced by obstacles.
A. Trajectory Space

Fig. 3. Sliding trajectory, taken from Fig. 2, is originally part of a parabola
y = 4.60139x2 after undergoing a rotation through the angle 2.10101 and then
a translation by x∗ = (3.13805, 2.94665).

Finally, we decide the canonical form y = ax2 of the
parabola. Its curvature 2a at the vertex must be equal to the
curvature value in (28) at t∗ , yielding
a=
=

Plug (1) into (14) and rewrite the result along with (1) as
  ⎛ 1 1⎞

s0
v0
=⎝5 2⎠
(31)
vr
ρẑ × ω 0
−
7 7
where the vectors are viewed as “scalar entries.” Nonsingularity
of the coefficient matrix above implies a one-to-one correspondence between (s0 , v r ) and (v 0 , ρẑ × ω 0 ). The latter tuple, in
turn, has a one-to-one correspondence to (v 0 , ω 0 ) under Assumptions A1 and A2, and the condition v 0 · ω 0 = 0. The correspondence loop is closed. From (14) and (7), we obtain
2
s0 + v r
7


1
5
ω 0 = ẑ × v r − s0 .
ρ
7
v0 =

μs gv 0 × ŝ
2v ∗ 3
μs gv 0 × ŝ
2v 0 − (v 0 · ŝ)ŝ3

μs g v 0 × ŝ
·
2 v 0 × ŝ3
μs g
=
.
2v 0 × ŝ2
=

(30)


5
0 = v0 − μr gt
7
5
q = tv0 − μr gt2 .
14
Eliminate t from the above two equations to derive

10
v0 =
qμr g
and ω0 = v0 /ρ.
7
Straight trajectories from o to q can cause collisions with
obstacles between o and q. For this purpose, we will consider
curved trajectories only.
Implied by Proposition 1 and Theorem 2, every curved trajectory is due to some (v 0 , ω 0 ) with v 0 · ω 0 = 0. Thus, s0 = 0

(33)

Thus, to study a ball trajectory, we need only consider the
initial sliding and rolling velocities s0 and v r in the directions
ŝ and r̂, respectively. Substituting xe = q and (16) with (13)
into (23), every (v 0 , ω 0 ) ∈ Sv ω must satisfy


1
2 s0 
7 v r 
vr .
(34)
q=
v 0 − s0 +
7 μs g
7
10 μr g
Next, plug (32) into (34) to rewrite q as a conical combination
of ŝ and r̂:

V. CURVED TRAJECTORIES TO DESTINATION
In the rest of the paper, we consider how to move the ball
from the origin o to a destination point, say, q. Without a loss
of generality, the x-axis points toward q such that q = (q, 0).
If no obstacle is at distance ρ or less from the line segment
oq, then a straight rolling trajectory from o to q suffices. Since
the ball will stay on the x-axis, its initial velocity and angular
velocity are scalars v0 and ω0 . Equations (20) and (22) at the
time instant where rolling stops (v = 0 and tr = 0) reduce to

(32)

q = cs ŝ + cr r̂

(35)

where
2s0 2
49μs g


2s0  7v r 
cr =
+
v r .
7μs g
10μr g
cs =

(36)
(37)

Now, we introduce a set
Ssr = {(ŝ, r̂) | ŝ × r̂ = 0 and (35) holds for cs , cr > 0}.
Given (ŝ, r̂) ∈ Ssr , the initial velocities that will take the ball
to rest at q can be determined as follows. First, from (35), we
obtain
q × r̂
q × ŝ
cs =
and
cr = −
.
(38)
ŝ × r̂
ŝ × r̂
Next, solve (36) and (37) for the following velocity magnitudes:

cs μs g
(39)
s0  = 7
2
√
cr 2μs g

v r  =
.
(40)
7μs
√
cs + cs +
cr
5μr
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L(α, β)
Ro (α)
Rq (α)
Ro (β)
Rq (β)
Λ(α, β)
Π(α)
Π (β)

its straight rolling segment;
ray from o along ŝ(α);
ray from q along ŝ(α);
ray from o along −r̂(β);
ray from q along −r̂(β);
open region bounded by oq and T (α, β);
open region bounded by oq, Ro (α), Rq (α);
open region bounded by oq, Ro (β), Rq (β).

C. Monotonicity of Trajectories
Fig. 4. Space of curved trajectories T (α, β) that take the ball from the origin
o to a point q on the positive x-axis. The space consists of two open triangular
regions bounded by the two axes and the lines α − β = π and β − α = π.

Fig. 5. Notation surrounding a ball trajectory from the origin o to q. (The
trajectory plot uses α = π2 and β = − π6 .)

Ω− = {(α, β) | 0 < α < π

Finally, we obtain
s0 = s0 ŝ

and

v r = v r r̂

(41)

and from them, v 0 by (32) and ω 0 by (33).
Theorem 3: The mapping φ : Ssr → Sv ω defined by
steps (38)–(41), (32), and (33) is bijective.
A proof of the above theorem is given in Appendix A. The
sliding and rolling directions are represented by their polar angles as
ŝ(α) = (cos α, sin α)

Concatenating a parabola segment with a line segment tangent
to it at their joint, a trajectory T (α, β) from o to q is convex
and, therefore, either above the x-axis or below it except at the
two endpoints.
Theorem 4: For any (α, β) ∈ Ω, T (α, β) and T (−α, −β)
are reflections of each other in the x-axis.
Proof: Trivially, by (42), the sliding directions ŝ(α) and
ŝ(−α) are symmetric about the x-axis, and so are the two
rolling directions r̂(β) and r̂(−β). Tracing the construction
of v 0 and ω 0 over (38)–(41) and (32)–(33), we see that
cs (α, β) = cs (−α, −β) and cr (α, β) = cr (−α, −β). Consequently, v 0 (α, β) and v 0 (−α, −β) are symmetric about the
x-axis, and so are ω 0 (α, β) and ω 0 (−α, −β). Their generated
trajectories T (α, β) and T (−α, −β) are reflections in the xaxis.

