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I. Introduction to linear programming (LP)

II. Incremental solution to LP in 2D

Outline: 
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every day?  
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Formulating the Problem

Point 

𝑥1: servings of oatmeal

𝑥3: servings of eggs

𝑥5: servings of cherry pie

𝑥2: servings of chicken

𝑥4: servings of whole milk

𝑥6: servings of pork with beans

Linear Program! 

Objective function (linear)

Constraints

(linear)

Servings-per-day limits

energy

protein

calcium
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One of 10 greatest algorithms in the 20th century

 Ellipsoid algorithm (Leonid Khachivan, 1979)

 Karmarka’s algorithm (Narenda Karmarkar, 1984)

Polynomial time algorithms: 

𝑂(𝑑3.5𝐿)

Running time is a high 

order polynomial in 𝑑
variables and #bits 𝐿 in input.  

𝑂(2𝑑)

In practice, the simplex algorithm is a better choice because 

 its average running time is polynomial under various probability distributions, and

 it is numerically more stable. 
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We will focus on 𝑑 = 2: 

cost 𝒄 = (𝑐𝑥, 𝑐𝑦)

cost 𝑓(𝑝) = 𝑐𝑥𝑝𝑥 + 𝑐𝑦𝑝𝑦 at a point 𝑝𝑥, 𝑝𝑦

constraint set 𝐻 of 𝑛 half-planes

feasible region: 𝑅 =∩ℎ∈𝐻 ℎ

e.g., 𝐻 = {𝑥 ≥ 0, 𝑥 + 𝑦 ≤ 1, 𝑥 − 𝑦 ≥ 2}
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Point 

𝑝
𝑥

𝑦
Intersection of all half-planes. 

feasible solution: a point 𝑝 in the region

The LP is infeasible if ځℎ∈𝐻 ℎ = ∅.

𝑅



Optimal Solution for (𝐻, 𝒄)

Point 

𝑥

𝑦

𝒄

𝑝
Point in the feasible region

that is extreme in the direction 𝒄.
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(a) infeasible LP

𝒄

(b) unbounded LP

(𝑓 arbitrarily large)
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Point 

(c)  a continuum of solutions 

(every point on the edge 𝑒 is optimal)

𝑒

𝒄

𝑒⊥𝒄

𝑒

(d) unique solution

For uniqueness, choose lexicographically

the smallest vertex.

𝒄

𝑣



Incremental Construction 

Point 
Subroutine UNBOUNDEDLP(𝐻, 𝒄) outputs

a ray completely contained in 𝑅 if unbounded; 

two half-planes ℎ1, ℎ2 ∈ 𝐻 such that the 

LP ( ℎ1, ℎ2 , 𝑐) is bounded otherwise.



Incremental Construction 

Point 
Subroutine UNBOUNDEDLP(𝐻, 𝒄) outputs

a ray completely contained in 𝑅 if unbounded; 

two half-planes ℎ1, ℎ2 ∈ 𝐻 such that the 

LP ( ℎ1, ℎ2 , 𝑐) is bounded otherwise.

Remaining half-planes ℎ3, ℎ4,…, ℎ𝑛



Incremental Construction 

Point 
Subroutine UNBOUNDEDLP(𝐻, 𝒄) outputs

a ray completely contained in 𝑅 if unbounded; 

two half-planes ℎ1, ℎ2 ∈ 𝐻 such that the 

LP ( ℎ1, ℎ2 , 𝑐) is bounded otherwise.

Remaining half-planes ℎ3, ℎ4,…, ℎ𝑛

𝑅𝑖 = ℎ1 ∩ ℎ2 ∩⋯∩ ℎ𝑖



Incremental Construction 

Point 
Subroutine UNBOUNDEDLP(𝐻, 𝒄) outputs

a ray completely contained in 𝑅 if unbounded; 

two half-planes ℎ1, ℎ2 ∈ 𝐻 such that the 

LP ( ℎ1, ℎ2 , 𝑐) is bounded otherwise.

Remaining half-planes ℎ3, ℎ4,…, ℎ𝑛

𝑅𝑖 = ℎ1 ∩ ℎ2 ∩⋯∩ ℎ𝑖

𝑅2

𝑅3
𝑅4



Incremental Construction 

Point 
Subroutine UNBOUNDEDLP(𝐻, 𝒄) outputs

a ray completely contained in 𝑅 if unbounded; 

two half-planes ℎ1, ℎ2 ∈ 𝐻 such that the 

LP ( ℎ1, ℎ2 , 𝑐) is bounded otherwise.

Remaining half-planes ℎ3, ℎ4,…, ℎ𝑛

𝑅𝑖 = ℎ1 ∩ ℎ2 ∩⋯∩ ℎ𝑖

𝑅2

𝑅3𝑅2 ⊇ 𝑅3 ⊇ ⋯ ⊇ 𝑅𝑛
𝑅4



Incremental Construction 

Point 
Subroutine UNBOUNDEDLP(𝐻, 𝒄) outputs

a ray completely contained in 𝑅 if unbounded; 

two half-planes ℎ1, ℎ2 ∈ 𝐻 such that the 

LP ( ℎ1, ℎ2 , 𝑐) is bounded otherwise.

