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Gas-particle and other dispersed-phase flows can be described by a kinetic equation con-
taining terms for spatial transport, acceleration, and particle processes (such as evapora-
tion or collisions). However, computing the dispersed velocity is a challenging task due
to the large number of independent variables. A level set approach for computing dilute
non-collisional fluid-particle flows is presented. We will consider the sprays governed by
the Williams kinetic equation subject to initial distributions away from equilibrium of
the form

PN
i¼1qiðxÞdðn� uiðxÞÞ. The dispersed velocity is described as the zero level set of

a smooth function, which satisfies a transport equation. This together with the density
weight recovers the particle distribution at any time. Moments of any desired order can
be evaluated by a quadrature formula involving the level set function and the density
weight. It is shown that the method can successfully handle highly non-equilibrium flows
(e.g. impinging particle jets, jet crossing, particle rebound off walls, finite Stokes number
flows).

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

In this article we develop a level set approach for simulation of dilute non-collisional fluid-particle flows. We are inter-
ested in non-equilibrium flows wherein the velocity density function is far from Maxwellian. For example, dilute systems
often exhibit non-equilibrium behavior because particle collisions are too weak to overcome kinetic effects. In many cases
the velocity density function can be non-unimodal, implying that there is a high probability of finding particles with dis-
tinctly different velocities at the same location. Such behavior is known as the particle-trajectory crossing (PTC) in parti-
cle-fluid flows.

The numerical simulation of two-phase flows composed of a cloud of particles in a gas/fluid flow was the object of many
studies in the past years, e.g., the dispersion of dusts and smokes [13], the modeling of biomedical flows [3,5] and combus-
tion theory with various applications [1,2,19,26,36]. In order to model flows of this kind, one can essentially use two ap-
proaches: a kinetic one or a fluid one. In the kinetic model, the cloud of particles is described by a distribution function
f(t,x,n) which takes into account of the position x of a particle, and its velocity n. When function f(t,x,n) is a Gaussian profile
in terms of n, the kinetic model can be reduced to a fluid one. But for non-equilibrium flows, the solution method must be
derived from the kinetic description since the fluid model can not handle locally multiple velocities observed in fluid-particle
flows.
. All rights reserved.
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The main topic investigated in this work is the treatment of velocity dispersion by using the level set methodology. We
will formulate our level set method for a non-collisional model equation governed by the Williams equation [36] for the
number density function f(t,x,n) as
@tf þ n � rxf þrn � ðfF=mpÞ ¼ 0; ð1:1Þ
where F is the drag force acting on a particle, mp is the particle mass. Note that extending f to include other variables (e.g.,
droplet temperature, chemical composition, collision, turbulent dispersion, etc.) is straightforward if the appropriate rate
expressions are added to (1.1).The kinetic equation is often coupled with the following compressible fluid system
@tqþrx � ðquÞ ¼ 0;
@tðquÞ þ rx � ðqu� uþ PðqÞIÞ ¼ �

R
Ffdn;
where for perfect gases
PðqÞ ¼ Aqc; A > 0 and c > 1:
Local existence of solutions in the case of coupling with the compressible Euler equation was proved by Baranger and Des-
villettes [4], where one can find references on previous works about fluid-kinetic coupling, in particular, when the fluid is
modeled by one single equation [11].

Numerically instead of solving the full kinetic equation or classical moment equations [10,23], we capture velocity field of
dispersed particles in phase space in an implicit manner via a level set approach. All particle velocities will be identified as
the zero level sets of smooth functions.

