
1

Songtao Lu

Math of AI

IBM Thomas J. Watson Research Center, Yorktown Heights

Non-convex Minmax Optimization for
Machine Learning

Joint work with

Mingyi Hong, Ioannis Tsaknakis, University of Minnesota

Sijia Liu, MIT-IBM



2

This Talk

• Examples

– Communications
– Robust learning
– Decentralized computing

• Non-convex min-max optimization

– Algorithms design
– Convergence analysis

• Applications

• Future works
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y∈Y

f(x,y)

Robust

Learning



4

Communication/Delivery

Power allocation (classic problem, NP-hard):

H: channel gain; p: power

K transmitter-receiver pairs; N channels (tones)
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P: feasible set (power budget)

ZQ Luo, S Zhang,“Dynamic spectrum management: Complexity and duality”, 2008.
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Communication/Delivery

Sum rate maximization problem in the presence of a jammer
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Challenges:
• From the users’ perspective, how

can the users achieve as much as
rate as possible?

• From the jammer’s perspective, how
to make as much impact as
possible?

S. Lu, I. Tsaknakis, and M. Hong, “Block alternating optimization for non-convex
min-max problems: algorithms and applications in signal processing and
communications”, ICASSP, 2019.
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Robust Learning

fk(x, ,W): one model but K samples

Y := {y ∈ RK |
∑K
k=1 yk = 1,yk ≥ 0, k = 1, . . . ,K}: adversarial

reweighing

Robust learning [Chen et al’ 19]:

P2 : min
x∈X

max
y∈Y

K∑
k=1

ykfk(x,W)− λ
∥∥∥∥y − 1

K
1

∥∥∥∥2
2

min
x∈X

max
y∈Y

〈y, f(x)〉 − λ
∥∥∥∥y − 1

K
1

∥∥∥∥2
2

f(x) = [f1(x); . . . ; fK(x)];

A compact form:
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Decentralized Optimization

min
x

K∑
k=1

fk(xk)

s.t.Ax = 0

min
x

max
y

K∑
k=1

fk(xk) + 〈Ax,y〉

x = [x1; . . . ,xK ]

Lagrangian :

A ∈ RE×K : edge-node incidence matrix
If e ∈ E which connects vertex i and j with i > j, then
Aev = 1 if v = i, Aev = −1 if v = j and Aev = 0 otherwise.

1

2 3

4

A =


1 −1 0 0
1 0 0 −1
1 0 −1 0
0 1 −1 0
0 0 1 −1


1 53

4

node

edge

2
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Literature

The classical literature in optimization has been concentrated
in the case where f is convex/concave

• Extragradient method for finding saddle points in control
[P. Vasilyev et al. 2010]

• Subgradient method for saddle-point problems [Nedic and
Ozdaglar, 2009]

• Prox-method for smooth convex/concave problems
[Nemirovski, 2005]

• Optimistic gradient descent ascent [Daskalakis et al., 2017]

– f bilinear, i.e., f(x, y) = xTAy
– Gradient descent/ascent alg.
xt+1 = xt − 2α∇f(xt, yt) + α∇f(xt−1, yt−1)
yt+1 = yt + 2α∇f(xt, yt)− α∇f(xt−1, yt−1)
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Non-convex Min-Max Optimization

x : non-convex with gradient Lipschitz constant Lx;

y: strongly concave with parameter γ and gradient Lipschitz
constant Ly

min
x∈X

max
y∈Y

f(x,y)

Assumptions:
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Our approaches: Main Idea

• Intuitively, the “min” and “max” problems are not created
equal

• Min outside, Max inside, we should allow the Max be
solved relatively well before performing Min

• The alternating gradient descent fails because the two
sides are “’equally powerful’
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Our approaches: Main Idea

Optimality Gap (constrained)

G(x,y) :=
∥∥∥∥[ x− PX [x−∇xf(x,y)]

y − PY [y +∇yf(x,y)]