Remaining half-planes ℎ3, ℎ4,…, ℎ𝑛

𝑅𝑖 = ℎ1 ∩ ℎ2 ∩⋯∩ ℎ𝑖

𝑅2

𝑅3𝑅2 ⊇ 𝑅3 ⊇ ⋯ ⊇ 𝑅𝑛

If 𝑅𝑖 =  then 𝑅𝑗 = 

for all 𝑗 > 𝑖, infeasible!  

𝑅4



i) No Change of the Optimal Vertex

Point 
𝑣𝑖: optimal vertex of 𝑅𝑖 .

𝑖 = 5

𝒄

ℎ5
ℎ3

ℎ1

ℎ4

ℎ2

𝑣4 = 𝑣5



i) No Change of the Optimal Vertex

Point 
𝑣𝑖: optimal vertex of 𝑅𝑖 .

𝑖 = 5

𝒄

𝑣4 ∈ ℎ5 No change

ℎ5
ℎ3

ℎ1

ℎ4

ℎ2

𝑣4 = 𝑣5
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𝑣𝑖: optimal vertex of 𝑅𝑖 .

𝑖 = 6

𝒄𝑙6

ℎ5
ℎ3

ℎ1
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ℎ2
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𝑣6
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ii) Change of the Optimal Vertex

Point 
𝑣𝑖: optimal vertex of 𝑅𝑖 .

𝑖 = 6

𝒄

𝑣5 ∉ ℎ6 new optimal vertex 𝑣6 ∈ 𝑙6 (bounding line of ℎ6)

𝑙6

ℎ5
ℎ3

ℎ1

ℎ4

ℎ2

ℎ6

𝑣6
𝑣5
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Updating the Optimal Vertex

Point 
How to find 𝑣𝑖 if 𝑣𝑖−1 ∉ ℎ𝑖?

𝑙𝑖

Easy, it lies on 𝑙𝑖.

ℎ𝑗 ∩ 𝑙𝑖, 1 ≤ 𝑗 < 𝑖, is a ray.
𝑝

𝑞

Three outcomes of intersecting these rays:

i) a line segment 𝑝𝑞, either 𝑣𝑖 = 𝑝 or 𝑣𝑖 = 𝑞.

ii)  infeasible

iii) a line ray, either the vertex is 𝑣𝑖 or lies at infinity along the ray. 
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Time of Update

Point 

𝑙𝑖

𝑝

𝑞
Iterate over half-planes

ℎ1, ℎ2, … , ℎ𝑖−1to intersect

with 𝑙𝑖.

𝑂(𝑖)

It may end earlier once the 

intersection becomes empty.



The Incremental Algorithm

Point if UNBOUNDEDLP reports that LP is infeasible
then return
else if LP is unbounded  // to be discussed

then return a ray along which it is unbounded
else ℎ1, ℎ2 certificate half-planes

𝑣2 𝑙1 ∩ 𝑙2
for 𝑖 ← 3 to 𝑛

do if 𝑣𝑖−1 ∈ ℎ𝑖
then 𝑣𝑖 𝑣𝑖−1
else 𝑣𝑖 point 𝑝 on 𝑙𝑖 that maximizes 𝑓

subject to ℎ1, ℎ2, … , ℎ𝑖−1 // 𝑂(𝑖)
if 𝑝 does not exist 

then LP is infeasible
return 𝑣𝑛 // optimal solution 
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Total running time


𝑖=3

𝑛

𝑂 𝑖 = 𝑂(𝑛2)
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Point 
Stage 𝑖 takes (𝑖) time only when 𝑣𝑖−1 ∉ ℎ𝑖 .

𝑂(1) time when 𝑣𝑖−1 ∈ ℎ𝑖 .

Worst case can happen that the optimal vertex changes 𝑛 − 2 times.

ℎ1 ℎ2
ℎ6

ℎ5
ℎ4

ℎ3

ℎ𝑛

(𝑛2) time! 

𝑣2

𝑣3

𝑣4

𝑣5
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Optimal vertex: 𝑣2→𝑣3 →→𝑣𝑛
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Best Case 

Point 

ℎ1 ℎ2
ℎ6

ℎ5
ℎ4

ℎ3

ℎ𝑛

𝑣3

How about adding them in the order ℎ𝑛, ℎ𝑛−1, … , ℎ3?

No change of the optimal vertex!

𝑂(𝑛)

Any set of half-planes has such a

good order, but there is no easy 

way to find it.  

Our approach: randomization.

𝑅3 = 𝑅4 = ⋯ = 𝑅𝑛
𝑣3 = 𝑣4 = ⋯ = 𝑣𝑛


