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Abstract

In this paper, we consider a hyperbolic relaxation system arising from a dynamic continuum
traffic flow model. The equilibrium characteristic speed resonates with one characteristic
speed of the full relaxation system in this model. Thus the usual sub-characteristic condi-
tion only holds marginally. In spite of this obstacle, we prove global in time regularity and
finite time singularity formation of solutions simultaneously by showing the critical thresh-
old phenomena associated with the underlying relaxation system. We identify five upper
thresholds for finite time singularity in solutions and three lower thresholds for global exis-
tence of smooth solutions. The set of initial data leading to global smooth solutions is large,
in particular allowing initial velocity of negative slope. Our results show that the shorter
the drivers’ responding time to the traffic, the larger the set of initial conditions leading to
global smooth solutions which correctly predicts the empirical findings for traffic flows.
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1. Introduction

In this paper we continue to investigate the critical threshold phenomenon
for the following quasi-linear hyperbolic system with relaxation

Pt + (pu)w - 07
subject to the initial data
(p,u)(@,0) = (po,uo)(z), z€R (2)

where 7 > 0 is the relaxation time, p(p) is the pressure with p’(p) > 0 and
ve(p) is the equilibrium velocity with v.(p) < 0. This system arises from a
continuum model of traffic flows, see [36, 39, 40].

We are concerned with both global in time regularity and finite time
singularity in solutions to such a relaxation system. As is known, the typical
well-posedness result of a one dimensional system of quasi-linear hyperbolic
balance laws asserts that either a solution exists for all time or else there
is a finite time such that slopes of the solution become unbounded as the
life span is approached, see e.g. Lax [16], John [14], Liu [32], Nishida [35],
Dafermos and Hsiao [5], Wang and Chen [38], Engelberg, Liu and Tadmor
[7]. In [22], we identified one lower threshold for global existence of smooth
solutions and one upper threshold for the finite time breakdown. The aim
of the current paper is to further our analysis to study solution behaviors
for more general data. Indeed we are able to obtain three lower thresholds
for global existence of smooth solutions and five upper thresholds for the
finite time breakdown.

In the context of traffic flows, the first equation in (1) is a conservation
law, while the second one describes drivers’ acceleration behavior. It is often
assumed that the desired equilibrium speed ve(p) is decreasing and satisfies
ve(0) = vy and ve(pmax) = 0 where vy is the free flow speed and ppayx is the
maximum of concentration. 7 > 0 corresponds to drivers’ responding time
to the traffic. Several well-known traffic flow models are special cases of (1),
[22]. We focus only on one physical scenario in this paper: Zhang’s model
[40] which is (1) with

02
p(p) = gfp?’ (3)
and
Ue(p) = Uf(l - P), (4)

where vy is the free flow speed. The equilibrium velocity defined in (4) is
rescaled from an actual measurement done by Greenshields [9]. A global
weak solution of the Cauchy problem (1) (2) with (3) and (4) for initial data



of bounded total variation was obtained in [17] and the L' stability theory
was established in [18].

For hyperbolic systems with relaxation, it has been shown by Whitham
[39] that a sub-characteristic type condition is necessary for linear stability
of the system. A remarkable development of the stability theory for various
relaxation systems have appeared in past decades, see e.g., [3, 12, 15, 26, 25,
21, 33, 34], relying on some sub-characteristic type structure conditions [33].
Nonlinear stability of the traveling wave solutions of (1) with more general
p(p) and ve(p) is obtained again under the subcharacteristic conditions (12)
by Li and Liu [21]. The model (1) with (3) and (4) supports only a marginal
subcharacteristic condition (14), that is, the equilibrium characteristic speed
resonates with one characteristic speed of the full relaxation system. The
phenomenon also occurs in other traffic flow models, see, e.g., [1, 8, 19]. Pre-
vious techniques of analysis relying upon such a sub-characteristic condition
cannot be applied. In [22], we have developed novel techniques for analyzing
the underlying nonlinear dynamics.

