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The General Approach

First, copy the DCELs of two subdivisions.

Transform the result into a valid DCEL for the 

subdivision overlay.

• Compute the intersections of edges from different 

subdivisons.

• Link together appropriate parts of the two DCELs.

1. Vertex and half-edge records.

2. Face records.

Modify the plane sweep algorithm! 
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DCEL for 

the overlay

Invariant: the part of 

overlay to left of the 

sweep line has been 

computed correctly.
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At an Event Point

Update the event queue and sweep-line status tree as in the

segment intersection algorithm.  

In case the event point is 

Vertex adjacent to edges from one subdivision.

No additional work!

Intersection of edges from different subdivisions.

Link the DCEL1 and DCEL2 at the intersection point. 

Handle all possible cases. 
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II. Three Types of Edge Crossing

Vertex-Edge:  an edge from one input 

subdivision passes through a 

vertex of another subdivision.

Edge-Edge:  two edges from different 

subdivisions intersect in 

their interior.

Vertex-Vertex:  two vertices from different 

subdivisions coincide with 

each other.

The other two cases

are no more difficult.
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Vertex-Edge Update

An edge of one subdivision passes through a vertex of another subdivision. 

Before:

After: 

4 new half-edges

2 old half-edges

DCEL1

DCEL2
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Operations in the Update (cont’d)

5. Set the Next and Prev pointers of the four

new half-edges. 

Next(𝑒𝑏)

Next(𝑒𝑎)

Prev(𝑒𝑎)

Prev(𝑒𝑏)

𝑢
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Time Cost for Updating Vertex and Half-

Edge Records

Generalizes over the vertex-vertex and edge-edge cases.

Updating vertex and half-edge records does not increase the 

asymptotic running time of the line segment intersection algorithm.

combined complexity

of 2 input subdivisions

complexity of 

the overlay

every intersection is a 

vertex of the overlay.



III. Face Update

#face records = 1 + #outer boundary cycles

Easy to extract all boundary cycles from DCEL.
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Outer Boundary Cycle

How to distinguish an outer boundary cycle from one that

bounds a hole? 

𝑣



Compute 𝜃?

Use cross product: 𝑒 × Next(𝑒)
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Cycles Bounding the Same Face

(a) one of the corresponding cycles is the boundary of a hole.

(b) the other cycle has a half-edge immediately below the 

lowest vertex of the first cycle.  
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Graph Example 

C5

C2

C

C7C6

C3

C1

C4

C7C1
C

C3

C5

C2

C6

C4

Five faces

in total.

Graph 𝐺 induces the record 

for every face in DCEL (𝑂(𝑛 + 𝑘) time).

Inner 

boundary

Outer 

boundary
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Labeling a Face

Every face in the overlay is labeled with the names of the faces in the 

old subdivisions that contain the face.

intersection of edges from different subdivisions.

Look up the IncidentFace( ) pointer of the two

corresponding half-edges.

existing vertex of one subdivision.

Know only one generating face – the one from

the same subdivision.  Therefore, 

for each vertex in one subdivision, we keep track 

of its containing face in the other subdivision. 

Plane sweep again (or do it in the same sweep).

𝑣
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