Under Theorem 4, we need only focus on the lower half of
the trajectory space drawn in Fig. 4. It is

and

r̂(β) = (cos β, sin β)

(42)

where α was introduced earlier as the sliding angle and β is
referred to as the rolling angle. Since q is on the positive x-axis,
it is easy to see that the set Ssr is bijective to the following set
of (α, β) values:
Ω = (0, π) × (α − π, 0) ∪ (−π, 0) × (0, α + π)

(43)

which is plotted in Fig. 4. Applying Theorem 3, the set Sv ω
of curved trajectories from o to q is also bijective to Ω. We
thus refer to Ω as the trajectory space, which is viewed as the
configuration space (C-space) of trajectories.
B. Nomenclature
Under the mapping sequence Ω → Ssr → Sv ω , we can reconstruct the ball trajectory given a point (α, β) ∈ Ω. Write,
for instance, T as T (α, β), v 0 as v 0 (α, β), and ŝ as ŝ(α). The
following notation is introduced (see Fig. 5):
T (α, β) ball trajectory determined by α and β;
C(α, β) its parabolic sliding segment;

and

α − π < β < 0} (44)

over which r̂ × ŝ > 0. The upper half is denoted Ω+ = Ω −
Ω− .
Theorem 5: Recall the notation in Section V-B. The following hold for all α ∈ (0, π):
1) For any β1 , β2 ∈ (α − π, 0) with β1 < β2 , T (α, β2 ) −
{o, q} ⊂ Λ(α, β1 ).
2) Every point p ∈ Π(α) lies on T (α, β) for unique β ∈ (α −
π, 0).
Theorem 6: The following hold for all β ∈ (−π, 0):
1) For any α1 , α2 ∈ (0, β + π) with α1 < α2 , C(α1 , β) −
{o, xr (α, β)} ⊂ Λ(α2 , β) and L(α1 , β) ⊂ L(α2 , β).
2) Every point p ∈ Π (β) lies on C(α, β) for unique α ∈
(0, β + π).
The proofs of Theorems 5 and 6 are given in Appendix B.
Fig. 6 plots two groups of trajectories, respectively, with the
same sliding and rolling angles.
Theorem 7: Two distinct trajectories T (α1 , β1 ) and
T (α2 , β2 ) over the domain Ω− intersect at most once at a point
other than o and q unless β1 = β2 .
The above theorem is proved in Appendix C.
VI. CONSTRAINT CURVES INDUCED BY OBSTACLES
The presence of obstacles will shrink the space Ω in (43)
of curved trajectories to contain collision-free ones only. For
clarity of presentation, we will make a third assumption:
(A3) Obstacles are line segments vertically standing on the xy
plane and having heights at least the ball’s radius ρ.
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In the trajectory space Ω− , a C-disk Di above or intersected
by the x-axis defines a region inside which every point (α, β)
yields a trajectory T (α, β) to collide with bi . If (α, β) is on the
boundary of the region, then T (α, β) is a tangent to Di .
A. Four Types of C-Disks

Fig. 6. Two groups of ten trajectories from the origin to (3, 0) with (a) the
same sliding angle α = π/6 but different rolling angles βi = 1 11 1−i (α − π),
1 ≤ i ≤ 10, and (b) the same rolling angle β = −π/6 but different sliding
angles α i = 1i1 (β + π), 1 ≤ i ≤ 10.

Fig. 7. Configuration space for a unit ball moving from the origin o to
q = (8, 0). There are five vertical line obstacles located at b1 = (3, 3),
b2 = (46/5, 4/5), b3 = (4, −1/2), b4 = (−7/5, 2/5), and b5 = (4, −3),
inducing five C-disks of radius 1.

In Section VIII, we will explain how to remove the above
assumption to handle obstacles of general shapes.
Suppose that there are n obstacles standing at the points
b1 , . . . , bn in the xy plane. The C-space for path planning coincides with the xy plane. In the C-space, the ball shrinks to a
point and every obstacle at bi induces a disk Di centered at bi of
radius ρ. Each disk is a C-space obstacle referred to as a C-disk.
Fig. 7 shows an example with five obstacles.
Despite the presence of obstacles, we still only need to focus
on the subspace Ω− in (44) of all the trajectories from o to q
above the x-axis. Due to the convexity of a trajectory, only Cdisks above or intersected by the x-axis could cause collisions.
Under Theorem 4, finding the collision-free trajectories below
the x-axis is equivalent to finding those above the axis that
avoid the reflections (over the axis) of the obstacles below or
intersected by the axis.

The C-disks not below the x-axis are either A) above the axis;
or intersecting it either B) to the right of q, C) between o and
q, or D) to the left of o. In Fig. 7, the disks D1 , D2 , D3 , and D4
are obstacles of types A, B, C, and D, respectively.
Below, we look at the four types closely, assuming all polar
angles to be in the range (−π, π).
1) Type A: Tangent trajectories to a C-disk D of this type
are either from above or from below. To characterize them, we
note that there are two tangent lines from the origin o to D at
−
p+
o from above and at po from below. Similarly, the two tangent
−
lines from q to C have tangencies p+
q and pq .
Every upper-bounding tangent trajectory T (α, β) has a tan+
gency point between p+
o and pq on D. As illustrated in
Fig. 8(a) for D = D1 from Fig. 7, the maximum β value, de+
+
noted βm
ax , is the polar angle of the vector q − pq . By (44),
+
+
α < β + π ≤ βm ax + π ≡ αm ax . Meanwhile, the α value of
the trajectory must be bounded from below by the polar angle
+
+
+
αm
in of po . As α increases from αm in (exclusive), the tangent
+
trajectory T (α, β) has β increasing from αm
in − π (exclusive).
In Fig. 8(a), the trajectory T1 is defined by an α value slightly
+
larger than αm
in . Eventually, α will increase to some value
+
αm id at which the ball starts rolling right at p+
q , as in the case of
+
+
T2 = T (αm
,
β
).
As
α
continues
to
increase,
the β value
m ax
id
+
.
This
is
the
case
with
the
trajectory
T3 . All the
will stay at βm
ax
(α, β) values defining these tangent trajectories form the curve
γ 1 plotted in Fig. 8(c). The curve is called a constraint curve.
Points in the interior of the region bounded by the curve and the
line K : α − β = π include all the trajectories that enclose the
obstacle b.
A tangent trajectory may also bound the obstacle from below.
As illustrated in Fig. 8(b) for the same obstacle b, the α value for
−
such a trajectory varies from αm
in (exclusive), the polar angle
−
−
−
of po , to βm ax + π (exclusive), where βm
ax is the polar angle
−
of q − pq . As α increases, the point of tangency on the C-disk
−
moves from p−
o to pq on the lower part of the disk boundary.
Of the three shown trajectories, T1 is tangent at p1 between p−
o
−
−
−
and p−
q , T2 = T (αm id , βm ax ) starts rolling at pq , and T3 along
−
−
−
with all trajectories with α ∈ (αm
id , βm ax + π) and β = βm ax
−
have the same point of tangency at pq . All the lower-bounding
tangent trajectories are represented by the constraint curve γ 2
in Fig. 8(c). The interior of the region in Ω− bounded by γ 2 , K,
and the α- and β-axes represents all collision-free trajectories
below the obstacle.
In summary, all the trajectories colliding with the obstacle b1
constitute the shaded region in Fig. 8(c).
A constraint curve is said to have the following type:
“−” if points immediately to its left or above it define trajectories
not colliding with b, or
“+” if points immediately to its right or below it define trajectories not colliding with b.
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Fig. 9. (a) Tangent trajectories to the obstacle b2 of type B in Fig. 7. (b)
Constraint curve induced by b2 , where the shaded region represents all trajectories that would collide with the obstacle. (c) Constraint curves γ4 and γ5 ,
respectively, induced by the obstacles b3 and b4 from Fig. 7.

