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• an arc between two nodes
𝑝 and 𝑞 if 𝑉(𝑝) and 𝑉(𝑞)
share an edge.

Delaunay Graph

𝐷𝐺(𝑃)
𝑝3
𝑝1

𝑝4

𝑝2

𝑝5

𝑝6
𝑝8

𝑝7

Planarity
Theorem 1 𝐷𝐺(𝑃) is a planar graph.
Point

Proof Use a property of Vor(𝑃):
𝑝𝑖

𝑝𝑗

Vor(𝑃) edge

Planarity
Theorem 1 𝐷𝐺(𝑃) is a planar graph.
Point

Proof Use a property of Vor(𝑃): Edge 𝑝𝑖 𝑝𝑗 ∈ 𝐷𝐺(𝑃) iff there is a
closed disk 𝐶𝑖𝑗
𝑝𝑖

𝑝𝑗

Vor(𝑃) edge

Planarity
Theorem 1 𝐷𝐺(𝑃) is a planar graph.
Point

Proof Use a property of Vor(𝑃): Edge 𝑝𝑖 𝑝𝑗 ∈ 𝐷𝐺(𝑃) iff there is a
closed disk 𝐶𝑖𝑗
𝑝𝑖

𝐶𝑖𝑗

𝑝𝑗

Vor(𝑃) edge

 centered at a point 𝑜𝑖𝑗 on the bisector

Planarity
Theorem 1 𝐷𝐺(𝑃) is a planar graph.
Point

Proof Use a property of Vor(𝑃): Edge 𝑝𝑖 𝑝𝑗 ∈ 𝐷𝐺(𝑃) iff there is a
closed disk 𝐶𝑖𝑗
𝑝𝑖

𝐶𝑖𝑗

𝑜𝑖𝑗

𝑝𝑗

Vor(𝑃) edge

 centered at a point 𝑜𝑖𝑗 on the bisector

Planarity
Theorem 1 𝐷𝐺(𝑃) is a planar graph.
Point

Proof Use a property of Vor(𝑃): Edge 𝑝𝑖 𝑝𝑗 ∈ 𝐷𝐺(𝑃) iff there is a
closed disk 𝐶𝑖𝑗
𝑝𝑖

𝐶𝑖𝑗

 centered at a point 𝑜𝑖𝑗 on the bisector
 with 𝑝𝑖 , 𝑝𝑗 on its boundary

𝑜𝑖𝑗

𝑝𝑗

Vor(𝑃) edge

Planarity
Theorem 1 𝐷𝐺(𝑃) is a planar graph.
Point

Proof Use a property of Vor(𝑃): Edge 𝑝𝑖 𝑝𝑗 ∈ 𝐷𝐺(𝑃) iff there is a
closed disk 𝐶𝑖𝑗
𝑝𝑖

𝐶𝑖𝑗

 centered at a point 𝑜𝑖𝑗 on the bisector
 with 𝑝𝑖 , 𝑝𝑗 on its boundary

𝑜𝑖𝑗

 with no other site in its interior

𝑝𝑗

Vor(𝑃) edge

Planarity
Theorem 1 𝐷𝐺(𝑃) is a planar graph.
Point

Proof Use a property of Vor(𝑃): Edge 𝑝𝑖 𝑝𝑗 ∈ 𝐷𝐺(𝑃) iff there is a
closed disk 𝐶𝑖𝑗
𝑝𝑖

𝐶𝑖𝑗

 centered at a point 𝑜𝑖𝑗 on the bisector
 with 𝑝𝑖 , 𝑝𝑗 on its boundary

𝑜𝑖𝑗

 with no other site in its interior

𝑝𝑗

Vor(𝑃) edge

Planarity will follow if we show that
any other edge 𝑝𝑘 𝑝𝑙 ∈ 𝐷𝐺 𝑃 can
not intersect 𝑝𝑖 𝑝𝑗 .

Planarity
Theorem 1 𝐷𝐺(𝑃) is a planar graph.
Point

Proof Use a property of Vor(𝑃): Edge 𝑝𝑖 𝑝𝑗 ∈ 𝐷𝐺(𝑃) iff there is a
closed disk 𝐶𝑖𝑗
𝑝𝑖

𝐶𝑖𝑗

 centered at a point 𝑜𝑖𝑗 on the bisector
 with 𝑝𝑖 , 𝑝𝑗 on its boundary

𝑜𝑖𝑗

 with no other site in its interior

𝑝𝑗

Vor(𝑃) edge

Planarity will follow if we show that
any other edge 𝑝𝑘 𝑝𝑙 ∈ 𝐷𝐺 𝑃 can
not intersect 𝑝𝑖 𝑝𝑗 .

By contradiction next.

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.

𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑙

𝑜𝑖𝑗

𝑝𝑘

𝑝𝑖

𝑝𝑗

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑙

𝑜𝑖𝑗

𝑝𝑘

𝑝𝑖

𝑝𝑗

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑙

𝑜𝑖𝑗

𝑝𝑘

𝑝𝑖

𝑝𝑗

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑙

𝑜𝑖𝑗

𝑝𝑘

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖

𝑝𝑗

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑙

𝑜𝑖𝑗

𝑝𝑘

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖

𝑝𝑗

They lie outside of Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 .