Following [22], we track nonlinear dynamics of slopes of the Riemann in-
variants along two characteristic fields. For hyperbolic balance laws such as
(1), the coupling of different characteristic fields makes it difficult to detect
a sharp critical threshold, as observed in [29], and further studied in [37] for
a 1D Euler-poisson system with pressure effects. The situation for relax-
ation system (1) is more subtle. Nevertheless, for the physical scenario with
(3) (4), we are able to decouple slope dynamics of one Riemann invariant
from the system, and track dynamics of the whole system effectively. The
genuine nonlinearity of the hyperbolic system (1) and the a priori estimates
of solutions enable us to identify the asserted thresholds.

We state our critical threshold results as below.

Theorem 1.1 [Global in time regularity|
Consider the relaxation system (1) with (3) and (4), subject to initial
data (2) satisfying (po, up) € C*(R) x C1(R). Let

T:I:(il?,t) = u:v(xvt) + vfpm(xat)
and
(@, 0) = rg (z)

for all x € R and t > 0.
If one of the following is satisfied, then the Cauchy problem (1), (2) with

(3) and (4) admits a unique global smooth solution.
(i) Both

1
o< rar(l') <0 and 7y (z)>0
T

hold for all = € R;
(i)



for all o, 8 € R and for some 0 < § < 1;
(iii)

1rd(a _ _

_20() > (TO (ﬁ))Qa —0 < To (/8) < 07 -

for all a, 8 € R and for some ¢ > 0.
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rar(a) <0

Theorem 1.2 [Finite time singularity]
If one of the following is satisfied, then the solution must develop singu-

larity at a finite time T, with

li in(r™ - = —00.

Jm min(r™(z, ) + 77 (2, 1)) = —o0
(i) 7§ (z) > —2 fails to hold at any point € R;
(ii) For all « € R
1
;
and r; (8) > —1 fails to hold at any point 8 € R;
(iii) For all « € R

Sr{f(a)go

g () >0

and r; (3) > 0 fails to hold at any point § € R;
(iv) For all a, B € R

+
0 <1 (8) < 255
(v) For all a, B € R
rg (@) 1

—d(ry (8))? <

T

for some 0 < § < %

A phase diagram is drawn in Figure 1 to describe different sets of initial
data for which we have clarified the global in time behavior of corresponding
solutions: initial data in U?:1 R; lead to global in time solution, and initial
data in J?_; S; lead to finite time singularity formation in solutions. The
solution behavior for initial data from U?ZI U; remains unknown. Never-
theless, the asserted results presented in this paper certainly indicate the
existence of a critical threshold consisting of the half line

{(rg. o)l 19 =~1/1, =1/ <rg},
joint with a curve passing from equilibrium point (—1/7, —1/7) through U;

to equilibrium point (0,0) into Uz in the first quadrant. However, we have
not been able to give a precise description of such a curve.

Concerning these theorems, several further remarks are in order.
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Figure 1: Qualitative diagram of thresholds

Remarks:

(i) For completeness, we have included case (i) in Theorem 1.1 and case (i)
in Theorem 1.2 which were identified in our previous paper [22].

(ii) The set of initial data leading to global regularity is rich. In particular,
it allows the initial Riemann invariant of negative slope. This is in sharp
contrast to the generic breakdown in homogeneous hyperbolic systems , see
Lax [16].

(iii) No smallness of data is assumed for the global existence of the smooth
solution. The critical thresholds we identified reveal the genuine nonlinear
phenomena hidden in the system.

(iv) Note that the bounds for the derivatives of the initial Riemann invariants
are of order % This implies that the smaller the relaxation time 7, the larger
the set of initial data leading to global smooth solutions. This means that
the shorter the drivers’ reaction time, the larger the set of initial conditions
leading to global smooth traffic flows. This is in agreement with the finding
that in a class of optimal velocity models, the smaller the relaxation time
T is, the larger the linear stable region is, [2]. Similar phenomena occur in
other problems. For example, in Euler-Poisson equations for plasma sheath
problem, the small Debey length does delay the finite time breakdown [23];
also small Rossby number in rotational Euler equations helps to prevent



breakdown from happening in O(1) time [31]. These results show that the
equilibrium limit is highly singular.