Fig. 8. Tangent trajectories to the C-disk of type A centered at b1 = (3, 3) in
Fig. 7. (a) Three tangent trajectories are enclosing the disk at (3, 3). All such
trajectories constitute the curve γ1 in Ω − in (c). (b) Three tangent trajectories
are below the disk. All such trajectories constitute the curve γ2 in Ω − in (c),
+
+
−
−
where β m
= βm
a x and β m id = β m a x . The (shaded) region includes (α, β)
id
values for which the trajectory T (α, β) collides with the obstacle b1 .

In Fig. 8(c), γ 1 (colored blue) is of type “+,” while γ 2 (colored red) is of type “−.” This coloring scheme will be used in
the remainder of the paper.
2) Type B: Fig. 9(a) shows the situation with the obstacle
b = b2 from Fig. 7. Here, pq is the point of tangency from q
to the part of C-disk above the x-axis. It is easy to see that
any tangent trajectory T (α, β) must have β ≤ βm ax , the polar
angle of q − pq . As α increases from 0+ , the point of tangency
moves from infinitely close to px , where the circle intersects
the x-axis, to pq . The trajectory T1 in Fig. 9(a) assumes an
intermediate α value during the increase. The trajectory T2 =
T (αm id , βm id ), with βm id = βm ax , starts rolling at pq , which
will remain to be the tangency point as α continues to increase to

approach αm ax = βm ax + π. This is the case with the trajectory
T3 . The resulting constraint curve γ 3 is shown in Fig. 9(b) with
(αm in , βm in ) = (0, −π). The collision-free region is bounded
by γ 3 , K, and the α- and β-axes.
3) Types C and D: Only the portion of a type C C-disk above
the x-axis is considered. Fig. 9(c) shows a constraint curve γ 4
in Ω− introduced by the disk D3 from Fig. 7. It is like γ 1 in
Fig. 8(c). The collision-free trajectories are represented by the
open region enclosed by the curve and the line K.
Fig. 9(c) also plots the constraint curve γ 5 due to the C-disk
D4 of type D from Fig. 7. Unlike the other constraint curves,
γ 5 does not have a horizontal segment in the αβ plane. This is
because D4 lies to the left of o; thus, no trajectory reaching q
can have its right and straight (rolling) segment tangent to D4 .
On the curve γ 5 , the minimum α value is equal to the polar
angle of the upper tangent from o to D4 .
The above description of constraint curves can be easily made
more rigorous to establish the following fact.
Theorem 8 (Monotonicity): A constraint curve γ in D− is
open with its two endpoints (exclusive) on the line K : α − β =
π. In a traversal from its lower endpoint to upper endpoint, α
increases monotonically while β does so too before reaching its
maximum value βm ax .
B. Subdivision of the Trajectory Space
Only a type A obstacle yields two constraint curves instead
of one. The constraint curve(s) due to an obstacle, regardless
of its type, bounds exactly one region in the trajectory space
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A. Sweep Line Status

Fig. 10.
Fig. 7.

Subdivision of the trajectory space Ω − induced by the obstacles in

Ω− , which consists of all the points (α, β) defining T (α, β) to
collide with the obstacle.
The constraint curves of all the obstacles define a planar
subdivision of Ω− . The vertices include the endpoints of the
constraint curves and their intersections. An edge is the segment between two vertices and, as part of a constraint curve, it
is always monotonic under Theorem 8. Fig. 10 plots the subdivision defined by the constraint curves γ i , 1 ≤ i ≤ 5, shown in
Figs. 8(c) and 9(b), (c). The figure also plots the lower endpoint
+
e−
i and the upper endpoint ei of γ i , 1 ≤ i ≤ 5, and the curve
intersections hj , 1 ≤ j ≤ 6. (The line M shown in the figure
will be sweeping across D− to construct the subdivision. This
will be presented in Section VII.)
A vertex (α, β) that is the intersection of two constraint curves
yields a trajectory T (α, β) tangent to their defining C-disks. The
following fact is proved in Appendix D.
Proposition 9: Two constraint curves in Ω− intersect no
more than once unless their defining C-disks have a common
tangent passing through the destination q.
Following the proposition, the number of vertices is O(n2 ),
which also bounds the total number of edges and regions due to
planarity.
Within an open region in the subdivision, every point (α, β)
defines a trajectory T (α, β) colliding with the same subset of
obstacles, referred to as the region’s colliding set. If this set is
empty, the region is called collision free.

VII. PLANE SWEEPING
Our task is to find all collision-free regions in the planar
subdivision over Ω− . We here employ a plane sweep technique
from computational geometry [9, pp. 21–29]. A horizontal line
M will sweep across Ω− in a bottom-up fashion. The line will
make a stop at every vertex in the subdivision of Ω− to carry out
some computation. As M sweeps across, the subdivision will
also be constructed.

