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Applications:
 structural analysis &
product design
 heat transfer
 fluid flow
 electromagnetism
 graphics & gaming, etc.

Mesh Generation
Domain: 𝑈 × 𝑈 grid

𝑈

where 𝑈 = 2𝑗 for some integer 𝑗

Assumptions:
 Vertices of components have integer
coordinates between 0 and 𝑈.
0

𝑈
 Edges of components have four different
𝜋 𝜋 3𝜋
orientations: 0, , , .
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violated by Δ3
• non-uniform (mesh should be fine near the edges
of components and coarse far away from them)
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II. Quadtree
A rooted tree in which
 every node corresponds to a square;
 every internal node 𝑣 has four children which represent the four
quadrants of the node’s corresponding square.
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Two squares are neighbors if they share an edge.
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if 𝜇 =nil or 𝜇 is a leaf
then return 𝜇
else if 𝑣 is the NW-child of 𝑢
then return the SW-child of 𝜇
else return the SE-child of 𝜇

NorthNeighbor(𝑣,𝒯)

𝜇 ← 𝑤; return 𝑤

NorthNeighbor(𝑢,𝒯)

𝜇 ← 𝑤; return 𝑤

NorthNeighbor(𝑡,𝒯)

𝜇 ← 𝑠; returns 𝑤

NorthNeighbor(𝑞,𝒯)

returns 𝑠

𝑡

A Bigger Example
𝜎(𝑟)
𝜎(𝑠)
𝜎(𝑤)
𝜎(𝑢)

𝜎(𝑣)

𝜎(𝑡)
𝜎(𝑞)

𝑟
𝑞

𝑠

𝑤
𝑢
𝑣

NorthNeighbor(𝑣,𝒯)
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.

if 𝑣 = root(𝒯)
then return nil
𝑢 ← parent(𝑣)
if 𝑣 is the SW-child of 𝑢
then return the NW-child of 𝑢
if 𝑣 is the SE-child of 𝑢
then return the NE-child of 𝑢
𝜇 ← NorthNeighbor(𝑢, 𝒯)
if 𝜇 =nil or 𝜇 is a leaf
then return 𝜇
else if 𝑣 is the NW-child of 𝑢
then return the SW-child of 𝜇
else return the SE-child of 𝜇

NorthNeighbor(𝑣,𝒯)

𝜇 ← 𝑤; return 𝑤

NorthNeighbor(𝑢,𝒯)

𝜇 ← 𝑤; return 𝑤

NorthNeighbor(𝑡,𝒯)

𝜇 ← 𝑠; returns 𝑤

NorthNeighbor(𝑞,𝒯)

returns 𝑠

𝑡

Need to descend from 𝑠 to locate the neighbor 𝑤.

V. Balanced Quadtree
A quadtree subdivision is balanced if any two neighboring squares
differ by a factor of one or two in size (as measured by the side length
not by area).
This implies that any two leaves whose squares are neighbors can differ
at most one in depth.

depth 4

depth 1

Unbalanced subdivision and
Corresponding quadtree.

Example

Example

balancing

Example

balancing

Balancing Algorithm
BalanceQuadTree(𝒯)

1. insert all the leaves of 𝒯 into a linear list ℒ
2. while ℒ is not empty
3.
do remove a leaf 𝜇 from ℒ
4.
if 𝜎(𝜇) has to be split
5.
then make 𝜇 an internal node with four new leaves
6.
if 𝜇 stores a point
7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

First Issue to Settle
On line 4 of the algorithm, how to check if a leaf 𝜎(𝜇) needs to be split?

north
neighbor of 𝜇
its SW-child
its grandchild
(as a neighbor
of 𝜎(𝜇) with
¼ of its size)

𝜎(𝜇)

BalanceQuadTree(𝒯)
1. insert all the leaves of 𝒯 into a linear list ℒ
2. while ℒ is not empty
3.
do remove a leaf 𝜇 from ℒ
4.
if 𝜎(𝜇) has to be split
5.
then make 𝜇 an internal node with four new leaves
6.
if 𝜇 stores a point
7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

First Issue to Settle
On line 4 of the algorithm, how to check if a leaf 𝜎(𝜇) needs to be split?
• Check if 𝜎(𝜇) has a neighboring square less than half its size.
• Employ the earlier introduced neighbor finding algorithm.
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¼ of its size)
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BalanceQuadTree(𝒯)
1. insert all the leaves of 𝒯 into a linear list ℒ
2. while ℒ is not empty
3.
do remove a leaf 𝜇 from ℒ
4.
if 𝜎(𝜇) has to be split
5.
then make 𝜇 an internal node with four new leaves
6.
if 𝜇 stores a point
7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

First Issue to Settle
On line 4 of the algorithm, how to check if a leaf 𝜎(𝜇) needs to be split?
• Check if 𝜎(𝜇) has a neighboring square less than half its size.
• Employ the earlier introduced neighbor finding algorithm.
north
neighbor of 𝜇

 Such a small neighbor in the north exists iff
NorthNeighbor(𝜇, 𝒯) returns a node that
has a SW- or SE-child that is not a leaf.