Finally we comment on another physical scenario:
p(p) = cip- (5)
with

Pmax

Ue(p) =cln ; 0<p < pmax (6)
for some ¢ > 0. This is a classical dynamic continuum model of traffic
flow: the Payne [36] and Whitham [39] (PW) model. In [22], we identified
one lower threshold for global existence of smooth solutions and one upper
threshold for the finite time breakdown. Following similar analysis as per-
formed in [22] and in this paper we are able to identify three lower thresholds
for global in time existence of smooth solutions and five upper thresholds
for finite time singularity. For brevity of the presentation, we choose to omit
the details in this scenario.

We now conclude this section by outlining the rest of this paper. In
Section 2 we present preliminaries about the hyperbolic relaxation system
(1) and reformulation of corresponding results in terms of the Riemann
invariants. This section also contains a priori estimates of solutions in L™
norm for (1). Section 3 is devoted to identifying three lower thresholds for
global existence of smooth solutions, This is done by deriving the a priori
estimate of the derivatives of the solution. Finally, Section 4 is devoted to
detection of five upper thresholds for the finite time singularity formation.

2. Reformulation of the Problem

For the pressure and the equilibrium velocity defined in (3) (4), it is easy to
check that

P (p) = (pvi(p))* > 0. (7)

Thus the system (1) is a strictly hyperbolic balance law, the characteristic
speeds being

A(pyu) = u+ puy(p) < u— pui(p) = Aa(p,w). (8)

The corresponding right eigenvectors of the Jacobian of the flux are

ri(p,uw) = (p, (1) (p)T, i=1, 2.

Both characteristic families are genuinely nonlinear

Vi(p,v) - ri(p,v) = (—1)° g poep) £0, i=1, 2.



Recall that in the usual relaxation limit, 7 — 07", the leading order of
the relaxation system (1) is the LWR (Lighthill, Whitham and Richards)
model

pt+ (a(p))z =0, 9)

where

q(p) = pve(p) (10)

is the equilibrium flux which is the fundamental diagram in traffic flows.
The equilibrium characteristic speed is

ve(p) + pue(p)- (11)
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The so-called subcharacteristic condition is
)\1 <A < )\2 (12)

on the equilibrium curve u = ve(p). (12) was shown to be a necessary
condition for linear stability, Whitham [39].

It can be derived formally [33], in the same spirit as the classical Chapman-
Enskog expansion, that the relaxation process is approximated by a viscous
conservation law

pe + (a(p))z = (B(P)pz)x (13)

where
Bp) = =7(A = A1) (A = A2).

Note that (13) is dissipative, 5(p) > 0, provided that subcharacteristic con-
dition (12) is satisfied. Similar to the diffusion, the relaxation term has
smoothing and dissipative effects for the hyperbolic conservation laws. Non-
linear stability of the traveling wave solutions of (1) with more general p(p)
and ve(p) is obtained under the subcharacteristic conditions (12) by Li and
Liu [21].

From (8) and (11) we see that, the subcharacteristic condition (12) is
only satisfied marginally

A=A < o (14)
Thus the diffusion term in the Chapman-Enskog expansion of (1) vanishes,

B(p) = 0.

Hence previous stability analysis based on such a dissipation mechanism can-
not be applied. We shall track the nonlinear dynamics along characteristic
fields.



For the system (1) with (3) and (4) we have

up + uug + Uj%ppfc =L(vp(1—p) —u).
Multiplying system (15) by the left eigenvectors of the Jacobian of the flux

lLi(w,u) = ((—1)'vyp, 1), i=1, 2

we have

R; + MRy = —1RT,

R + MRf = —1RT, (16)
where

M=R —v;, A=R"+uy (17)
and the Riemann invariants

R™(p,u) = u—vgp+ vy (18)
R¥(p,u) = u+uvgp — vy

define a one-to-one mapping from (p,u) to (R~, R") in the entire phase
space.
The corresponding initial data is

(R™, R")(x,0) = (Rg, R{)(x) = (uo — vspo + vy, uo + vppo — vg)(x). (19)

Theorem 2.1 Consider the system (16) subject to C* bounded initial data
(19).
If

Ri,() := 15 (2)

satisfy one of three conditions (i)-(iii) stated in Theorem 1.1, then the
Cauchy problem (16) (19) has a unique smooth solution for all time ¢ > 0.