]∥∥∥∥
• When ‖x(t) − PX [x(t) −∇xf(x

(t),y)‖ is small, x(t) is
close to the first-order stationary point of the problem with
respect to block x

• When ‖y(t) − PY [y(t) −∇yf(x,y
(t))‖ is small, y(t) is

close to the first-order stationary point of the problem with
respect to block y



13

Descent-Ascent Algorithm

Descent-Ascent (DA) Algorithm:

x(t+1) =argminx∈X 〈∇xf(x
(t),y(t)),x− x(t)〉+ 1

2β
‖x− x(t)‖2,

y(t+1) =argmaxy∈Y〈∇yf(x
(t+1),y(t)),y − y(t)〉 − 1

2ρ
‖y − y(t)‖2.

S. Lu, I. Tsaknakis, and M. Hong, “Block alternating optimization for non-convex
min-max problems: algorithms and applications in signal processing and
communications”, ICASSP, 2019.

β, ρ: step-sizes

Implementation:

x(t+1) =PX [x
(t) − β∇xf(x

(t),y(t))],

y(t+1) =PY [y
(t) + ρ∇yf(x

(t+1),y(t))].
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Convergence Results

γ: parameter (strongly convexity)

Theorem 1: Let (x(t),y(t)) the sequence generated by the
descent-ascent algorithm, where the step-sizes satisfy

β < min{O
(
γ2
)
, 1/Lx} ρ < O(γ)/L2

y.

For a given small constant ε, let T (ε) denote the first iteration index,
such that T (ε) = min{t|G2(x(t),y(t)) ≤ ε, r ≥ 1}. Then, there exits
some constant C > 0 such that ε ≤ C

T (ε) .
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Remarks on Theorem 1

• To achieve ‖G(x(t),y(t))‖2 ≤ ε, we need O( 1ε ) number of
iterations

• Step-size in minimization needs to satisfy
β < min{O

(
γ2
)
, 1/Lx}

• Step-size in maximization needs to satisfy ρ < O(γ)

• Key intuition of this analysis (typically: γ is small):
(inner) maximization problem: faster
(outer) minimization problem: slower
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Perturbed Descent-Ascent Algorithm

min
x∈X

max
y∈Y

〈y, f(x)〉

f(x,y): non-convex in x; linear in y

Perturbed Descent-Ascent (PDA) Algorithm:

x(t+1) =argmin
x∈X
〈∇xf(x

(t),y(t)),x− x(t)〉+ 1

2β(t)
‖x− x(t)‖2,

y(t+1) =argmax
y∈Y
〈∇yf(x

(t+1),y(t)),y − y(t)〉 − 1

2ρ
‖y − y(t)‖2 − γ(t)

2
‖y‖2.

• Add curvature to make each such problem strongly concave
so that it is “easy”

• Gradually reduce the problem curvature to resemble the
original (concave) problem
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Convergence Results

Theorem 2: Let (x(t),y(t)) the sequence generated by the perturbed
descent-ascent algorithm, where the step-sizes satisfy

β(t) < min{O
(
(γ(t))2

)
, 1/Lx} γ(t) =

1

ρt1/4

For a given small constant ε, let T (ε) denote the first iteration
index, such that T (ε) = min{t|‖∇G(x(t),y(t))‖2 ≤ ε, t ≥ 1}. Then,

there exits some constant C > 0 such that ε ≤ C log(T (ε))√
T (ε)

.