At an intermediate position, the open segment of the sweep
line M within Ω− , that is, M ∩ Ω− , is divided into σ smaller
segments by the constraint curves that intersect it. The sweep
line status S is a list of these constraint curves ordered from left
to right according to their intersections with M. In Fig. 10,
M slightly below its drawn position would have the status
γ 4 , γ 3 , γ 2 , γ 1 . These four curves partition M ∩ Ω− into
σ = 5 segments.
Denote by si the ith segment from left to right on M ∩ Ω− ,
where the zeroth segment is bounded on the left by the β-axis.
The segment si is not explicitly computed, since it can be found
from S and the position of M. We introduce a counter array
c[ ], where every entry c[i], 0 ≤ i < σ, stores the size of the
colliding set for the region immediately above si . If c[i] = 0,
then the region above the segment is collision free.
For efficiency, the status S is stored in a data structure such
as a red-black tree [8, 308–329], an AVL tree [27, 459–475], or
a splay tree [42].
B. Event Handling
An event happens when the upward translating line M passes
by some vertex of the subdivision. Among the vertices, the endpoints were computed before the sweep, while the intersection
points are generated during the sweep. Together, they are referred to as the event points in the terminology of sweeping. They
will be hit by M in the increasing order of the β-coordinate. The
event points are maintained in a priority queue Q implemented
as another balanced binary search tree. They are added and then
removed from Q.
The sweep line M may be passing by multiple event points
(with the same β coordinate) simultaneously.6 In such a situation, we picture M undergoing an infinitesimal clockwise
rotation; therefore, it will hit these event points from left to
right. For example, M at the shown position in Fig. 10 contains
two intersections h2 and h3 of γ 3 with γ 2 and γ 1 , respectively,
+
and the upper endpoint e+
3 of γ 3 . The order is h2 , h3 , e3 .
With the above special handling, at any time during the sweep
a constraint curve is “intersected” by M at most once. For
clarity of description, we make the following assumption on
nondegeneracy.
(A4) No two C-disks have a common tangent line through the
destination q.
Thus, under Proposition 9, two constraint curves intersect
no more than once. This assumption can be removed with very
little effort.
Consider the line M passing by an intersection hj of two
constraint curves γ l and γ r , which were on the left and right,
respectively, just before M hits hj . Suppose that they were
bounding the segment sk on M preceding the event. After the
intersection, they still bound sk except now with γ r on the left
and γ l on the right. At hj , a new region Π starts to be swept out
6 Such event points are often created when the horizontal segment of a constraint curve intersects two or more other constraint curves.
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Fig. 13. Two constraint curves γ1 and γ2 , due to the obstacles b1 and b2 ,
respectively, start at the lowest point (0, −π) of Ω − . The lower endpoint of γ1
is ordered before that of γ2 during the initialization.

Fig. 11. Four types of intersection points classified based on the types of
the two curves γl and γr from the left and right: (a) (−, −); (b) (−, +); (c)
(+, −); and (d) (+, +). A solid arrow shows the sweeping direction, while a
hollow arrow marks the side of a curve on which points define trajectories not in
collision with the associated obstacle. In (a) and (c), the sweep line M is rotated
slightly clockwise to show the swept part of the horizontal curve segment γl .
The region Π is being discovered.

or the current rightmost segment disappears. In the former case,
a new constraint curve is added as the last one in the sweep line
status S. We need to check whether it intersects its preceding
constraint curve in S. In addition, the line M is discovering a
new region Π.
One of the following counter updates is carried out at eaj based
on (a, b), where b is the type of γ j :
e) (−, −): c[σ] ← c[σ − 1] + 1 and σ ← σ + 1;
f) (−, +): c[σ] ← c[σ − 1] − 1 and σ ← σ + 1;
g) (+, −): σ ← σ − 1;
h) (+, +): σ ← σ − 1.
At an event of case (b) or (f), if c[k] = 0 or c[σ − 1] = 0 after
the updates, the region immediately above the segment sk or
sσ −1 is collision free. The entire region will be traced out as the
sweep continues.
Given the monotonicity of a constraint curve under Theorem 8, an event point also marks the completion of a sweep
across the region right below.
C. Initialization

Fig. 12. Sweep line M passes by an endpoint of the constraint curve γj .
Counter update is based on the types of the endpoint and the constraint curve:
(e) (−, −); (f) (−, +); (g) (+, −), and (h) (+, +). The sweep line M is drawn
with a slight clockwise rotation in (g) and (h). Region II is being discovered.

by the line M. The counter c[k], which records the size of its
colliding set, is updated based on the pair of types (either “+”
or “−”) of γ l and γ r :
a) (−, −): no change to c[k];
b) (−, +): c[k] ← c[k] − 2;
c) (+, −): c[k] ← c[k] + 2;
d) (+, +): no change to c[k].
The above operations are illustrated in Fig. 11(a)–(d). The
counters c[i], 0 ≤ i = k < δ, are not updated.
After M passes by hj , we need to check whether γ r will
intersect its new preceding curve and whether γ l will intersect
its new succeeding curve in the status S. If an intersection
exists, add its computed position (along with the two intersecting
curves) to the event queue Q.
The line M may also pass by an endpoint eaj of γ j , where
a = “+” if an upper endpoint or “−” if a lower one. As shown
in Fig. 12, either a new rightmost segment appears on M ∩ Ω−

At the beginning, the sweep line M coincides with the line
β = −π. The endpoints of the n constraint curves, all on the
line K : α − β = π, are sorted in the increasing β-coordinate.
A complication arises when two curves γ i and γ j , i = j,
share the same endpoint. If the upper endpoint of one curve
coincides with the lower endpoint of another, we easily place
the first endpoint before the second one since the coinciding
point does not lie on either (open) curve.
Both lower endpoints or both upper endpoints of γ i and γ j
may coincide. This happens, for example, at (0, −π) when their
defining obstacles bi and bj are of type B, or at (π, 0) when
these obstacles are of type D. Fig. 13 shows an example.
Consider that the lower endpoints of γ i and γ j coincide at,
say, (β0 + π, β0 ). We can order γ i and γ j by their intersections
with a horizontal line β = β0 + for small enough > 0. These
two intersections yield trajectories that have the same rolling
direction to reach q from o. Under point 1 in Theorem 6, they
must enclose one another (with the x-axis). If β0 = −π, the two
defining C-disks are of type B; if β0 > −π, they are of type A,
C, or D and must share a common tangent through o. In either
case, the trajectory tangent to the C-disk located farther from
the origin must be the enclosing one. Therefore, the intersection
corresponding to this trajectory has a larger α value. Its lower
endpoint will be placed after that of the other curve in the sorted
list. See Fig. 13 for an example.