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑙

𝑜𝑖𝑗

𝑝𝑘

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖

𝑝𝑗

They lie outside of Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 .
Suppose 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑝𝑙 .

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖
𝑝𝑙

𝑜𝑖𝑗

They lie outside of Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 .
Suppose 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑝𝑙 .
𝑝𝑘 𝑝𝑙 intersects 𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 .

𝑝𝑘

𝑝𝑗

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖
𝑝𝑙

𝑜𝑖𝑗

They lie outside of Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 .
Suppose 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑝𝑙 .
𝑝𝑘 𝑝𝑙 intersects 𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 .

Similarly, 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .
𝑝𝑘

𝑝𝑗

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖
𝑝𝑙

𝑜𝑖𝑗

They lie outside of Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 .
Suppose 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑝𝑙 .
𝑝𝑘 𝑝𝑙 intersects 𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 .

Similarly, 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .
𝑝𝑘

𝑝𝑗

𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 must intersect 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖
𝑝𝑙

𝑜𝑖𝑗

They lie outside of Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 .
Suppose 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑝𝑙 .
𝑝𝑘 𝑝𝑙 intersects 𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 .

Similarly, 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .
𝑝𝑘

𝑝𝑗

𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 must intersect 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .
Impossible because the two edges are in disjoint
Voronoi cells (𝐶(𝑝𝑖 ) or 𝐶(𝑝𝑗 )) and (𝐶(𝑝𝑘 ) or 𝐶(𝑝𝑙 ))!

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖
𝑝𝑙

𝑜𝑖𝑗

They lie outside of Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 .
Suppose 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑝𝑙 .
𝑝𝑘 𝑝𝑙 intersects 𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 .

Similarly, 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .
𝑝𝑘

𝑝𝑗

𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 must intersect 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .
Impossible because the two edges are in disjoint
Voronoi cells (𝐶(𝑝𝑖 ) or 𝐶(𝑝𝑗 )) and (𝐶(𝑝𝑘 ) or 𝐶(𝑝𝑙 ))!

Thus, 𝑝𝑖 𝑝𝑗 ∩ 𝑝𝑘 𝑝𝑙 = ∅.

Planarity (cont’d)
𝐶𝑘𝑙 : closed, empty disk centered at 𝑜𝑘𝑙 on the bisector of 𝑝𝑘 , 𝑝𝑙 and
passing
Point through them.
Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 and Δ 𝑝𝑘 𝑜𝑘𝑙 𝑝𝑙 do not contain
a site vertex of the other.

Both 𝐶𝑖𝑗 and 𝐶𝑘𝑙 are empty.
𝐶𝑖𝑗

𝑜𝑘𝑙

𝑝𝑘 , 𝑝𝑙 lie outside of 𝐶𝑖𝑗 .

𝑝𝑖
𝑝𝑙

𝑜𝑖𝑗

They lie outside of Δ 𝑝𝑖 𝑜𝑖𝑗 𝑝𝑗 .
Suppose 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑝𝑙 .
𝑝𝑘 𝑝𝑙 intersects 𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 .

Similarly, 𝑝𝑖 𝑝𝑗 intersects 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .
𝑝𝑘

𝑝𝑗

𝑝𝑖 𝑜𝑖𝑗 or 𝑝𝑗 𝑜𝑖𝑗 must intersect 𝑝𝑘 𝑜𝑘𝑙 or 𝑝𝑙 𝑜𝑘𝑙 .
Impossible because the two edges are in disjoint
Voronoi cells (𝐶(𝑝𝑖 ) or 𝐶(𝑝𝑗 )) and (𝐶(𝑝𝑘 ) or 𝐶(𝑝𝑙 ))!

Thus, 𝑝𝑖 𝑝𝑗 ∩ 𝑝𝑘 𝑝𝑙 = ∅.

Correspondences: Vor(𝑃) and 𝐷𝐺(𝑃)
A vertex 𝑣 in Vor 𝑃 ↔ A face 𝑓 in 𝐷𝐺(𝑃)

Point

𝑝1

𝑣

𝑓

𝑝5

𝑣
𝑝4

𝑝2

𝑝3

𝑓

Correspondences: Vor(𝑃) and 𝐷𝐺(𝑃)
A vertex 𝑣 in Vor 𝑃 ↔ A face 𝑓 in 𝐷𝐺(𝑃)

Point

Edges incident to 𝑣 ↔ Edges around 𝑓

𝑝1

𝑣

𝑓

𝑝5

𝑣
𝑝4

𝑝2

𝑝3

𝑓

Handling Degeneracy
General position: No four points are cocircular.
Point

𝑝1

𝑣

𝑓

𝑝5

𝑝4
𝑝2

𝑝3

Handling Degeneracy
General position: No four points are cocircular.
Point
𝐷𝐺(𝑃) is a triangulation (Delaunay triangulation)

𝑝1

𝑣

𝑓

𝑝5

𝑝4
𝑝2

𝑝3

Handling Degeneracy
General position: No four points are cocircular.
Point
𝐷𝐺(𝑃) is a triangulation (Delaunay triangulation)

𝑝1

𝑣

𝑓

𝑝5

𝑝4
𝑝2

𝑝3

• Otherwise, DG contains some face with
> 3 edges.

Handling Degeneracy
General position: No four points are cocircular.
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• Further triangulate every one of such faces.
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