Theorem 2.2 If one of the five conditions (i)-(v) stated in Theorem 1.2 is
satisfied for
Ry, (a) := 15 (@),

then the solution of the Cauchy problem (16) (19) must develop singularity
at a finite time 7™, with

. . + — _
tlirjg* ;rg}r%(Ra: (z,t) + R, (z,t)) = —o0.

The local existence of smooth solutions of hyperbolic problem is classi-
cal, see e.g. Douglis [6] and Hartman and Wintner [10]. According to the
theory of first order quasilinear hyperbolic equations [4], solutions to initial



value problems exist as long as one can place an a prior:i limitation on the
magnitude of their first derivatives.

Equipped with the classical local existence results in [6] and [10], we need
only to establish the a priori estimates in solutions and their derivatives,
which will be presented in the following sections. Using expressions of the
Riemann invariants to convert back to variables v and p, we prove our main
results as stated in Theorem 1.1- Theorem 1.2.

We end this section by giving the desired a priori estimates of solutions
in L*° norm.

Lemma 2.3 Assume that RE € C*(R) and that
IRg lloo + IR oo < M

for some M > 0. Then the C! solution of the Cauchy problem (16) (19)
satisfies the a priori estimates

t

IRT( ) loo < 1R floce™ ™ (20)

and
IR (5 )loo + IR (-, 8)]loc < M (21)

for all £ > 0 as long as the C'! solution exists.

Proof. Integrating the second equation in (16) along the second character-
istics xa(t, @)

d
%:/\2:11,—1—00, z2(0, ) = «,

we have .
Rt (xa(t,a),t) = RJ (a)e™ 7,

which leads to the asserted bound (20).
Now integrating the first equation in (16) along the first characteristics

xl(tv ﬁ)

we have

R(a(6,),0) = Ry (9) = - [ R (s, 9), s

Using the above decay result for ||RT ()]s, we have

t

IR t)loo < [1Rg (Voo + 1Ry ()lloo(L — €7 7).
This added upon (20) gives the desired bound (21). The proof is complete.

The uniform bound for (p,u) follows from (20), (21) and (18).



3. Proof of Theorem 2.1 — Lower Thresholds

In order to identify three lower thresholds for global existence of smooth
solutions as claimed in Theorem 1.1 and 2.1, we derive the a priori estimates
of the derivatives of the Riemann invariants R*(z,t) of (1) with (3), (4).

Denote 1~ = R, and r* = R}, we shall show that R: are bounded
when initial values of them, i.e., r(jf = R(jix are bounded by some critical

thresholds, through three lemmas 3.1-3.3.
Lemma 3.1 Assume that RZ(z) € C'(R) and || Ry ||« are bounded.
If

1

and
Ry.(z) >0, z€R,

then any C! solution of the Cauchy problem (16) (19) has the a priori
estimates

0 > Rf(z,t) > min R§ ()
zER ’

and

_ _ . Rg,(2)
max R ,(x) > R, (z,t) > min ——————
z€R veR 1+ Ry (w)t

for all € R and t > 0 as long as the C'! solution exists.

Proof: From (17) we derive that

)\195:7“_, )\2;,;:7"+.

5 )

We differentiate (16) with respect to x to obtain
(22)

Rewrite the second equation for r* to get
- - +(1 4
Ty 4+ Xory = —T ;—I—T .

Along the second characteristics xa(t, a): ddif = Ao, 22(0,a) = o, we have

d 1
—rt =T ( + r+> .
T

Solving this differential equation, we obtain

_ ro (@)
(b 0, t) = (rri () + f)et/r T (23)