576

IEEE TRANSACTIONS ON ROBOTICS, VOL. 32, NO. 3, JUNE 2016

TABLE I
(a) EXECUTION OF LINE SWEEPING OVER THE PLANAR SUBDIVISION IN FIG. 10. (b) OUTCOME IN WHICH EVERY REGION IS LABELED
WITH THE SIZE OF ITS COLLIDING SET

In (a), the first column lists the stops made by the sweep line sequentially. Starting with the third row, each row describes the state immediately after an event, including the event
point, the intersection computed if any, the event queue Q , the sweep line status S , and the contents of the counter array c[ ]. In (b), the arrows represent half-edges in the DCEL
representation of the subdivision.

Similarly, when γ i and γ j have coinciding upper endpoints,
the curve defined by the obstacle at a greater distance to the
origin has its endpoint placed after the endpoint of the other
curve.
With all the endpoints ordered along K, we set c[0] to be
the number of obstacles of type C. These obstacles constitute
the colliding set for the region just above (0, −π) between the
leftmost curve and the β-axis.
D. Execution Example
Part (a) of Table I details the first few execution steps of the
line sweep algorithm over the subdivision in Fig. 10.
The second row in the table shows the initialization result
before the sweep starts. Note that none of the intersection points
h1 , . . . , h6 in Fig. 10 have been computed so far. The endpoints
of all the constraint curves are found as detailed in Section VI
and sorted along the line K to initialize the event queue Q.
Picture an infinitesimal distance between (0, −π) and e−
3 along
K, and M intersecting K at a point between them and also
intersecting the β-axis to yield one segment (σ = 1). The sweep
line status S is empty as it has not “reached” e−
3 yet. The counter
value c[0] = 1 reflects exactly one C-disk (D3 in Fig. 7) of type C
whose constraint curve γ 4 excludes the point (0, −π).
The first event happens when M moves upward from (0, −π)
to reach the lower endpoint e−
3 (cf., Fig. 10) of γ 3 , which is then
added to the sweep line status S. Right after passing e−
3 , the
open segment M ∩ Ω− is split into two segments by the curve
γ 3 . Now, σ = 2. The counter value c[1] is set to c[0] + 1 = 2
following the update rule (e) in Section VII-B. The state right
after the event is shown in the row of e−
3 in part (a) in Table I.
The second event takes place when M reaches e−
4 , the starting
endpoint of the curve γ 4 , which is inserted into the status S

after γ 3 . The two neighboring curves are found to intersect at
h1 , which is added to the queue Q right after e−
2 with a smaller
β coordinate.
During the third event at e−
2 , the curve γ 2 is inserted to S
right after γ 4 . They do not intersect.
The next event occurs at h1 . In the status S, the curves γ 3
and γ 4 switch positions. In addition, the counter c[1], for the
segment on M between γ 4 and γ 3 right after it passes h1 , is
set to c[1] − 2 = 0 according to the update rule (b). This means
that the new region right above h1 is collision-free. After the
position switch, γ 3 is found to intersect its new neighbor γ 2 in
+
S at h2 , which is then added to Q between e−
1 and e3 .
−
The fifth event at e1 results in the addition of γ 1 to S. This
segment does not intersect its left neighbor γ 2 . The sixth event
happens at h2 with the update rule (a) applied. After switching
position with γ2 in the status S, γ 3 is found to have an intersection h3 with its new neighbor γ 1 . The point h3 is inserted
into the event queue Q just before e+
3 . The state of sweeping is
shown in the row of h2 in the table.
After the seventh event at h3 , γ 1 and γ 3 switch positions
in the status S. The counter c[3] has a new value 0 under the
update rule (b), implying a second collision-free region above
h3 (picture a small clockwise rotation of M ).
The eighth event occurs at the upper endpoint e+
3 of the curve
γ 3 , which is of type “−.” An update is performed following
the rule (g). The computation continues to process eight more
events including three intersection points h4 , h5 , h6 .
During the sweep, the planar subdivision is traced out. The
data structure for representation is a doubly connected edge list
(DCEL) [9, pp. 29–33], which assigns to every edge two halfedges in opposite directions of traversal along the edge. All the
half-edges bounding a region are chained counterclockwise. An
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−
example is the region right above the edge e−
4 , e2  in part (b)
in Table I. It is bounded by four half-edges.
At an event point, a new region starts right above the point
(or to its upper right when the point is on a horizontal segment
[e.g., h2 in part (b) in Table I]. Each of the two edges coming up
from the event point has a pair of half-edges created. Meanwhile,
the event point is also the highest point of a region. Two pairs
of half edges are created below the event point to be linked with
the existing ones to trace out the region.
The figure in (b) in Table I also shows the result of the line
sweep. Every region is labeled with the size of its colliding
set. The two regions labeled 0 represent all the collision-free
trajectories.
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Under Proposition 9, ne = O(n2 ).7 Selection of the next event
from the priority queue Q takes O(log(n + ne )) = O(log n)
time. Handling of each event also takes O(log n) time, which
is mostly spent on query for involved intervals. The running
time of the sweep line algorithm is O((n + ne ) log n); hence,
O(n2 log n) in the worst case.
VIII. DISCUSSION
This work sets an example for planning trajectories that experience different modes of motion. To conclude the paper, we
will first look at some immediate extensions to planning. Then
we will discuss the applicability of the work to spherical robots.
A. Planning Issues

