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Problem statement

Applications 

Sampling 

Multi-agent control 

Given probability density function   on ρ(x) Ω ⊆ ℝd

Draw samples from ρ(x)

Construct random variables  
 with distribution  such thatZj; j ∈ {1,...,N} ρ(x)

1
N

N

∑
j=1

δZj
→ ρ



Previous Approaches

Common Drawbacks of existing methods

Scalability

Need large number of agents for convergence

Metropolis Hastings

Langevin Equation

Stein Variational Gradient Descent

Application specific drawbacks

Speed of convergence of distribution



dZ(t) = 2(1 − Y(t))dW

ℙ(Y(t + h) = 0 |Y(t) = 1) = q1(Z(t), t)h + o(h)

ℙ(Y(t + h) = 1 |Y(t) = 0) = q2(Z(t), t)h + o(h)

Particle level model

An instance of a Hybrid Switching Diffusion process

Z(t) ∈ Ω Y(t) ∈ {0,1}

Spatial state Discrete State



Reference PDE model

(ρ1)t = DΔρ1 − q1(x, t)ρ1 + q2(x, t)ρ2

(ρ2)t = q1(x, t)ρ1 − q2(x, t)ρ2

in Ω × [0,T ]

ρ(⋅,0) = ρ0

n ⋅ ∇y1 = 0

Goal : Design mean field feedback law  so that qi(ρ) lim
t→∞

ρ1 + ρ2 = ρd

Reaction parameters are the controls



Design criteria for control 

• Control should be “as local as possible”

qi(ρ)(x) ≈ fi(ρ(x))

• Control should be implementable by agents

• If “purely local” no finite particle implementation

• Should be a mean-field limit of a finite N-particle system

• Low variance or motion at equilibrium

q2(yd) = 0



A Non-interacting Approach

in Ω × [0,T ]

ρ(⋅,0) = ρ0

n ⋅ ∇ρ1 = 0

(ρ1)t = DΔρ1 − q1(x, t)ρ1 + q2(x, t)ρ2

(ρ2)t = q1(x, t)ρ1 − q2(x, t)ρ2

in ∂Ω × [0,T ]

Set q1(x, t) = c q2(x, t) = H(x) Time-independent

ρ1 = α ρ2 = α( c
H(x) )Steady state 

Solution



Drawbacks of non-interacting approach 

• Control not zero at equilibrium 

Agents keep fluctuating at equilibrium

Similar issue with using Langevin Dynamics
ρt = Δρ − ∇ ⋅ (∇V(x)ρ)

dZ(t) = ∇Vdt + 2dW

ρ(t) → eV

Set q1(x, t) = c q2(x, t) = H(x)

ρ1 = α ρ2 = α( c
H(x) )Steady state 

Solution



The issue with fluctuations at equilibrium

Speed of convergence is function of parameter values

q1(x, t) = c q2(x, t) = H(x)D

Larger value means slower rate of convergence of the empirical measures to mean-field limit

Lower parameter value means slower rate of convergence to equilibrium of mean-field solution

Rate of convergence of Mean-field limit Vs Exponential stability tradeoff 

ρt = ϵΔρ − ϵ∇ ⋅ (∇V(x)ρ)
dZ(t) = ϵ∇Vdt + 2ϵdWSimilar issues for Langevin

Is also related to speed of convergence

1
N

N

∑
i=1

δXi(t) → ρ1(t) + ρ2(t) for fixed t

ρ(t) → eV



Interacting (mean-field) approach

in Ω × [0,T ](ρ1)t = DΔρ1 − q1(x, t)ρ1 + q2(x, t)ρ2

(ρ2)t = q1(x, t)ρ1 − q2(x, t)ρ2

Reactions are functions of the local population

q1(x, t) = sat[ρd(x, t) − ρ2(x))+]

q2(x, t) = sat[(ρ2(x) − ρd(x, t))+

Mean-field 
Feedback Law

PDE is semilinear

Nonlinearity is Lipschitz continuous

Can construct unique (mild) solution globally in time



(ρ1)t = DΔρ1 − q1(x, t)ρ1 + q2(x, t)ρ2

(ρ2)t = q1(x, t)ρ1 − q2(x, t)ρ2

q1(x, t) = sat[ρd(x, t) − ρ2(x))+]

q2(x, t) = sat[ρ2(x, t) − ρd(x))+]
Mean-field 

Feedback Law

Asymptotic Stability properties

Is the target density  globally stable?ρd

Is stability exponential?