10



which remains bounded

1
—= < rT(2a(t, ), t) < max{0,77 (o)} (24)
.
if and only if
1
e (o) > — Va € R.
Now we examine r~ = R, which satisfies
Jr
_ _ r _
e + ATy = - (r )2.
It follows from (24) that if
1
0>rf(a)> - Va € R, (25)

then )
0>rt(z,t)>—=, (x,t)€ RxR".
T

Assume (25) and let z1(t, 3) be the first characteristics, along which we have

1

i (r )2 >—r >—(r )%

If
ro (3) >0, VBeR,

] 2t ]
< 776

wd o
1+7"6(,3)t§ ( l(taﬁ)at)_

where ¢; = :0 +f. Note that when r, > 0, the function on the right hand

2t
Tecer —1

P

0
side is a decreasing function in time and satisfies

2t
1 lcer +1 _
- < ——5—<r5(8).
T Tecler —1

Therefore, if 75 (8) > 0 for all 8 € R, then
ro (8)
T+ (9)0

which when optimizing the bounds in terms of the parameter 3 leads to the
desired estimates. The proof of Lemma 3.1 is complete.

< T‘_(:El(t, B)at) < Ta(ﬁ)a ﬁ ER

Lemma 3.2 Assume that RZ(z) € C'(R) and || RS ||« are bounded.
If R(jiz(a:) — r(z) satisfy condition (i) stated in Theorem 1.1, then any C*

11



solution of the Cauchy problem (16), (19) has the a priori estimates: for
some C and Cs depending only on Raf » and Ry ., we have

C1 > Ri(x,t) > Cy

for all € R and t > 0 as long as the C'! solution exists.

Proof: Assume that Rafx(x) = 73 () satisfy condition (ii) stated in Theo-
rem 1.1.
From (23) we have

g (@)

o< ——M—
1+ 77rg (@)

for all « and for all ¢ > 0.

Step 1. A priori estimates
We show that there is 0 < § < 1 such that if the initial data satisfies

0< Lrif (@) < 8(rg (9))”
for any a and any 3, then
Ta(ﬁ) ’ l + -1
(1 + 27-0—(5)t> > 2T (@)e

for any o and any g and for all ¢ > 0.

The above inequality can be proved by observing that the left and right
hand sides decay to zero algebraically and exponentially, respectively, and
by taking 0 < ¢ < 1 small.

For 0 < § < 1 chosen above, consider initial data satisfying

0< 2 (a) < 8(rg (9))

for any « and any S.

Step II. Local estimates
By continuity of solutions of ODEs, there is tg > 0 such that

Lt (afa,) < (1 (5,1)))°

for any o and any g and for all 0 <t <.
For any (z,t) € R x R, there are o and (3 such that

x=x1(0,t) = z2(a, t).

Thus

(@B, > T (@1(8,0) = 2t (a1~ (@1 (8,0))° > 2 (@1 (5,1))?

12



for all 0 <t < ty. Hence

w6
1+""a(ﬁ)t > ( l(ﬂat)) >

for all 0 <t < tg.

Step III. Global estimates
Let

_ ro (B) - ro (B)
I = {to zo\lﬁrm > 1 (z1(6,1)) > #(W? 0§t§t0}~

We claim
I'=[0, +00)

which implies the global estimates of solutions.
Now we prove the claim.
From definition of I'; it is obvious that I' is a closed and connected set
in R. Assume that
=0, T

for some T < +o0.
Using the a priori estimates established in Step I and Step II and defi-
nition of I', we have

@1 (B,0) > (@ (8,1)) = — o (@)eF — (r (a1(6,1))°

B 2
) (%) — (@ (B.0)) = 20 (@1(8,1)))?

14 2rg (
for 0 <t < T. This implies that
ro (B) _ ro (B)
L) " @(8,0) > 77 25 ()t

for0<t<T.
By continuity of solutions of ODEs, we have that there exists 77 > T

such that ~8) ~(8)
T _ To
1415 ()t zr(@8,t) 2 17 25 ()t
for 0 <t <T;.
Thus
Ty el = [O,T]

which contradicts 77 > T'. Therefore the claim is proved, and we have global
estimates of solutions.

