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IV. Map coloring
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III. Constraint Satisfaction

• A set of variables 𝒳 = 𝑋1, … , 𝑋𝑛 .

• A set of domains 𝒟 = 𝐷1, … , 𝐷𝑛 . 

• A set of constraints 𝒞 = {𝐶1, … , 𝐶𝑚} that specifies allowable 

combination of values. 

Domain 𝐷𝑖 = 𝑣1, … , 𝑣𝑘𝑖 is the set of allowable values for the variable 𝑋𝑖 .

e.g., {true, false} for a Boolean variable.

𝑋𝑖 ∈ 𝐷𝑖



Relation

 𝐶𝑗: (𝑣𝑖 , 𝑣𝑗), relation

 a set of tuple of values for 𝑣𝑖 and 𝑣𝑗

If 𝐷1 = 𝐷2 = {1, 2, 3}, the relation “𝑋1 is greater than 𝑋2“:

 𝑋1, 𝑋2 , { 3,1 , 3,2 , 2,1 }



Relation

 𝐶𝑗: (𝑣𝑖 , 𝑣𝑗), relation

 a set of tuple of values for 𝑣𝑖 and 𝑣𝑗

 a function that checks if a tuple satisfies the relation

If 𝐷1 = 𝐷2 = {1, 2, 3}, the relation “𝑋1 is greater than 𝑋2“:

 𝑋1, 𝑋2 , { 3,1 , 3,2 , 2,1 }

 𝑋1, 𝑋2 , 𝑋1 > 𝑋2
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Assignments

{𝑋𝑖 = 𝑣𝑖 , 𝑋𝑗 = 𝑣𝑗 , … }

 consistent if no constraint is violated. 

 complete if every variable is assigned a value. 

 partial if some variables are unassigned. 

An assignment is 

A solution to a CSP is a consistent, complete assignment.

A partial solution is a partial assignment that is consistent.

Solving a CSP is NP-complete in general! 



IV. Example 1: Map Coloring

Color the regions of Australia in red, green, or blue such that no two  

neighboring regions share the same color. 

Variables: 𝒳 = {WA, NT, Q, NSW, V, SA, T }

Domains: 𝐷𝑖 = {red, green,blue}



Map Coloring (cont’d)

Constraints: 𝒞 = {SA≠WA, SA≠NT, SA≠Q, SA≠NSW, SA≠V

WA≠NT, NT≠Q, Q≠NSW, NSW≠V}



Map Coloring (cont’d)
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Map Coloring (cont’d)

Constraints: 𝒞 = {SA≠WA, SA≠NT, SA≠Q, SA≠NSW, SA≠V

WA≠NT, NT≠Q, Q≠NSW, NSW≠V}

SA≠WA by enumeration: { (red, green), (red, blue), (green, red), 

(green, blue), (blue, red), (blue, green)}
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red

One solution
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Four-Color Theorem

Theorem Any map in a plane can be colored using four colors in such a    

way that regions sharing a common boundary (other than a 

single point) do not share the same color.

* Images from https://commons.wikimedia.org/wiki/File:World_map_with_four_colours.svg

and https://geology.com/world/the-united-states-of-america-satellite-image.shtml.

https://commons.wikimedia.org/wiki/File:World_map_with_four_colours.svg
https://geology.com/world/the-united-states-of-america-satellite-image.shtml
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Why Formulate a CSP? 

 A natural representation for a wide variety of problem.

 Fast and efficient CSP solvers. 

 Ability of a CSP solver to reduce the search space significantly. 

blue

{SA = blue}

blue cannot be assigned to WA, NT, Q, 

NSW, and V.

25 = 32 assignments to the five regions.

A reduction from 35 = 243 assignments by a  

search procedure not using the constraint. 
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• Atomic state-space search
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Why is the Search Space Reduced?

• Atomic state-space search

Is this specific state a goal?

If not, what about this one?

• CSP 

Upon violation by a partial assignment

 discard its further refinements,

 see which variables cause the violation,

 focus on those variables that matter.