E. Subroutines for Tangent and Curve Computation
The plane sweep algorithm does not explicitly construct a
constraint curve γ, which has no closed form. Instead, it records
the obstacle inducing the curve as well as the starting point
(αm in , βm in ), ending point (αm ax , βm ax ), and the transition
point (αm id , βm id ), where its curve segment and horizontal line
segment join [cf., Figs. 8(c) and 9(b), (c)]. The first two points,
lying on the line K : α − β = π, are easily determined based on
the curve type by constructing the tangent line(s) from the origin
o and/or the destination q to the C-disk (cf., Section VI). The
transition point, existing unless γ is of type D, has βm id = βm ax .
To find αm id , we invoke bisection (αm in , αm ax ) until the point
of tangency of T (α, βm ax ) coincides with the point xr at which
rolling starts.
Efficient numerical subroutines have been devised to
1) locate a point (α, β) on γ given α ∈ (αm in , αm ax );
2) locate a point (α, β) on γ given β ∈ (βm in , βm ax );
3) intersect γ with another constraint curve γ .
Consider the first operation. If αm id ≤ α < αm ax , then β =
βm ax . Otherwise, we bisect over (βm in , βm id ) until the trajectory
T (α, β) is at distance ρ, the ball radius, from the obstacle.
The intersection of two constraint curves γ and γ is slightly
more complicated. Denote by (αm in , βm in ) and (αm ax , βm ax )
the endpoints of γ . Let (β1 , β2 ) be the intersection of the intervals (βm in , βm ax ) and (βm in , βm ax ). If (β1 , β2 ) = ∅, the two
curves do not intersect. Otherwise, if the two curves intersect,
then they must switch sides at the intersection point. For i = 1, 2,
we let αi and αi be the α values corresponding to βi on γ and
γ , respectively. Since the two curves cannot intersect more than
once under Proposition 9, if they intersect, then either α1 ≤ α1
and α2 ≥ α2 , or α1 ≥ α1 and α2 ≤ α2 . Again, we perform a
bisection over (β1 , β2 ) to find the intersection point.
The above subroutines explore the monotonicity of trajectories stated in Theorems 5 and 6, and the monotonicity of a
constraint curve stated in Theorem 8.
F. Running Time
Under a specified accuracy, a call to any numerical subroutine
takes constant time. Initialization of the algorithm on n obstacles
is dominated by sorting, which takes time O(n log n). Let ne
be the number of intersections between the constraint curves.

1) General Obstacles: To generalize the planning algorithm,
we must remove Assumption A3 made at the beginning of Section VI on vertical line obstacles. Extension to vertical cylindrical obstacles is easy since they merely induce C-disks of different radii. The extension to 2 12 -D obstacles with polygonal cross
sections can be done as follows. In the C-space, every such obstacle is equivalent to its polygonal cross section growing outward
by a distance equal to the ball’s radius ρ. The polygon vertices
become circular arcs, with which tangent trajectories can make
contact only. Consequently, every constraint curve induced by
the C-obstacle comprises several segments, each representing
the set of trajectories tangent to the same circular arc and is thus
part of a type A, B, C, or D constraint curve studied in Section VI-A. The constraint curve is still monotonic like every one
of its segments. Therefore, the line sweep algorithm still works,
except for handling an increased combinatorial complexity.
A general obstacle can be treated like a 2 12 -D object whose
horizontal cross section is a polygon bounding the projection of
the portion of the obstacle no higher than 2ρ onto the supporting
plane.
2) Optimization: Choice of a specific trajectory may be
subject to constraints like minimum clearance and maximum
speed, or an optimality criterion over path length or duration. A
constraint typically shrinks the collision-free regions. To avoid
excessive computation, a simple heuristic may be used. For instance, to have enough clearance from the obstacles, we may
pick a point (α, β) close to the center of a collision-free region
and recover the velocities (v 0 , ω 0 ). To find an initial motion
(v 0 , ω 0 ) not exceeding a certain magnitude threshold, we may
sample a number of points (α, β) inside a collision-free region
and test each resulting motion.
3) Planning Pass-by Trajectories: The planning algorithm
considers only trajectories that will take the ball to rest at the
destination point. Sometimes the ball need only pass through
a location to, say, hit a target there or survey the neighborhood. This imposes just one constraint on the effective fourdimensional space of motions (which already excludes the
z components of velocity and angular velocity). In other words,
7 The bound is tight. Picture n/2 obstacles of type C and another n/2 of
type D, and every constraint curve defined by a type D obstacle intersecting the
horizontal segment of every constraint curve defined by a type C obstacle.
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it increases the dimension of the trajectory space to three. The
subspace of collision-free trajectories is subsequently enlarged
to have three dimensions. Its computation awaits future investigation.
4) Moving Object of General Shape: Our reduction of initial velocity planning to geometric path planning hinges on the
closed-form integration of the ball dynamics (3)–(4) due to vanishing of the term ω × Iω, as the moment of inertia I is a
multiple of the identity matrix. Clearly, the analysis and planning algorithm carry over to a spherical shell.
For a moving object with different geometry, such as an ellipsoid, the dynamic equations have to be integrated numerically.
The velocity space is not expected to be compactly representable
as 2-D regions. Collision checking will become more expensive.
One possibility is to try utilizing the trajectory’s continuity in
the initial motion, although the goal of finding all collision-free
trajectories will likely be given up. This problem also awaits
future investigation.