Lemma 3.3 Assume that RZ(z) € C'(R) and || RS ||« are bounded.
If R(jfx(x) = rif (z) satisfy condition (iii) stated in Theorem 1.1, then any

13



C! solution of the Cauchy problem (16), (19) has the a priori estimates: for
some C and Cs depending only on Raf » and Ry ., we have

Cl Z R;t(.%',t) Z CQ

for all € R and t > 0 as long as the C'! solution exists.
Proof: Assume that the initial data satisfies
179 (a)
2

30—
IA

rg(a) <0

> (rg (8))% =6 <1y (B) <0, —

for all a, 8 € R and for some ¢ > 0.
From (23) we have
+
To (O[) —i + + _t
0 ot < 1) < r <0
1+7‘r0+(a)6 <7rT(xe(a,t)) <rg(a)e

for all  and for all ¢ > 0.
By continuity of solutions of ODEs, there is ¢y > 0 such that

1t (aa(an))

52 > (7 @ (8,0))

for any o and any g and for all 0 <t <.
For this fixed ¢ty > 0, we have

d _
ai"
for any o and any S and for all 0 <t < {g.

Integrating over [0, %o}, we have

t

P (@8, 10)) > vy (8) + 5 minlrd (@)|(1 e~ #) > 0

provided that
—0 <15 (F) <0

where

|7§ o}n’ -

+ +
5:min{ %minﬁ0 (D) T im0 (a)|(1—etfo)}.
a T

Thus the trajectory enters region (i) at a finite time ¢; < tg. Therefore we

have global estimates of solutions.

This proves Lemma 3.3.

14



4. Proof of Theorem 2.2 — Upper Thresholds

This section is devoted to detection of five upper thresholds stated in The-
orem 1.2 and 2.2 as detailed below.

(i) For initial data satisfying condition (i) as stated in Theorem 1.2, the
solution 7, expressed in (23), will becomes —oo at some time before

( 773 (@)

— | < +00.
1+Tra'(a)>

This proves (i) in Theorem 1.2 and 2.2.
(ii) For any (x,t) € R x RT, there are « and 3 such that

T = 7minln
aER

x=x1(0,t) = z2(a,t).

With initial data (rg (8),7d (@) in region (ii) as stated in Theorem 1.2, we
have (24) for all ¢ > 0, and thus

4 () = - — P < - )2
dt v T - 72 ’
from which it follows
2t
_ lciem +1
r (wl(t7ﬁ)7t) <= : 2t )
Tecrer —1

~1
where 1 > ¢; = :O,Jr{ > 0 for 7y (B) < —1. Thus r~ will becomes —oco in a

0 T
finite time before t* > 0 where t* = —Zloge;.

(iii) If the initial data (ry (8),7rd () is in region (iii) as stated in The-
orem 1.2, we already have r*(zg(a,t)) > 0 for all ¢ > 0, (23). Thus
%r‘(azl (6,t)) < —(r_)2, yielding

- ro (B)
r(z1(B,t) < —L
@1(5.0) < 7
This implies that if 75 () < 0, then r~ will become —o0 in finite time before
1

t* =

RGO

iv) If the initial data (r; (3),rd («)) is in region (iv) as stated in Theorem
0 0

1.2, we have

1 7y () L

G @(8.0) £~ (aala 1) £~ g’

dt

Hence,

t o (a
r(21(8,1)) < ry (8) — = / (@) -2

7 Jo 1—1—7’7‘3(04)

15



o (@)

:7’6(5) +1—|—7‘77“8_(05)(67; — 1) <0

in a finite time t = T < +o0.

Thus d

$7’*($1(ﬁ,t)) < —(7‘*)2, r(z1(8,11)) < 0.

Theref

e - M < r~(z1(8,T1))

T S TG ) - T

for t > Tj.

This implies that r~ will become —oo in finite time before t* = T —
1
= (z1(8,11))"

(v) Assume that the initial data (ry (3),r¢ () is in region (v) as stated in
Theorem 1.2.

Step 1. A priori estimates
We show that there is 0 < § < % such that if the initial data satisfies

1 _
0< ;raL(a) < d(rg (B))?
for any a and any 3, then

2
1 0 1
—— 77“(1] (?) < —rar(a)e_é <0
2\1+ 570 (B)t T
for any o and any g and for all ¢ > 0.
The above inequality can be proved by observing that the left and right

hand sides decay to zero algebraically and exponentially, respectively, and
by taking 0 < § < % small.