In the context of fluid-particle flow, standard moment methods have found its difficulty treating systems with aggrega-
tion and breakage, and the Lagrangian particle tracking method has been widely used, say for sprays [12]. However, the
treatment of dispersed phase introduces the additional complication of accounting for the dispersed-phase velocity. In
the Lagrangian formulation, this is done by solving for the particle velocity as it transverses the (Eulerian) gas phase.
Although accurate, this solution method is rather expensive and subject to statistical errors due to finite sample sizes. Similar
to the quadrature method of moments (QMOM) developed in [30], recently the direct quadrature method of moments
(DQMOM) [15–17,29] has been developed as an Eulerian method, which solves an Eulerian model where each quadrature
node has its own velocity field. The number of moments needed to form a closed system of transport equations is
N(d + 1) with N particle velocities in d spatial dimension. The comparison between the Lagrangian particle tracking method
and the DQMOM method in [18] showed excellent agreement between quantities such as the droplet number density and
mass density. The computational cost of the DQMOM is lower than the Lagrangian method, and this leads to an ongoing ac-
tive development. However, complications occur when one needs to handle more particle clusters (larger N). These problems
are amplified when solving a high dimensional problem.

In general, PTC does not occur at zero Stokes number, but can occur beyond a critical Stokes number when the particles
are no longer able to follow the fluid. For small Stokes number, one usually explores the Eulerian model for gas-particle flows
by taking the leading moments with a closure assumption f = nd(n � v(t,x)), which leads to a pressure-less system for
nðt; xÞ ¼
Z

Rn

f ðt; x; nÞdn; nv ¼
Z

Rn

nf ðt; x; nÞdn:
We mention in passing that in the context of turbulence, the pressure-less model fails to reproduce the spreading of parti-
cles, even it is coupled with a turbulence model for the fluid. The partial remedy for this problem is to take a Gaussian-shape
closure assumption (see [32] for related work)
f ðt; x; nÞ ¼ nðx; tÞ
ð2prðx; tÞÞd=2 exp

jn� vðx; tÞj2

2r2

 !
;

where r is particle velocity standard deviation, and by introducing additional diffusion terms in the governing kinetic equa-
tion. The simplest such model is
@tf þrx � ðnf Þ þ rn � ðfF=mpÞ � rn � ðDrnf Þ ¼ 0;
where D is a positive coefficient depending upon the properties of the fluid turbulence. We refer to [6,7,9,20] and references
therein for modeling and computational aspects in this regime. We note that because of the closure assumption the system is
not adapted to reproduce strongly non-equilibrium situations such as jet crossing, jet-wall interaction etc., and leads in those
cases to non-physical solutions. Hence the level set method introduced in this article is not intended to handle the
turbulence.

The main advantage of level set method over DQMOM is that it generates new velocities as needed, and thus is not limited
to a fixed number N, For non-collisional case with initial distribution defined with discrete velocities, the level set method
can give the exact evolution. In comparison, when the number of discrete velocities becomes greater than N, DQMOM will
only yield an approximation that conserve N(d + 1) moments. The level set approach developed here handles more general
closure assumptions and is well suited to study the PTC phenomena. This approach allows for large number of particle clouds
in arbitrary dimension. One important feature of our method is that we use only one level set function to capture all possible
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velocities, and any higher moments can be easily evaluated in a post-processing step if desired. There are also some limita-
tions with the level set method, for example, the level set method works when the distribution is determined by a finite set
of moments, one would face difficulty to initialize the level set function when the distribution generates an infinite set of
independent moments.

Our level set method when applied to a problem confined in a bounded domain, wall boundary conditions need to be
imposed so that to preserve the total mass flux. This can be done with reflective boundary conditions for smooth walls.
But the level set method proposed in this article does not apply directly to ‘‘diffusive” (or rough) walls since in such cases
the outgoing particle velocity is found from a distribution function (i.e. one value going in gives a continuous range of values
going out).

