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ANNs for PDEs

Lagaris, Likas & Fotiadis, 1998, IEEE Transactions on Neural
Networks

Artificial Neural Networks for Solving Ordinary and Partial Differential
Equations

Summary

Solved ODEs and PDEs using a multilayer perceptron with one
hidden layer. The input to the NN is the independent variable [x
or t or (x, t)] and the output is the unknown u

The trial solution is written down as a sum of contributions from
the (i) IC/BC and that from the (ii) ODE/PDE. The second part
is learnt through the ANN.

The solution is reached by optimizing the squared residual
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Method

Suppose the PDE is given by

G(x, u(x),∇u(x),∆u(x)) = 0, x ∈ Ω ⊂ R2

Collocation method is used for numerical discretization:

G(xi, u(xi),∇u(xi),∆u(xi)) = 0, xi ∈ Ω̂ ⊂ Ω

Loss function

L =
∑
xi∈Ω̂

[G(xi, u(xi, w),∇u(xi, w),∆u(xi, w))]2

Optimization problem

w = arg minL
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Method

Trial solution

û(x,w) = gBC + F (x,N(x,w))

Neural net solution

Input: x

Hidden layer: zi =
∑n

j=1wijxj + bi

Output: N =
∑H

j=1 viσ(zi)
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Method

Optimizing the loss function

Optimization step:

wr+1
ij = wr

ij − α
∂L

∂wij

br+1
j = brj − α

∂L

∂bj

vr+1
k = vrk − α

∂L

∂vk

All these derivatives are calculated from the closed form
expressions

The spatial derivatives are also calculated from the closed form
expressions
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Example 1: An Initial Value Problem

The second order ODE:

d2u

dx2
= f

(
x, u,

du

dx

)
, , u(0) = A, and u′(0) = B

The trial solution is written as:

ˆu(x, p) = A+Bx+ x2N(x, p)
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Example 1: An Initial Value Problem

For example:

d2u

dx2
+ 0.2

du

dx
+ u = −0.2 exp−0.2x cosx, , u(0) = 0, and u′(0) = 1

The trial solution: ˆu(x, p) = 0 + 1 · x+ x2N(x, p) = x+ x2N(x, p)
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Example 2: A PDE

Poisson equation with Dirichlet boundary conditions

∂2u

∂x2
+
∂2u

∂y2
= f(x, y), (x, y) ∈ [0, 1]2

with boundary conditions:

u(0, y) = f0(y), u(1, y) = f1(y)

u(x, 0) = g0(x), u(x, 1) = g1(x)

The trial solution is written as:

û = A(x, y) + xy(1− x)(1− y)N(x, y, p)

where,

ˆA(x, y) =(1− x)f0(y) + xf1(y)

+ (1− y){g0(x)− [(1− x)g0(0) + xg0(1)]}
+ y{g1(x)− [(1− x)g1(0) + xg1(1)]}
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Example 2: A PDE

For example

∂2u

∂x2
+
∂2u

∂y2
= (2− π2y2) sin(πx)

with boundary conditions:

u(0, y) = 0, u(1, y) = 0

u(x, 0) = 0,
∂u

∂y
(x, 1) = 2 sin(πx)

Collocation points are taken from an equally spaced grid of
10× 10 points
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Comparison with FEM

ANN solution

FEM solution

Biswajit Khara MDL Seminar September 25, 2020 11 / 33



Order of convergence at interpolation points

Plot of log of maximum convergence error at the interpolation points
(ANN and FEM)
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Complexity

Plot of time to converge (ANN and FEM)
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Data driven discovery of PDEs

Rudy, Brunton, Proctor, Kutz, 2017, Science Advances

Data-driven discovery of partial differential equations

Summary

Presented a method to infer the mathematical model from
experimental data

By trying to fit the experimental data to a large collection of
differential and polynomial terms

Used sparse regression techniques to come up with possible best fit
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Problem description

In case of most applications, we start with a mathematical model,
i.e., the PDE (along with BCs) and try to solve it, for example,
the Navier-Stokes equation,

ut + u · ∇u− ν∆u+∇p = 0

∇ · u = 0

The varying components include the ν and the boundary
conditions

Solve and construct an approximate solution: u(x, t)

But what if this equation is not available to us. Can we
guess the equation from experimental data?
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Overview
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Overview
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Methodology

Three key ideas:

Overcomplete libraries of candidate functions

Sparse regression for selecting a small number of terms

Parsimonious selection of governing equations via Pareto analysis
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Building libraries of candidate terms

If data is collected over m time points and n spatial points then
they are collected as a column vector U ∈ Cmn. Also some other
problem specific data are collected in a column vector Q ∈ Cmn

Next a matrix Θ(U,Q) ∈ Cmn×D is constructed that contains
many linear and nonlinear terms and partial derivatives

Use sparse regression to solve for ξ

Biswajit Khara MDL Seminar September 25, 2020 19 / 33



Numerical derivative calculation

Did not use FDM to avoid numerical errors

Did not use spectral differentiation because of restriction to
periodic boundary

Rather, used local polynomial construction for derivative
calculation

A polynomial of degree P is constructed by considering a number
of points greater than P

Points close to boundary are more difficult for this purpose, so
they were not used for derivative calculations
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Sparse regression

The optimization problem is given by

The L1 regularization penalizes large terms

But this performed poorly with highly correlated data

Used Ridge regression instead:
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Physics Informed Neural Networks

Raissi, Perdikaris, Karniadakis, 2019, Journal of Computational
Physics

Physics-informed neural networks: A deep learning framework for
solving forward and inverse problems involving nonlinear partial
differential equations

Summary

Solved certain PDEs using deep neural networks

The solution is not constructed to satisfy the boundary conditions

Points form space/time are randomly chosen to evaluate the
residuals. The mean squared residual is then minimized

Gradients are calculated by automatic differentiation

Same approach is used to solve inverse problems and discovery of
PDEs
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Methodology

The basic idea is similar to the [Lagaris, 1998]

Consider the PDE:

with BCs

Then the loss function is written as:

where
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Neural network
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Basic algorithm

Biswajit Khara MDL Seminar September 25, 2020 25 / 33



Comparison with FEM
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Example
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Discovery of PDE

The above approach is also used to discover PDEs, but in a more
constrained manner
The candidate terms are already chosen
Only parameters are learnt from data
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Discovery of PDE
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InvNet for stochastic PDEs

Shah, Joshi, Ghoshal, Pokuri, Sarkar, Ganapathysubramanian,
Hegde, 2019, arXiv

Encoding invariances in Deep Generative Models

Summary

Used generative adversarial networks to solve stochastic PDEs

Used regular grid points for collocation

Calculated derivatives using finite difference schemes instead of
automatic differentiation

The input is the stochastic data and the output is a full field
solution based on the chosen grid

Biswajit Khara MDL Seminar September 25, 2020 30 / 33



Methodology

Consider the Burgers’ equation:

ut + ux = 0; , u(x, 0) = f(x)

Initial condition

f(x) = 0.5(1− cos(2πxc)), c ∈ [3, 6]

Input to the network: the stochastic boundary condition

Objective: Learning the distribution of the stochastic solution,
rather than a single deterministic problem

Formulated in terms of a min-max problem between a generator
and a discriminator

Output: Full field solution u
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Result
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Thank you
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