Step II. Local estimates
By continuity of solutions ODEs, there is tg > 0 such that

S0 @B, 0))? < 2t (ea(a,)

for any o and any 3 and for all 0 <t <.
Thus

L (@1(8.0)) < 5~ (@(8,1)?

for all 0 <t <ty or

for all 0 <t <ty.

Step III. Finite time blow up

16



Let

r— {to >0/ — %(r‘(azl(ﬁ,t)))Q < Lot (@a(a,t)), 0<t < tg}.

\]

We claim
I' =0, +00).

From definition of I, it is obvious that I" is a closed and connected set in R.
Assume that
=0, T

for some T' < +o0.
Using the a priori estimates established in Step I and Step II and defi-
nition of I', we have

L (@1(8.0)) < 5~ (@ (5,1))?

for all 0 <t < T, leading to

- o (B)
r(z1(8,1) < — 4=
1+ 57 ()t
forall 0 <t <T.
Therefore

1, 1 @ 1
5@ (8, 0) < —5 (H(fow) <7 e 9) <0

forall 0 <t <T.

By continuity of solutions of ODEs, we have that there exists 77 > T

such that 1 1
—5 (™ (@1(8,1)))* £ —r (2a(a,1))

\]

forall 0 <t <T;.
Thus
Thel = [O,T]

which contradicts Ty > T

The claim is proved.
Thus

L@ (,1) < 4 (r (@8, 0)2, 75 (5) <0

for all t € T' = [0, +00) as long as the C* solution exists.

Therefore o ()
. B
r(x1(B,1)) < 1+ ira(ﬁ)t'

This implies that 7~ will become —oo in finite time before t* = ——2

o (B)

The proof of Theorem 1.2 and 2.2 is thus complete.

17



Acknowledgments

Liu’s research was supported by the National Science Foundation under
Grant DMS05-05975.

References

1]

2]

A. Aw and M. Rascle, Resurrection of ”second order” models of traffic
flow, SIAM J. Appl. Math., 60(2000), pp. 916-938.

M. Bando, K. Hasebe, A. Nakayama, A. Shibata and Y. Sugiyama,
Dynamical model of traffic congestion and numerical simulations,
Phys. Rev. E (1995), 51, 1035-1042.

G.-Q. Chen, C.D. Levermore and T.P.Liu, Hyperbolic conservation
laws with stiff relaxation terms and entropy, Comm. Pure Appl.
Math. 47 (1993), 787-830.

R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol.
II, Chapt. V., Interscience Publishers, Inc., New York, 1962.

C. M. Dafermos and L. Hsiao, Hyperbolic systems and balance
laws with inhomogeneity and dissipation, Indiana Univ. Math. J.,
31(1982), 471-491.

A. Douglis, Some existence theorems for hyperbolic systems of par-
tial differential equations in two independent variables, Comm. Pure
Appl. Math. 5 (1952), 119-154.

S. Engelberg, H. L. Liu and E. Tadmor, Critical thresholds in Euler-
Poisson equations, Indiana Univ. Math. J., 50 (2001), 109-157.

J. M. Greenberg, Extension and amplifications of a traffic model of
Aw and Rascle, STAM J. Appl. Math. 62 (2001), 729-745.

B. Greenshields, A study of traffic capacity, Highway Research Board,
Proceedings, 14 (1933), pp. 468-477.

P. Hartman and A. Wintner, On hyperbolic differential equations,
Amer. J. Math. 74 (1952), 834-864.

Dirk Helbing, Traffic and related self-driven many-particle systems,
Rev. Modern Phy. 73 (2001), 1067-1141.

Shi Jin and Zhouping Xin, The relaxing schemes for systems of con-
servation laws in arbitrary space dimensions, Comm. Pure Appl.

Math. 48 (1995), 555-563.
Kerner, B. S. and Konhéuser, P., Structure and parameters of clusters

in traffic flow, Physical Review E 50 (1994), 54-83.

F. John, Formation of singularities in one-dimensional nonlinear wave
propagation, Comm. Pure Appl. Math., 27 (1974), 377-405.