We now conclude this section by outlining the rest of this paper: in Section 2 we formulate a level set description to cap-
ture the PTC phenomena. Discretization of level set equations is discussed in Section 3. Numerical results for some example
applications are presented in Section 4. Some concluding remarks are given in Section 5.
2. Description of algorithm

2.1. Kinetic transport equations

In our study we shall consider the kinetic equation for a non-evaporating, mono-disperse particulate phase (with no col-
lisions, secondary atomization, not turbulent dispersion). We shall denote the particle number density function by f(t,x,n) in
phase space ðx; nÞ 2 Rd � Rd, and the force acting on a particle by F. The equations of transport are given by the Williams’
equation [36]
@tf þ n � rxf þrn � ðfF=mpÞ ¼ 0; ð2:1Þ
where mp denotes the mass of a particle. This model governs the particle evolution at the kinetic level in a d-dimensional
physical space with particle velocity n and position x. All the relevant physics can in theory be included in this equation
or its variant.

If one assumes that the particle density is much greater than the fluid density (e.g., solid or liquid particles suspended in
gas), the expression for F is quite simple, and corresponds (in an initial force) to the sum of the drag force and the gravity
force (often ignorable). Hence one has
Fðu; nÞ ¼ 1
2
pr2qCdjuðt; xÞ � njðuðt; xÞ � nÞ þmpg;
where u is the fluid velocity, r is the particle radius, q the fluid density, and Cd the particle drag coefficient given by the fol-
lowing correlation due to Schiller and Naumann [33]:
Cd ¼
24
Re
ð1þ Re2=3Þ;
with Re = 2qju � njr/l being the particle Reynolds number where l is the dynamic viscosity of the fluid. Thus the basic form
of the force F is given by
F ¼ Cðuðt; xÞ � nÞ:
A conventional way to solve the kinetic equation is to use moment method to solve a system of moments. The moment sys-
tem is often not closed, and an assumption on the shape of the number density function has to be made to form a closed
system. For very small Stokes numbers, a simple assumption is
f ¼ ndðn� vðt; xÞÞ:
One hence explores the Eulerian model for gas-particle flows by taking the leading moments with this closure assumption
nðx; tÞ ¼
Z

Rn

f ðt; x; nÞdn; nv ¼
Z

Rn

nf ðt; x; nÞdn;
which leads to a pressure-less system
@tnþrx � ðnvÞ ¼ 0;
@tðnvÞ þ rx � ðnv � vÞ ¼ ng þ n

mp
Fðu;vÞ:
However, this model suffers a major drawback, by the closure assumption, it is unable to take into account the presence of
particles with different velocities located at the same point. This can lead to non-physical results in the case of two crossing
jets of particles, or in the case of a jet of particles impinging on a wall. This is not surprising since this model is not well-posed
in the usual function spaces L1 or L1 even in one-dimensional case, and cannot capture the particle-trajectory crossing (PTC)
phenomena.
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2.2. Level set description

Since v(t,x) is expected to become multi-valued when particle trajectory crosses, conventional moment closure will incur
inaccurate prediction when solving the kinetic equation. Instead, we shall use the level set technique to flexibly capture the
particle-trajectory crossing. The usual closure method is derived by considering the concentrated data
f ðt; x; nÞ ¼ nðx; tÞdðn� vðt; xÞÞ:
Such a concentration will propagate in phase space, with information concentrated only on a manifold. This observation
leads to an effective level set description. The methodology follows from level set techniques developed for computing phys-
ical observables in high frequency wave propagation problems, see e.g. [25,24,27,28].

Our level set function is denoted as / = /(t,x,n). Therefore all velocities are collectively represented as zero level set of /,
i.e.,
/ðt; x; vðt; xÞÞ � 0:
This representation remains valid even v(t,x) becomes multi-valued, while
vðx; tÞ 2 fn;/ðt; x; nÞ ¼ 0g:
With this level set function we seek the solution of the following form
f ðt; x; nÞ ¼ qðt; x; nÞdð/ðt; x; nÞÞ;
where q serves to capture the weights of density distributions. Substitution of this ansatz into the William equation (2.1)
leads to
dð/Þaþ d0ð/Þqb ¼ 0; ð2:2Þ
where
@tqþ n � rxqþrn � ðqF=mpÞ ¼ a;

@t/þ n � rx/þ F=mp � rn/ ¼ b:
In order to ensure (2.2) to hold for any (t,x,n) it suffices to take a � 0 and b � 0 for q X 0. This leads to the key level set
equation
@t/þ n � rx/þ F=mp � rn/ ¼ 0; ð2:3Þ
which can be computed near the neighborhood of / = 0, as well as a transport equation for the weight q:
@tqþ n � rxqþrn � ðqF=mpÞ ¼ 0: ð2:4Þ
Note that a sub-domain where q = 0 indicates no particles in that region, so there is no need to track the velocity field.
We thus can state the following.

