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Point 

Algorithm 2 

1) Introduce a set Ω ={𝑝0,𝑝−1,𝑝−2} of three auxiliary points.  

𝑝0

𝑝−2

𝑝−1

Start with ∆ 𝑝0𝑝−1𝑝−2 containing all points from 𝑃 in the interior.
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Legality of Every New Edge

Point 
Lemma 1 Every new edge created during the insertion of 

𝑝𝑟 is an edge of 𝐷𝐺({𝑝0,𝑝−1,𝑝−2, 𝑝1,…,𝑝𝑟}).

Proof Examine two types of edges.

𝑝𝑟

𝑝𝑗

𝑝𝑖

𝑝𝑙

𝑝𝑘

𝑝𝑟

𝑝𝑘

𝑝𝑗
𝑝𝑖

 The 1st type of edges (cases 1 & 2) are added right after insertion of 𝑝𝑟.

Case 1 Case 2



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

𝐶

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).

𝑜



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

𝐶
The circumcircle 𝐶 contains no point 𝑝𝑙, 
𝑙 < 𝑟, in its interior.  

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).

𝑜



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

𝐶
The circumcircle 𝐶 contains no point 𝑝𝑙, 
𝑙 < 𝑟, in its interior.  

Shrink 𝐶 (centered at 𝑜) to a circle 𝐶′
(centered at 𝑜′) through 𝑝𝑖 and 𝑝𝑟. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).

𝑜



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

𝐶
The circumcircle 𝐶 contains no point 𝑝𝑙, 
𝑙 < 𝑟, in its interior.  

𝐶′

Shrink 𝐶 (centered at 𝑜) to a circle 𝐶′
(centered at 𝑜′) through 𝑝𝑖 and 𝑝𝑟. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).

𝑜

𝑜′



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

𝐶
The circumcircle 𝐶 contains no point 𝑝𝑙, 
𝑙 < 𝑟, in its interior.  

𝐶′

Shrink 𝐶 (centered at 𝑜) to a circle 𝐶′
(centered at 𝑜′) through 𝑝𝑖 and 𝑝𝑟. 

𝐶′ is empty. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).

𝑜

𝑜′



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

𝐶
The circumcircle 𝐶 contains no point 𝑝𝑙, 
𝑙 < 𝑟, in its interior.  

𝐶′

Shrink 𝐶 (centered at 𝑜) to a circle 𝐶′
(centered at 𝑜′) through 𝑝𝑖 and 𝑝𝑟. 

𝐶′ is empty. 𝑝𝑟𝑝𝑖 an edge of the DG

after addition of 𝑝𝑟. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).

𝑜

𝑜′



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

𝐶
The circumcircle 𝐶 contains no point 𝑝𝑙, 
𝑙 < 𝑟, in its interior.  

𝐶′

Shrink 𝐶 (centered at 𝑜) to a circle 𝐶′
(centered at 𝑜′) through 𝑝𝑖 and 𝑝𝑟. 

𝐶′ is empty. 𝑝𝑟𝑝𝑖 an edge of the DG

after addition of 𝑝𝑟. 

Similarly, 𝑝𝑟𝑝𝑗 and 𝑝𝑟𝑝𝑘 are edges too. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).

𝑜

𝑜′



Immediately Added Edges 

Point 

• Case 1

𝑝𝑟

𝑝𝑘

𝑝𝑗

𝑝𝑖

𝐶
The circumcircle 𝐶 contains no point 𝑝𝑙, 
𝑙 < 𝑟, in its interior.  

𝐶′

Shrink 𝐶 (centered at 𝑜) to a circle 𝐶′
(centered at 𝑜′) through 𝑝𝑖 and 𝑝𝑟. 

𝐶′ is empty. 𝑝𝑟𝑝𝑖 an edge of the DG

after addition of 𝑝𝑟. 

Similarly, 𝑝𝑟𝑝𝑗 and 𝑝𝑟𝑝𝑘 are edges too. 

• Case 2

∆ 𝑝𝑖𝑝𝑗𝑝𝑘 is a triangle in 𝐷𝐺(Ω⋃ 𝑝1, … , 𝑝𝑟−1 ).

Similar to Case 1.

𝑜

𝑜′



Edges Added Due to Flipping

Point 
 The 2nd type of edges are added due to flipping by LegalizeEdge.

𝑝𝑟

𝑝𝑙

𝑝𝑖

𝑝𝑗

Suppose 𝑝𝑖𝑝𝑗 of ∆ 𝑝𝑖𝑝𝑗𝑝𝑙 is replaced by 𝑝𝑟𝑝𝑙. 

𝐶
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Point 
 The 2nd type of edges are added due to flipping by LegalizeEdge.

𝑝𝑟

𝑝𝑙

𝑝𝑖

𝑝𝑗

Suppose 𝑝𝑖𝑝𝑗 of ∆ 𝑝𝑖𝑝𝑗𝑝𝑙 is replaced by 𝑝𝑟𝑝𝑙. 