in Ω × [0,T ](ρ1)t = DΔρ1 − q1(x, t)ρ1 + q2(x, t)ρ2

(ρ2)t = q1(x, t)ρ1 − q2(x, t)ρ2

q1(x, t) = f(ρd(x, t) − ρ2(x)))

q2(x, t) = f(ρ2(x) − ρd(x, t))
Mean-field 

Feedback Law

Let  be a smooth functionf( ⋅ )

Linearization of the PDE gives
(δρ1)t = DΔδρ1

(δρ2)t = 0

Linearized PDE is not exponentially stable

Why we can’t expect exponential stability (local or global) 
In  norm L2



Linearization based analysis doesn’t work

Cannot expect global exponential stability

Lyapunov analysis requires more work establishing compactness

Next attempt

Use some physical aspects of the solutions

Solutions have a monotonicity property

(ρd − ρ2( ⋅ , t))+ ≤ (yd − ρ2( ⋅ , s))+

(ρd − ρ2( ⋅ , t))− ≥ (ρd − ρ2( ⋅ , s))−

Instead let’s look for asymptotic stability



Solutions have a monotonicity property

(ρd − ρ2( ⋅ , t))+ ≤ (ρd − ρ2( ⋅ , s))+

(ρd − ρ2( ⋅ , t))− ≥ (ρd − ρ2( ⋅ , s))−

Laplacian operator spreads mass everywhere

q1(x, t) = (ρ1(x, t) − ρd(x))+
ρ1

ρ2



Global  asymptotic stabilityL1

Partial Monotonicity 

+

Propagation of mass by the Laplacian

gives

Let  be probability densities.ρ0, ρd ∈ L∞(Ω)
Then the solution of the PDE satisfies

∥ρ1(t)∥ + ∥ρ2(t) − ρd∥1 → 0

Theorem 

No strict positivity assumption on the probability density!



How do we numerically implement this?

q1(x, t) = (ρ2(x, t) − ρd(x))+

q2(x, t) = (ρd(x) − ρ2(x, t))+

dZ(t) = 2(1 − Y(t))dW

ℙ(Y(t + h) = 0 |Y(t) = 1) = q1(Z(t), t)h + o(h)

ℙ(Y(t + h) = 1 |Y(t) = 0) = q2(Z(t), t)h + o(h)

For finite agents  should be replaced byρi

Empirical measures 
1
N

N

∑
j=1,Yj(t)=1

δZj(t)

q1(x, t) = (
1
N

N

∑
j=1,Yj(t)=1

δZj(t) − ρd(x))+

q2(x, t) = (ρd(x) −
1
N

N

∑
j=1,Yj(t)=1

δZj(t))+

Operations don’t 
make sense



Non-local Regularization of the control laws
q1(x, t) = (ρd(x) − ϕϵ ⊛ ρ2(x, t))+

q2(x, t) = (ϕϵ ⊛ ρ2(x, t) − ρd(x))+

ϕ Smooth mollifier function

Radially symmetric

ϕ ≥ 0, ∫ ϕ = 1Probability density

lim
ϵ→0

1
ϵd

ϕ(
x
ϵ

) = δ0

ϕϵ =
1
ϵd

ϕ(
x
ϵ

)Where

ϕϵ ⊛ ρ(x) = ∫ ϕ(x − y)ρ(y)dy

ρ(x) = ∫ ρ(y)dδx(y) ρϵ(x) = ∫ ρ(y)ϕϵ(x − y)dy



Some previous works on non-local regularization of 
mean-field equations 
Karl Oelschläger. "Large systems of interacting particles and the porous 
medium equation." Journal of differential equations 88.2 (1990)

ρt = Δρ2

Pierre-Louis Lions, and Sylvie Mas-Gallic. "Une méthode particulaire 
déterministe pour des équations diffusives non linéaires." (2001):