Theorem 2.1. Let / be the solution to (2.3) subject to initial data /(0,x,n), and q be the solution to (2.4) with initial data q(0,x,n),
then
f ðt; x; nÞ ¼ qðt; x; nÞdð/ðt; x; nÞÞ
is the solution of the William Eq. (2.1) with initial distribution of the form q(0,x,n)d(/(0,x,n)).
2.3. Initialization

Special care must be taken when constructing initial data for the above level set equation and the density transport equa-
tion. Let X be a bounded domain, which contains a finite number (assumed to be K) of particle clouds. Let each set of particle
clouds be denoted by Ji with [N

i¼1Ji � X, associated with particle density qi(x) and velocity ui(x). The initial distribution of par-
ticles can be expressed as an expansion of the number density function in a sum of weighted delta functions in phase spaces
[16]:
f ð0; x; nÞ ¼
XK

i¼1

qiðxÞvJi
ðxÞdðn� uiðxÞÞ;
where vJi
ðxÞ denotes the characteristic function of Ji �X.

From this expression it follows that for x 2 Jk
qkðxÞ ¼
Z

f ð0; x; nÞdn; ukðxÞ ¼
R

nf ð0; x; nÞdnR
f ð0; x; nÞdn

:
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This is consistent with the usual formulation of moments, thus we say the above choice of initial distribution is admissible.
We now turn to construction of a level set function /(0,x,n) so that
[K

i¼1

fðx; nÞ; x 2 Ji; n ¼ uiðxÞg ¼ fðx; nÞ;/ð0; x; nÞ ¼ 0g:
The classical level set method initiated in [31] has been successful is computing moving curves (or surfaces) in physical
space, here we develop the level set method in phase space. Moreover, in current application the zero level set is not nec-
essarily a closed curve or surface, but can be just a set of collected points or regions.

Note that the initial choice of /(0,x,n) is not unique. Unless otherwise specified, we shall use the distance function to ini-
tialize the velocity field as follows:
/0ðx; nÞ :¼ /ð0; x; nÞ ¼ min
i

min
y2Ji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx� yj2 þ jn� uiðyÞj2

q
: ð2:5Þ
The cost for a direct computation is about OðKM2dMd
J Þ, where M is the number of grid points in each direction, and MJ denotes

the number of grid points in the set Ji where particle clouds are located. The complexity is small if there is only small number
of particle clouds.

Next we construct a density weight function q(0,x,n) > 0 so that
qð0; x; nÞdð/ð0; x; nÞÞ ¼
XK

i¼1

qiðxÞvðJiÞdðn� uiðxÞÞ
in distributional sense. We take
q0ðx; nÞ :¼ qð0; x; nÞ ¼
XK

i¼1

qiðxÞj@n/0jn¼uiðxÞvðJiÞ ð2:6Þ
so that for any smooth test function V 2 C10 ðRdÞ we have
Z
q0ðx; nÞdð/0ðx; nÞÞVðnÞdn ¼

XK

i¼1

qiðxÞvðJiÞVðuiÞ:
2.4. Post-processing

Once having solved the above equations we are in a position to evaluate the desired physical quantities. The zero level set
of /(t,x,n) gives multiple velocities at location x and time t:
vðt; xÞ 2 fn;/ðt; x; nÞ ¼ 0g:
Note that as time evolves / can become flat and small simultaneously, this would bring difficulties to identify a sharp set of
zeros of /. In this case, higher order interpolation may be used to determine the zero level set.