𝐶



Edges Added Due to Flipping

Point 
 The 2nd type of edges are added due to flipping by LegalizeEdge.

𝑝𝑟

𝑝𝑙

𝑝𝑖

𝑝𝑗

Suppose 𝑝𝑖𝑝𝑗 of ∆ 𝑝𝑖𝑝𝑗𝑝𝑙 is replaced by 𝑝𝑟𝑝𝑙. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑙 was a Delaunay triangle and its circumcircle

𝐶 contains 𝑝𝑟 only. 

𝐶



Edges Added Due to Flipping

Point 
 The 2nd type of edges are added due to flipping by LegalizeEdge.

𝑝𝑟

𝑝𝑙

𝑝𝑖

𝑝𝑗

Suppose 𝑝𝑖𝑝𝑗 of ∆ 𝑝𝑖𝑝𝑗𝑝𝑙 is replaced by 𝑝𝑟𝑝𝑙. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑙 was a Delaunay triangle and its circumcircle

𝐶 contains 𝑝𝑟 only. 

𝐶
Shrink 𝐶 to a circle 𝐶′ with only 𝑝𝑟 and 𝑝𝑙 on its

boundary. 
𝐶′



Edges Added Due to Flipping

Point 
 The 2nd type of edges are added due to flipping by LegalizeEdge.

𝑝𝑟

𝑝𝑙

𝑝𝑖

𝑝𝑗

Suppose 𝑝𝑖𝑝𝑗 of ∆ 𝑝𝑖𝑝𝑗𝑝𝑙 is replaced by 𝑝𝑟𝑝𝑙. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑙 was a Delaunay triangle and its circumcircle

𝐶 contains 𝑝𝑟 only. 

𝐶
Shrink 𝐶 to a circle 𝐶′ with only 𝑝𝑟 and 𝑝𝑙 on its

boundary. 
𝐶′

𝐶′ is empty. 



Edges Added Due to Flipping

Point 
 The 2nd type of edges are added due to flipping by LegalizeEdge.
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𝑝𝑖
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𝑝𝑟𝑝𝑙 is a Delaunay edge after the addition.
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𝐶′ is empty. 
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Point 
 The 2nd type of edges are added due to flipping by LegalizeEdge.
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𝑝𝑙

𝑝𝑖
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Suppose 𝑝𝑖𝑝𝑗 of ∆ 𝑝𝑖𝑝𝑗𝑝𝑙 is replaced by 𝑝𝑟𝑝𝑙. 

∆ 𝑝𝑖𝑝𝑗𝑝𝑙 was a Delaunay triangle and its circumcircle

𝐶 contains 𝑝𝑟 only. 

𝐶
Shrink 𝐶 to a circle 𝐶′ with only 𝑝𝑟 and 𝑝𝑙 on its

boundary. 

𝑝𝑟𝑝𝑙 is a Delaunay edge after the addition.

𝐶′
𝐶′ is empty. 
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Point 
Build a point location structure 𝐷 as a directed acyclic graph.
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Build a point location structure 𝐷 as a directed acyclic graph.

• Leaves:  triangles of the current 

triangulation 𝑇.

• Internal nodes:  triangles that existed 

before but have been 

destroyed.

Trapezoidal map with only triangles no trapezoids.
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III. Locating the Containing Triangle

Point 
Build a point location structure 𝐷 as a directed acyclic graph.

• Leaves:  triangles of the current 

triangulation 𝑇.

• Internal nodes:  triangles that existed 

before but have been 

destroyed.

Trapezoidal map with only triangles no trapezoids.

• Initialized as a DAG with one node

(∆ 𝑝0𝑝−1𝑝−2).

𝐷

𝑣𝑔

𝑒𝑖∆𝑗

∆𝑙

∆𝑘

𝑣ℎ

𝑒𝑖

∆𝑠

∆𝑡

𝑒𝑖

∆𝑚

𝑒𝑖

∆𝑛



Example

Δ1

Δ2

Δ3

Δ1
Δ3Δ2

Δ1 Δ3Δ2

Δ4



Example

Δ1

Δ2

Δ3

Δ1
Δ3Δ2

Δ2

Δ3

𝑝𝑗

𝑝𝑖

𝑝𝑟

Δ1 Δ3Δ2

Δ4

insert 𝑝𝑟 into Δ1



Example

Δ1

Δ2

Δ3

Δ1
Δ3Δ2

Δ2

Δ3

𝑝𝑗

𝑝𝑖

𝑝𝑟

Δ1 Δ3Δ2

Δ4

insert 𝑝𝑟 into Δ1

split Δ1



Example

Δ1

Δ2

Δ3

Δ1
Δ3Δ2

Δ2

Δ3

𝑝𝑗

𝑝𝑖

𝑝𝑟

Δ4
Δ1 Δ3Δ2

Δ4

insert 𝑝𝑟 into Δ1

split Δ1



Example

Δ1

Δ2
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Δ1
Δ3Δ2
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Δ3

𝑝𝑗
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Δ1 Δ3Δ2
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insert 𝑝𝑟 into Δ1

split Δ1



Insertion

Δ2

Δ3

𝑝𝑗

𝑝𝑖

𝑝𝑟

Locate 𝑝𝑟 in 𝐷𝐺({𝑝−2, 𝑝−1, 𝑝0, 𝑝1, … , 𝑝𝑟−1})

Δ1

• Start at the root (∆ 𝑝0𝑝−1𝑝−2) of 𝐷.
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• Check its three children to see which one

contains 𝑝𝑟.
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Δ1

• Start at the root (∆ 𝑝0𝑝−1𝑝−2) of 𝐷.