ρt = Δρ2ρt = ∇(
∇ρ
ρ

ρ)

Alessio Figalli and Robert Philipowski. "Convergence to the viscous porous 
medium equation and propagation of chaos.” (2008)

ρt = ϵΔρ + Δρ2

José Antonio Carrillo, Katy Craig, and Francesco S. Patacchini. "A blob 
method for diffusion.” (2019)

ρt = Δρ + Δρm + ∇(∇Vρ)



How do we implement this?
dZj(t) = 2(1 − Yj(t))dW

ℙ(Yj(t + h) = 1 |Y(t) = 0) = q1(Zj(t), t)h + o(h)

ℙ(Yj(t + h) = 0 |Yj(t) = 1) = q2(Zj(t), t)h + o(h)

For finite agents  should be replaced byρi

Empirical measures 
1
N

N

∑
j=1,Yj(t)=1

δZj(t)

q1(x, t) = (
1
N

N

∑
j=1,Yj(t)=1

ϕϵ(x − Zj(t)) − ρd(x))+

q2(x, t) = (ρd(x) −
N

∑
j=1,Yj(t)=1

ϕϵ(x − Zj(t)))+

Operations now 
make sense for finite agents

q1(x, t) = (ϕϵ ⊛ ρ2(x, t) − ρd(x))+

q2(x, t) = (ρd(x) − ϕϵ ⊛ ρ2(x, t))+
Regularized Mean-field laws



Relation between local and non-local PDE

(ρϵ
1)t = DΔρϵ

1 − qϵ
1(x, t)ρϵ

1 + qϵ
2(x, t)ρϵ

2

(ρϵ
2)t = qϵ

1(x, t)ρϵ
1 − qϵ

2(x, t)ρ2

qϵ
1(x, t) = (ϕϵ

ϵ ⊛ ρϵ
2(x, t) − ρd(x))+

qϵ
2(x, t) = (ρd(x) − ϕϵ ⊛ ρϵ

2(x, t))+

(ρ1)t = DΔρ1 − q1(x, t)ρ1 + q2(x, t)ρ2

(ρ2)t = q1(x, t)ρ1 − q2(x, t)ρ2

q1(x, t) = (ρ2(x, t) − ρd(x))+

q2(x, t) = (ρd(x) − ρ2(x, t))+

?



We know that if  then y ∈ L2(Ω) lim
ϵ→0

∥ϕϵ ⊛ y − y∥2 → 0

Can we say something similar about solutions of regularized PDEs 
and limit PDE?

ρ(t) ρϵ(t)

Let  be probability densities and .ρ0, ρd ∈ L∞(Ω) T > 0
Then the solution of the PDEs satisfies

max
t∈[0,T]

∥ρ(t) − ρϵ(t)∥2 → 0

Theorem 

In general, such statements require lot of work. 
Semilinear nature of PDEs makes things much easier! 



Available modes of convergence

Summarizing

• Can stabilize any bounded target probability density

• Can obtain solution of PDE as mean-field limit through 
regularization

N-particle system Non-local Mean-field PDE Local Mean-field PDE

1
N

N

∑
j=1,Yϵ

j (t)=1

δZϵ
j (t) ρϵ(t) ρ(t)

Classical

• Regularization makes numerical implementation possible

• Local limit enables tractable long-term behavior



Numerical Examples

ρd = c
8

∑
i=1

1Bxi

Target distribution

{x1, . . . , x8} = {[25 25 25]T, [25 25 75]T, [25 75 75]T, . . . , [75 75 75]T

N = 1000

ϵ = 0.1

ϕ(x) = exp
−1

1 − ∥x∥2

= 0

∥x∥ < 1

otherwise



Numerical Examples

Can be extended to general smooth manifolds

Eg. Sphere



Can be extended to Nonholonomic agent motion

dZ(t) = 2(1 − Y(t))∑
k

Xk ∘ dW

X1(x) =
∂

∂x1
− x2

∂
∂x3

,

X2(x) =
∂

∂x2
+ x1

∂
∂x3

Eg. Heisenberg System

Numerical Examples



Questions?

Preprint available on researchgate: “Density Stabilization Strategies for Nonholonomic Agents On 
Compact Manifolds”.