The velocity moments of any order can be obtained in the following post-precessing step, for example,
M0ðt; xÞ ¼ �nðx; tÞ ¼
Z

Rn

qdð/Þdn; M1
i ðt; xÞ ¼

Z
Rn

niqdð/Þdn:
It can be shown as in [28] that for N velocities va with density na, we have
�nðx; tÞ ¼
XN

a¼1

na; �v ¼
PN

a¼1navaPN
a¼1na

:

Note that using moment closure method one needs at least N(d + 1) moments to resolve the desired number of velocities and
associated densities. The main advantage of the level set method described above is its ability to capture all emerging veloc-
ities and densities in an implicit manner. Moments of any desired order can be evaluated in a post-processing step. It is dem-
onstrated in the numerical examples.

2.5. Summary

We can now summarize our algorithm.

Step 1. Initialize /0 = /0(x,n) to be a distance function to the graph of the initial velocity distribution of particles. With /0 so
selected, we take initial density q0(x,n) as defined in (2.6). In some situations, this step can be easier. For example
when initial velocity is a given continuous function, we simply take /0 = n � u0(x), associated with q0 = q0(x).
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Step 2. Solve the level set equation
@t/þ n � rx/þ F=mp � rn/ ¼ 0;
for one time step. The computation is done in the neighborhood of / = 0. Denote the update / by /n+1.
Step 3. Solve the transport equation
@tqþrx � ðn qÞ þ rn � ðqF=mpÞ ¼ 0;
to obtain qn+1.
Step 4. We have now advanced one time step. The zero level set of /n+1 gives the new multiple velocity, and the density

weight qn+1. Repeat steps 2 and 3.
Step 5. At the final time, multiple velocities are determined by the contour plot / = 0 for any (t,x).
Step 6. Evaluation of physical quantities: total density and mean velocity of particles.
�nðx; tÞ ¼
Z

Rn

qdð/Þdn; �v ¼
Z

Rn

nqdð/Þdn=�nðx; tÞ: ð2:7Þ
For an accurate evaluation of above integrals, it is essential to approximate d correctly over the grid. This amounts to the
selection of the approximate kernel and the regularization parameter in relation to both the given grid geometry and the
gradient of the level set functions, as shown in [14,25]. Indeed, improper use of the approximate Dirac delta function
may lead to artificial numerical oscillations. In our simulation we approximate the Dirac � d function by
dcos
� ðxÞ ¼

1
2�

1þ cos
px
�

� �� �
I½��;��; ð2:8Þ
and take � = m max(jrp/j,1)h with m = 1, with h being the spatial step size. Such a choice is a modification of that used in
[25].

3. Discretization

Because of the transport form of the system for the level set function, and the conservative form for the density weight,
we shall use finite difference and finite volume method for these two systems respectively. For the sake of clarity, let us be-
gin by considering the one-dimensional in x case, the multi-dimensional extension being straightforward.

A uniform mesh will be used for the density weight and the level set function. With Dx and Dn as the mesh size in x and n
direction,

we define
xi ¼ iDx; nj ¼ jDn;

qi;j ¼ qðxi; njÞ;
/i;j ¼ /ðxi; njÞ;
i ¼ 0; . . . M � 1;
j ¼ 0; . . . N � 1:
3.1. Second order finite difference (FD) scheme for the level set equation

We use a second order TVD-Range-Kutta [34] method for evolving the level set equation in time, and high-resolution up-
wind method for spatial transport. In order to present the numerical scheme in explicit manner, here and in what follows we
use following notations: D	x denote finite difference operators in x-direction.
Dþx /j ¼
/jþ1 � /j

Dx
¼ D�x /jþ1; D0

x/j ¼
/jþ1 � /j�1

2Dx
:

The difference operator in n direction is similarly defined. Here and in what follows we shall use the following notation
gþ ¼ 1
2
ðjgj þ gÞ; g� ¼ 1