• Check its three children to see which one

contains 𝑝𝑟.

created from addition of 𝑝1 (which 

is in the interior of ∆ 𝑝0𝑝−1𝑝−2)



Insertion

Δ2
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𝑝𝑗
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Locate 𝑝𝑟 in 𝐷𝐺({𝑝−2, 𝑝−1, 𝑝0, 𝑝1, … , 𝑝𝑟−1})

Δ1

• Start at the root (∆ 𝑝0𝑝−1𝑝−2) of 𝐷.

• Check its three children to see which one

contains 𝑝𝑟.

created from addition of 𝑝1 (which 

is in the interior of ∆ 𝑝0𝑝−1𝑝−2)

• Descends to this child.



Insertion

Δ2

Δ3

𝑝𝑗

𝑝𝑖

𝑝𝑟

Locate 𝑝𝑟 in 𝐷𝐺({𝑝−2, 𝑝−1, 𝑝0, 𝑝1, … , 𝑝𝑟−1})

Δ1

• Start at the root (∆ 𝑝0𝑝−1𝑝−2) of 𝐷.

• Check its three children to see which one

contains 𝑝𝑟.

created from addition of 𝑝1 (which 

is in the interior of ∆ 𝑝0𝑝−1𝑝−2)

• Descends to this child.

• Repeat the above two steps to reach a leaf.



Insertion

Δ2

Δ3

𝑝𝑗

𝑝𝑖

𝑝𝑟

Locate 𝑝𝑟 in 𝐷𝐺({𝑝−2, 𝑝−1, 𝑝0, 𝑝1, … , 𝑝𝑟−1})

Δ1

• Start at the root (∆ 𝑝0𝑝−1𝑝−2) of 𝐷.

• Check its three children to see which one

contains 𝑝𝑟.

created from addition of 𝑝1 (which 

is in the interior of ∆ 𝑝0𝑝−1𝑝−2)

• Descends to this child.

• Repeat the above two steps to reach a leaf.

Time linear in

#nodes on the search path = #triangles stored in 𝐷 that contains 𝑝𝑟



Example (cont’d) 
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Example (cont’d) 
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Example (cont’d) 
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Example (finish) 
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Example (finish) 
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Example (finish) 

𝑝𝑗

𝑝𝑖

𝑝𝑟

Δ6
Δ5

Δ3

Δ1 Δ3Δ2

Δ4

Δ6Δ5
flip 𝑝𝑖𝑝𝑙

𝑝𝑙
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Δ6Δ5

Δ7 Δ8



Selecting 𝑝−2, 𝑝−1, 𝑝0

Point 𝑀 = max
𝑝𝑖=(𝑥𝑖,𝑦𝑖)
1≤𝑖≤𝑛
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triangles bordering this edge.
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Three of the edges are

𝑝−1𝑝−2, 𝑝−1𝑝0, 𝑝−2𝑝0. 

Total degree of vertices from 𝑃𝑟 is ≤ 2(3 𝑟 + 3 − 9) = 6𝑟. 

Expected degree of such a vertex is ≤ 6. 
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Point 
Expected # triangles created in step 𝑟

≤ 𝐸(2 deg 𝑝𝑟 , 𝐷𝐺𝑟 − 3) i.e., ≤ 2𝑘 − 3 shown

two slides earlier

= 2𝐸(deg 𝑝𝑟 , 𝐷𝐺𝑟 ) − 3

= 2 ∙ 6 − 3

= 9

𝑛 insertion steps .

≤ 9𝑛 triangles created

Include ∆ 𝑝0𝑝−1𝑝−2

≤ 9𝑛 + 1 triangles.

Expected degree ≤ 6
from previous slide 
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Point 
Time to locate 𝑝𝑟 ∼ # nodes visited in the search structure

∼ # triangles that were present at some earlier

stage and containing 𝑝𝑟 but have been destroyed

One triangle may be charged multiple times, each time for 

locating a different point.

Total time for all point location steps is

𝑆: set of all triangles created by the algorithm.

𝑛∆: number of points from 𝑃 that lie within the triangle ∆

𝑂 𝑛 + σ∆∈𝑆𝑛∆ = 𝑂(𝑛 log 𝑛) (for proof see Lemma 9.13)