C. Lattanzio and P. Marcati, The zero relaxation limit for the hy-
drodynamic Whitham traffic flow model, J. Diff. Eqns.141 (1997),
150-178.

18



[16]

P. D. Lax, Development of singularities of solutions of nonlin-
ear hyperbolic partial differential equations, J. Mathematical Phys.,
5(1964), 611-613.

T. Li, Global solutions and zero relaxation limit for a traffic flow
model, SIAM J. Appl. Math. 61 (2000), 1042-1061.

T. Li, L' Stability of conservation laws for a traffic flow model, Elec-
tron. J. Diff. Eqns. 2001 (2001), 1-18.

T. Li, Global solutions of nonconcave hyperbolic conservation laws
with relaxation arising from traffic flow, J. Diff. Eqns. 190 (2003),
131-149.

T. Li, Nonlinear dynamics of traffic jams, Physica D, 207(2005), 41-
51.

T. Li and H.L. Liu, Stability of a traffic flow model with nonconvex
relaxation, Comm. Math. Sci., 3(2005), 101-118.

T. Li and H.L. Liu, Critical Thresholds in Relaxation Systems with
Resonance of Characteristic Speeds, submitted, 2006.

H. L. Liu, Wave breaking in a class of nonlocal dispersive wave equa-
tions, Journal of Nonlinear Mathematical Physics, 13(2006), 441—
466.

H. L. Liu, Critical thresholds in the semiclassical limit of 2-D rota-
tional Schroeinger equations, ZAMP, 57 (2006), 42-58.

H.L. Liu, Relaxation dynamics, scaling limits and convergence of
relaxation schemes, in Analysis and numerics for conservation laws,
453-478, Springer , Berlin, 2005.

H.L. Liu, Asymptotic stability of relaxation shock profiles for hyper-
bolic conservation laws, J. Diff. Equ. 192 (2003), 285-307.

H. Liu and E. Tadmor, Critical thresholds in a convolution model for
nonlinear conservation laws, STAM J. Math. Anal. 33 (2001), 930—
945.

H. Liu and E. Tadmor, Spectral dynamics of velocity gradient field
in restricted flows, Commun. Math. Phys. 228 (2002), 435-466.

H. Liu and E. Tadmor, On critical thresholds in a 1D Euler-Poisson
system with pressure (2002), unpublished manuscript.

H. Liu and E. Tadmor, Critical Thresholds in 2D restricted Euler-
Poisson equations, STAM J. Appl. Math. 63 (2003), 1889-1910.

H. Liu and E. Tadmor, Rotation prevents finite time breakdown,
Physica D, 188 (2004) 262-276.

T.P. Liu, Development of singularities in the nonlinear waves for
quasi-linear hyperbolic partial differential equations, J. Diff. Eqgs.,
33 (1979), 92-111.

T.P. Liu, Hyperbolic conservation laws with relaxation, Commun.
Math. Phys. 108 (1987), 153-175.

19



[34]

[35]

[39]

[40]

Corrado Mascia and Kevin Zumbrun, Stability of large-amplitude
shock profiles of general relaxation systems, STAM J. Math. Anal.,
37 (2005), 889-913.

T. Nishida, Nonlinear hyperbolic equations and related topics in
fluid dynamics, Nishida, T.(ed). Publ. Math. D’osay 78, 02 Dept.
de Math., Paris-sud, pp. 46-53, 1978.

H. J. Payne, Models of freeway traffic and control, Simulation Coun-
cils Proc. Ser. : Mathematical Models of Public Systems, Vol. 1, pp.
51-61, Editor G.A. Bekey, 1971, La Jolla, CA.

Eitan Tadmor and Dongming Wei, On the global regularity of sub-
critical EulerPoisson equations with pressure, preprint, 2006.

D. Wang and G.-Q. Chen, Formation of singularities in compressible
Euler-Poisson fluids with heat diffusion and damping relaxation, J.
Diff. Egs., 144 (1998), 44-65.

G. B. Whitham, Linear and Nonlinear Waves, Wiley, New York, 1974.

H. M. Zhang, A theory of nonequilibrium traffic flow, Transportation
Research, B., 32(7) (1998), pp. 485-498.

20