B. Application to Spherical Robots
1) Increased Agility: Sliding adds a new dimension to
locomotion of a spherical robot and enhances its navigation capability. It provides the robot with the ability
to make quick turnarounds on roads (and flat surfaces
in general) to avoid still and moving obstacles. Most of
the existing rolling robots move very slowly and are not
suited for civil or military tasks that require quick movements (e.g., to rush to a spot, hit a target, or avoid
discovery or capture). Although a robot may be rolling during most of its mission, short bursts of sliding motion may turn
out to be quite useful (and even critical sometimes).
In light of the above, reorientation may be postponed until
the destination is reached. Assuming enough obstacle clearance
at the destination, the robot could eventually reorient itself by
performing pure rolling along a closed path found by, say, the algorithm from [30]. Decoupling of navigation and re-orientation
can simplify planning while taking advantage of sliding’s capability of obstacle avoidance.
2) “Initial Motion”: The velocities of a moving ball at any
time instant can be viewed as the “initial motion” for the rest of
its movement. This has two implications. First, while the ball
is moving (supposedly under its own actuation), the planning
algorithm may continuously check if its velocities would allow
the actuation to be turned OFF to let friction do the work to
get the ball to the destination. At every time instant, there is a
2-D set of velocities for achieving this, just like the one plotted
in Fig. 4. This set changes as the ball continues moving and,
with some control, could eventually contain its instantaneous
velocities.
Second, under this notion of “initial motion,” a still spherical
robot does not need to acquire a velocity and an angular velocity
in almost zero time, especially since this is quite unrealistic
unless under an impulsive force.
3) Actuation: How to generate a desired initial motion can
be quite challenging. Of course, one way is the use of impulsive
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forces [19], [22] from quick strikes executed by some external
mechanism.
A more effective way to achieve short-time accelerations is to
use thrust generated by compressed air. The robot has holes on its
surface for air intake and thrusting. It needs to be able to control
the direction of thrust to quickly adjust its velocity and angular
velocity until they fall inside the feasible region as discussed in
Section VIII-B2. From that point on, thrust can be turned off.
The robot design can be challenging because the inertia tensor
might be changed significantly by the air compressor and the
actuator (though not by compressed air). This certainly deserves
some future investigation.
APPENDIX A
PROOF OF THEOREM 3
To prove the theorem, we first establish a lemma.
Lemma 10: The following statements hold:
1) If v 0 and ω 0 with v 0 · ω 0 = 0 take the ball to a stop at q,
then ŝ × r̂ = 0 and (35) holds for some cs , cr > 0.
2) Conversely, given unit vectors ŝ and r̂ satisfying ŝ × r̂ = 0
and (35) for some cs , cr > 0, there exists v 0 and ω 0 with
v 0 · ω 0 = 0 that will yield the sliding and rolling directions
ŝ and r̂, and take the ball to a stop at q.
Proof: 1) Suppose the ball with initial velocities v 0 and
ω 0 , v 0 · ω 0 = 0, will stop at q. Since ẑ × ω 0 and v 0 are not
collinear, it follows from (1) that s0 is neither zero nor collinear
with v 0 . We infer from (14) that v r is neither zero nor collinear
with s0 . This implies ŝ × r̂ = 0 and, to satisfy (35), cs , cr > 0
by (36) and (37).
2) Suppose ŝ × r̂ = 0 and (35) holds for some cs , cr > 0. The
mapping φ comprising (38)–(41), (32), and (33) yields initial
velocities to take the ball to rest at q.

Proof: (Theorem 3) It follows from part 1 of Lemma 10 that
the mapping φ is onto.
In the proof of part 2 of Lemma 10, construction of (s0 , v r )
from (ŝ, r̂) ∈ Ssr , using (38)–(41), is one-to-one, with cs , cr >
0. Since the mapping from (s0 , v r ) to (v 0 , ω 0 ) induced by (32)
and (33) is bijective, the composite mapping from (ŝ, r̂) to

(v 0 , ω 0 ) is one-to-one.
APPENDIX B
PROOF OF THEOREMS 5 AND 6
We first characterize how the direction of the initial velocity
v 0 of the ball varies with either of the sliding angle α and the
rolling angle β while the other angle is fixed.
Lemma 11: Consider the ball trajectory T (α, β), where
(α, β) ∈ Ω− defined in (44), from the origin o to the destination q on the positive x-axis.
1) The initial velocity v 0 lies inside the cone spanned by the
sliding direction ŝ given in (42) and x̂ = (1, 0).
2) Fix α. As β decreases from 0 toward α − π, v 0 rotates
counterclockwise from the x-axis toward ŝ, the coefficients
cs and cr in (38) increase, respectively, from 0 and q
toward ∞ with
cs
lim
= 1.
(45)
β →(α −π ) + cr
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Fig. 14. Rotation of v0 with ŝ or r̂, in order to reach q. (a) If ŝ is fixed, v0
and r̂ rotate in opposite directions from x̂ toward ŝ and −ŝ, respectively. (b) If
r is fixed, ŝ and v0 rotate in the same direction toward −r̂.

3) Fix β. As α increases from 0 toward β + π, v 0 rotates counterclockwise from the x-axis toward ŝ, cs and cr increase,
respectively, from q and 0 toward ∞ with
cr
= 1.
(46)
lim
α →(β +π ) − cs
Proof: Since α, β) ∈ Ω− , q lies inside the cone positively
spanned by ŝ and r̂. Thus, cs , cr > 0 by (35).
1) To determine the range for the direction of the initial velocity v 0 , we rewrite (32) as


2s0 
ŝ + r̂
v 0 = v r 
7v r 
where, by (39) and (40),
2s0 
cs
=
+
7v r 
cr

c2s
7μs cs
+
.
c2r
5μr cr

Thus, v 0 has the same direction as


q
c2s
7μs cs
cs
ŝ + r̂ =
x̂ +
+
+
cr
c2r
5μr cr
cr

(47)

c2s
7μs cs
ŝ
+
c2r
5μr cr
(48)
where the last step uses (35). This establishes part 1.
2) The sliding direction ŝ is fixed. Fig. 14(a) illustrates that r̂
and v 0 must simultaneously rotate in opposite directions toward
−ŝ and ŝ, respectively, for the ball’s final position to stay at q.
To see why, we let p be the intersection between the ray from
the origin o in the direction r̂ and the line incident on q and
→
→
→
parallel to ŝ. A comparison between op + pq=oq and (35)
→
→
gives us cr =  op  and cs =  pq . As β → 0− , cs → 0 and
+
cr → q. Thus, cs /cr → 0 and, consequently, the direction
of v 0 approaches that of x̂. As β decreases from 0− toward
α − π, p moves away from q toward infinity in the direction
of −ŝ. Meanwhile, both cs and cr increase toward ∞ and the
ratio cs /cr increases from 0+ toward 1− . The vector in (48),
and therefore v 0 , rotates counterclockwise from x̂ to ŝ (both
exclusive).
3) The rolling direction r̂ is fixed [see Fig. 14(b)]. As α
increases from 0+ toward β + π, cs and cr increase toward ∞,
and the ratio cr /cs increases from 0+ to 1− . The direction of

the vector in (48); hence, that of v 0 , approaches ŝ.
Proof of Theorem 5: 1) For convenience, we write Ci for
C(α, βi ) and Li for L(α, βi ), i = 1, 2. See Fig. 15. Under

Fig. 15.