its SW-child
its grandchild
(as a neighbor
of 𝜎(𝜇) with
¼ of its size)

𝜎(𝜇)

BalanceQuadTree(𝒯)
1. insert all the leaves of 𝒯 into a linear list ℒ
2. while ℒ is not empty
3.
do remove a leaf 𝜇 from ℒ
4.
if 𝜎(𝜇) has to be split
5.
then make 𝜇 an internal node with four new leaves
6.
if 𝜇 stores a point
7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

Second Issue to Settle
BalanceQuadTree(𝒯)
1. insert all the leaves of 𝒯 into a linear list ℒ
2. while ℒ is not empty
3.
do remove a leaf 𝜇 from ℒ
4.
if 𝜎(𝜇) has to be split
5.
then make 𝜇 an internal node with four new leaves
6.
if 𝜇 stores a point
7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

𝜎(𝜇)

Second Issue to Settle
BalanceQuadTree(𝒯)
1. insert all the leaves of 𝒯 into a linear list ℒ
2. while ℒ is not empty
3.
do remove a leaf 𝜇 from ℒ
4.
if 𝜎(𝜇) has to be split
5.
then make 𝜇 an internal node with four new leaves
6.
if 𝜇 stores a point
7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

On line 9, check if 𝜎(𝜇), already split, had a neighbor that needs to be split.
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7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

On line 9, check if 𝜎(𝜇), already split, had a neighbor that needs to be split.
• Again use the neighbor finding algorithm.
 Such a neighbor exists to the north iff NorthNeighbor(𝜇, 𝒯)
returns a node corresponding to a square larger than 𝜎(𝜇).
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2. while ℒ is not empty
3.
do remove a leaf 𝜇 from ℒ
4.
if 𝜎(𝜇) has to be split
5.
then make 𝜇 an internal node with four new leaves
6.
if 𝜇 stores a point
7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

On line 9, check if 𝜎(𝜇), already split, had a neighbor that needs to be split.
• Again use the neighbor finding algorithm.
 Such a neighbor exists to the north iff NorthNeighbor(𝜇, 𝒯)
returns a node corresponding to a square larger than 𝜎(𝜇).
𝜎(𝜇)

Second Issue to Settle
BalanceQuadTree(𝒯)
1. insert all the leaves of 𝒯 into a linear list ℒ
2. while ℒ is not empty
3.
do remove a leaf 𝜇 from ℒ
4.
if 𝜎(𝜇) has to be split
5.
then make 𝜇 an internal node with four new leaves
6.
if 𝜇 stores a point
7.
then stores it in the correct new leaf
8.
insert the four new leaves into ℒ
9.
if 𝜎(𝜇) had neighbors that now need to be split
10.
then insert them into ℒ

On line 9, check if 𝜎(𝜇), already split, had a neighbor that needs to be split.
• Again use the neighbor finding algorithm.
 Such a neighbor exists to the north iff NorthNeighbor(𝜇, 𝒯)
returns a node corresponding to a square larger than 𝜎(𝜇).
 Such a neighbor would be more than twice the size of each of
the four children from splitting of 𝜇 on line 5.

𝜎(𝜇)

Cost of Balancing
Theorem 2 Let 𝒯 be a quadtree with 𝑚 nodes. Then the balanced
version of 𝒯 has 𝑂(𝑚) nodes and can be constructed
in 𝑂 𝑑 + 1 𝑚 time.

Proof Omitted.

Cost of Balancing
Theorem 2 Let 𝒯 be a quadtree with 𝑚 nodes. Then the balanced
version of 𝒯 has 𝑂(𝑚) nodes and can be constructed
in 𝑂 𝑑 + 1 𝑚 time.

Proof Omitted.
Mesh generation from a set of disjoint polygons.
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version of 𝒯 has 𝑂(𝑚) nodes and can be constructed
in 𝑂 𝑑 + 1 𝑚 time.

Proof Omitted.
Mesh generation from a set of disjoint polygons.
• Construct a quadtree subdivision of the polygon vertices.

Cost of Balancing
Theorem 2 Let 𝒯 be a quadtree with 𝑚 nodes. Then the balanced
version of 𝒯 has 𝑂(𝑚) nodes and can be constructed
in 𝑂 𝑑 + 1 𝑚 time.

Proof Omitted.
Mesh generation from a set of disjoint polygons.
• Construct a quadtree subdivision of the polygon vertices.
 Stop splitting a square when it is no longer intersected by a polygon
edge, or when it has unit size.

Cost of Balancing
Theorem 2 Let 𝒯 be a quadtree with 𝑚 nodes. Then the balanced
version of 𝒯 has 𝑂(𝑚) nodes and can be constructed
in 𝑂 𝑑 + 1 𝑚 time.

Proof Omitted.
Mesh generation from a set of disjoint polygons.
• Construct a quadtree subdivision of the polygon vertices.
 Stop splitting a square when it is no longer intersected by a polygon
edge, or when it has unit size.

• Balance the quadtree subdivision.
• Triangulate the balanced quadtree subdivision (adding Steiner points).