2
ðg � jgjÞ
to denote both positive and negative part of the quantity, respectively. The solution is firstly advanced to the full time step
using the forward Euler method as a prediction
/
j;k ¼ /n
j;k � DtL½/�nj;k; ð3:1Þ
where
L½/� :¼ nþk
eD�x /þ n�k

eDþx /þ Fþ eD�n /þ F� eDþn /
h i

:
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Here Dt is the time step, j and k denote the grid indices and n denotes the time interval. The difference operator eD is re-
stricted by limiters to preserve certain monotonicity. In our computation we use a second order ENO (essentially nonoscil-
latory) limiter [22,35]. Define
mða; bÞ ¼
a if jaj 6 jbj;
b otherwise:

�

We now have for h = Dx
eD�x /j ¼ D�x /j þ hmðDþx D�x /j�1;D

þ
x D�x /jÞ=2;eDþx /j ¼ Dþx /j � hmðDþx D�x /j;D

þ
x D�x /jþ1Þ=2:
The numerical solution at next time step is determined by
/nþ1
j;k ¼

1
2

/n
j;k þ

1
2

/
j;k �
Dt
2

L½/
�: ð3:2Þ
3.2. Second-order finite volume (FV) scheme for density transport

Let Ij,k = Ij � Ikbe a control volume with Ij = [xj�1/2,xj+1/2] and Ik = [nk�1/2,nk+1/2]; and qj,k be the cell average over Ij,k. In each
Ij,k, the solution representative is a first order polynomial
p½q�jIj;k
¼ qj;k þ s0j;kðx� xjÞ þ s

8

j;kðn� nkÞ;
with minmod slopes [21] chosen as
s0j;k ¼ mm Dþx qj;k;D
�
x qj;k

� �
; s

8

j;k ¼ mm Dþy qj;k;D
�
y qj;k

� �
:

Thus the semi-discrete scheme can be written as
d
dt

qj;k þ
dðnqÞjþ1=2;k � dðnqÞj�1=2;k

Dx
þ
dðFqÞj;kþ1=2 � dðFqÞj;k�1=2

Dn
¼ 0: ð3:3Þ
Classical upwind numerical fluxes are adopted as
dðnqÞjþ1=2;k ¼ nþk qj;k þ
Dx
2

s0j;k

� �
þ n�k qjþ1;k �

Dx
2

s0jþ1;k

� �
; ð3:4Þ

dðFqÞj;kþ1=2 ¼ Fþ t; xj; nkþ1=2
� 	

qj;k þ
Dy
2

s
8

j;k

� �
þ F� t; xj; nkþ1=2

� 	
qj;kþ1 �

Dy
2

s
8

j;kþ1

� �
: ð3:5Þ
Now the semi-discrete scheme is a closed ODE system for cell averages {qj,k}. A second order Runge–Kutta method is applied
for time discretization.

3.3. Multi-dimensional extension

The multidimensional extension of the scheme we just described follows naturally using dimension-by-dimension han-
dling. Indeed, the level set equation and density transport equation have already been derived for multiple dimensions, and
the computation of numerical fluxes in multi-dimensional case is essentially the same as described above. Details are
omitted.

4. Numerical results for example applications

In this section we apply our level set algorithm to non-equilibrium fluid-particle flows in order to illustrate its ability to
handle non-trivial problems. We will consider the case without drag force (or equivalently with infinite Stokes number) and
the case with given drag forces for a range of Stokes numbers. The complex case with the drag-force computed from a
coupled gas dynamic system will be considered elsewhere.