Two trajectories from o to q with the same sliding direction.

part 2 of Lemma 11, β2 > β1 implies that v 0 (α, β2 ) is between v 0 (α, β1 ) and x̂. Thus, immediately after leaving o, the
parabolic segment C2 is between the parabolic segment C1 and
the line segment oq. Note that C2 will not intersect L1 because
it is tangent to (and bounded by) the line containing L2 , and because the direction r̂ 1 = (cos β1 , sin β1 ) of L1 rotates clockwise
from the direction r̂ 2 = (cos β2 , sin β2 ) of L2 (see Fig. 15). In
the same orientation by Theorem 2, the two parabolas containing C1 and C2 intersect at most twice. Suppose C2 intersects C1
at a point other than o on the trajectory. After the intersection,
L1 would be to the left of L2 , making it impossible for the two
segments to meet again at q, which ia a contradiction.
2) Consider a point p ∈ Π(α). We first show that p must
lie on the sliding segment C(α, β) for some rolling angle β ∈
(α − π, 0). By part 2 of Lemma 11, as β approaches oq, the
direction of v 0 approaches (1, 0) and T (α, β) approaches oq.
Thus, p must lie outside the region Λ(α, β ) for some β close
enough to zero. If we show that there exists another β value,
say β , such that Λ(α, β ) contains p, then it follows from the
monotonicity of T (α, β) just established in part 1 that there
exists a unique β ∈ (β , β ) such that p lies on T (α, β).
When β decreases to approach α − π, the vertex x∗ of the
parabola containing the sliding segment must eventually lie inside Π(α). Otherwise, the sliding segment would exit the right
bounding ray Rq (α) and it would be impossible for the trajectory T (α, β) to come back to q. Below, we establish that x∗ can
be made as high above op as possible. Look at the dot product


2
1
1
(v 0 · ŝ)2 =
s0  + (r̂ · ŝ)v r 
x∗ · ŝ =
2μs g
2μs g 7
by (27) and (32). where s0  and v r  are given in (39) and (40).
Applying (45), it follows from (47) that

2 s0 
7μs
=1+ 1+
lim
.
+
7
v

5μ
β →(α −π )
r
r
Now, take the limit of x∗ · ŝ and plug in the above and
limβ →(α −π ) + r̂ · ŝ = −1 as

v r 
7μs
∗
lim +
1+
lim + x · ŝ =
5μr
β →(α −π )
β →(α −π ) 2μs g
= ∞
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Fig. 16.
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Two trajectories from o to q with the same rolling direction.

Fig. 17. Two ball trajectories from o to q intersect at no more than one
intermediate point p.

since cr → ∞ as β → (α − π)+ by part 2 of Lemma 11. Thus,
the vertex x∗ can be made arbitrarily high above the x-axis until
p lies in Λ(α, β) ⊂ Π(α).

Proof of Theorem 6: 1) Sweep a line M in the rolling direction r̂ = (cos β, sin β) rightward across the region Π (β),
as shown in Fig. 16. Consider the trajectory T (α, β), where
0 < α < π + β. Its sliding segment C is convex with the tangent
direction varying continuously from v 0 to r̂. At an intermediate
position of M, it intersects with C at only one point, say p, and
with the x-axis at q .
We first show that p lies further from q as α increases. First,
from (35), we obtain
ŝ =

1
(q − cr r̂).
cs

(49)

Next, substitute v 0 = 27 s0 ŝ + v r r̂ from (32) into the trajectory equation (12) as
2
1
s0 tŝ + v r tr̂ − μs gt2 ŝ
7
2
= bq + (v r t − cr b)r̂

p=

by (49) and (39), where


1 2
1
b=
s0 t − μs gt2 .
cs 7
2

(50)

(51)

Meanwhile, p = q + λr̂ = (q /q)q + λr̂ for some λ.
Comparing it with (50), we have b = q /q ≤ 1. We
solve (51) via the use of (39) for the time when the ball reaches p
as

√
2cs
(1 − 1 − b).
t=
(52)
μs g
From (50), the distance from p to q = bq is cr b − v r t,
which, after substitution of (40) and (52), becomes
⎛
⎞
√
⎜
2(1 − 1 − b) ⎟
⎟.

cr ⎜
⎝b −
7μs cr ⎠
1+ 1+
5μr cs
As the sliding angle α increases, by part 3 of Lemma 11, both
cs and cr increase, while their ratio cr /cs approaches 1. The
distance p − q  thus increases with α.
As shown in Fig. 16, the sweep line at the intermediate
position intersects two trajectories T (α1 , β) and T (α2 , β),

α1 < α2 , at p1 , p2 , respectively. Since α1 < α2 , by the above
reasoning, p2 is further away from q than p1 is. When M
reaches Rq , the rolling segment L2 = p2 q of T2 contains
L1 = p1 q of T1 .
2) Let p be a point in the open region Π (β). As α → 0+ ,
the trajectory T (α, β) → oq. Let α be some value of α close
enough to 0 such that p is outside the region Λ(α , β). Following 1), as α increases from α , the trajectory grows outward
continuously. The idea is to show that there exists xr , the point
on T (α, β) where rolling starts, for some value α = α , such
that oxr q contains the point p in the interior. Because the
interior of oxr q is a subset of Λ(α , β), p ∈ Λ(α , β). The
monotonicity established in part 1 then implies that there exists
some α ∈ (α , α ) such that T (α , β) passes by p.
The point xr lies on the ray Rq (β). As long as we show that
xr can be made arbitrarily far from q, oxr q will eventually
contain q in the interior. This is easy, for we substitute (13)
and (32) into (16), and then plug in (36), (39), and (40) as


2s0  1
s0 + v r
xr =
7μs g 7


= cs ŝ +
1+

2cr
7μs cr
1+
5μr cs

r̂.

Since the ball rolls from xr to q, the distance between the
two points is (q − xr ) · r̂, where q is given in (35). As α →
(β + π)− , cr /cs → 1− , and cr → ∞ by part 2 in Theorem 5.
This distance goes to infinity.

APPENDIX C
PROOF OF THEOREM 7
Proof: Recall the notation in Section V-B. For succinctness,
write Ti , Ci , Li , Λi , and Ri for T (αi , βi ), C(αi , βi ), L(αi , βi ),
Λ(αi , βi ), and Rq (βi ), i = 1, 2, respectively, as shown in
Fig. 17.
When β1 = β2 , by Theorem 6, one of the line segments Li
(the one with a smaller αi ) is contained in the other segment.
The two trajectories thus have a continuum of intersections.
We consider β1 = β2 and, without loss of generality, suppose
β1 < β2 . If α1 = α2 , then the entire trajectory T2 except o and q
is contained in the region Λ(α1 , β1 ) by part 1 of Theorem 5. The
statement holds. If α1 > α2 , the statement is also true because
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