Implementation:

x(t+1) =PX [x
(t) − β(t)∇xf(x

(t),y(t))], (4a)

y(t+1) =PY [(1− ργ(t))y(t) + ρ∇yf(x
(t+1),y(t))]. (4b)

Convergence:
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Remarks on Theorem 2

• To achieve ‖G(x(t),y(t))‖2 ≤ ε, we need O( 1
ε2 ) number of

iterations

• One key difference between PDA and DA:
use of the diminishing penalization term: γ(t)‖y‖2

• Step-size in minimization need to satisfy
β(t) < min{O

(
(γ(t))2

)
, 1/Lx}

• One typical chosen of γ(t): γ(t) = 1
ρt1/4
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Extension to General Coupling Case

min
x∈X

max
y∈Y

f(x,y)

x: non-convex in with gradient Lipschitz constant Lx

y: concave with gradient Lipschitz constant Ly

Perturbed Descent-Ascent (PDA) Algorithm:

x(t+1) =argmin
x∈X
〈∇xf(x

(t),y(t)),x− x(t)〉+ 1

2β(t)
‖x− x(t)‖2

y(t+1) =argmax
y∈Y

f(x(t+1),y)− 1

2ρ
‖y − y(t)‖2 − γ(t)

2
‖y‖2
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Convergence Results

Corollary: Let (x(t),y(t)) the sequence generated by the perturbed
descent-ascent algorithm, where the step-sizes satisfy

β(t) < min{O
(
(γ(t))2

)
, 1/Lx} γ(t) =

1

ρt1/4

Then, there exits some constant C > 0 such that ε ≤ C log(T (ε))√
T (ε)

.

The same as Theorem 2
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Insights of Analysis

• A good algorithm should carefully balance between the two
problems

• The min problem has to be solved slower than the max
problem

• The max problem cannot be too aggressive

• Gradually adding regularizers to the min and max problems
to control the speed of the two steps.

The algorithms are also extendable as
zeroth-order methods.
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Power Control in the Presence of a Jammer

min
p∈P

max
p0∈P

K,N∑
(k,n)

− log

(
1 +

|Hn
kk|

2pn
k

σ2 +
∑K

j=1,j 6=k |Hn
jk|2p

n
j + |Hn

0k|2p
n
0

)

Parameters:

• K = 10, N = 10,
P = 10SNR/10, SNR= 1

• w/o jammer: σ2 = 1,
• with jammer: σ2 = 1/2

S. Lu, I. Tsaknakis, and M. Hong, “Block alternating optimization for non-convex
min-max problems: algorithms and applications in signal processing and
communications”, ICASSP, 2019.
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Sum rate maximization:
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Power Control in the Presence of a Jammer

Q. Shi, et al, “An iteratively weighted MMSE approach to distributed sum-utility
maximization for a MIMO interfering broadcast channel”, TSP, 2011.

Descent-Ascent (with jammer)
WMMSE (without jammer)

WMMSE (without jammer)

Descent-Ascent (with jammer)

total number of channelsiteration number
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Poisoning Attack against Logistic Regression Model

Properties of the objective function:

• −f(x,θ): concave over x(non-convex)
• −f(x,θ): strongly concave over θ

max
‖x‖≤ε

min
θ

f(x,θ,Dtr) + λ‖θ‖22

min
‖x‖≤ε

max
θ

− f(x,θ,Dtr)− λ‖θ‖22

Experiments setup:

• 1000 samples (zi, ti): zi ∈ R100 ∼ N (0, I) and ti = 1 if
1

1+e−(zT
i
θ+vi)

> 0.5 where θ = 1 and vi ∼ N (0, 10−3)

• D = {zi, ti}ni=1

• training: 70% and testing: 30%
• f(x,θ,Dtr) = f(x,θ,Dpoisoned) + f(0,θ,Dnon−poisoned)
• poisoning ratio:

|Dpoisoned|
|Dnon−poisoned|

• ε = 2 and λ = 10−3
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Poisoning Attack against Logistic Regression Model

poisoning ratio: 15%; batchsize: 100
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Poisoning Attack against Logistic Regression Model

poisoning ratio: 15%; q = 5; batchsize: 100
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Poisoning Attack against Logistic Regression Model

See the following paper for more results
J. Wang et al’ ”Towards A Unified Min-Max Framework for Adversarial
Exploration and Robustness”, ICLR, 2019
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Thanks for Your Attention!