4.1. One-dimensional test cases

4.1.1. Impinging particles
The first flow that we consider is one-dimensional with two particle ‘‘packets” moving in opposite directions. The

particles are collisionless and not affected by any drag forces.
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For these two particles, we give initial density and velocity as follows:
q0ðxÞ ¼
1
3

dðx� 0:25Þ þ 2
3

dðx� 0:75Þ; u0ð0:25Þ ¼ 1; u0ð0:75Þ ¼ �1:
In the simulation computation domain is chosen as [0,1] � [�1.1,1.1]. In the initialization step we take f(0,x,n) =
q0(x,n)d(/0(x,n)), where
/0ðx; nÞ ¼ n� u�0ðxÞ;
q0ðx; nÞ ¼ q�0ðxÞ;
where ðq�0;u�0Þ are the approximation of (q0,u0) using cosine kernel, i.e.,
q�0 ¼
1
3

d�ðx� 0:25Þ þ 2
3

d�ðx� 0:75Þ; d�ðyÞ ¼ 1
2�
ð1þ cosðpy=�ÞÞI½��;��ðyÞ
and
u�0ðxÞ ¼
1 jx� 0:25j 6 �;
�1 jx� 0:75j 6 �;

�

where � is the same as that used to approximate the two Dirac delta functions. A constant extension is used to impose the
boundary condition. The two packets will thus eventually collide at t = 0.25. The results are shown in Fig. 1 at time 0.1, 0.2,
0.3 and 0.4. We see two particles before and after collision at time 0.2 and 0.3, respectively. This example illustrates the capa-
bility of our numerical method in capturing the PTC phenomenon in a simple setting.

4.1.2. Three clouds of particles
This example illustrates the crossing behavior of three clouds of particles. The initial setting is as follows:
u0ðxÞ ¼
0:5; x 6 0:2;
0; 0:4 6 x 6 0:6;
�0:5; x P 0:8;

8><>:
q0ðxÞ ¼ 0:5vx60:2 þ 1:0v0:46x60:6 þ 1:5vxP0:8:
The computation domain is [0,1] � [�0.75,0.75]. The distance function is used to initialize /. A constant boundary conditionis
used to mimic the particle flow getting in/out of the computational domain. By characteristic method one can easily show that
at time t = 0.4, particles will collide at x = 0.6 and x = 0.8. We present the density at t = 0.1, 0.5, 0.7, 1.0 in Fig. 2 before and after
collision. Before collision, at t = 0.1, we see the movement of the particle clouds. After the first collision at x = 0.6 and x = 0.8, we
observe the superposition of the density of two clouds at time t = 0.5. After the second collision at x = 0.5, we see the superpo-
sition of the density of three clouds at t = 0.7, 1.0. These observations are confirmed by the velocity plots as well in Fig. 2.

This example shows that the level set method generate more velocities as needed. In comparison, the DQMOM method
will only yield an approximation that conserve 2N moments when number of velocities is bigger than a fixed N.

4.1.3. Finite stokes number
The previous two examples simulate the free motion (infinite Stokes number) of clouds of particles without coupling with

fluid. They demonstrate the capability and simplicity of our level set method in describing the non-equilibrium particle flows
with arbitrary number of phases. The fluid is added to the next example to simulate the effect of both transport and drag.
Different Stokes numbers are tested to comply with different physical properties of the fluid. For all the Stokes numbers, the
initial particle density is given by
qð0; xÞ ¼ e�25x2
and the initial particle velocity is
uð0; xÞ ¼ � sinð2pxÞj sinð2pxÞj:

We test our method in the following simplified model
@tf ðt; x; nÞ þ n � rxf þrn � ðFf Þ ¼ 0; ð4:1Þ

qf ð@tuþ uuxÞ ¼ �
Z

mpFðt; x; nÞfdn; ð4:2Þ
where qf denotes the fluid density and mp is the droplet mass. Both qf and mp are assumed to be 1 for simplicity.The initial
fluid velocity is set to be a shock moving to the right, i.e.,
uð0; xÞ ¼ Hð�xÞ;
where H(x) is the heaviside function. The linear drag force is hence
Fðt; x; nÞ ¼ ðuðt; xÞ � nÞ=St ; St ¼ 0:1;1;10; � � � :
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Fig. 1. Multiple velocity and averaged density at time about 0.1, 0.2, 0.3 and 0.4.
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The fluid dynamic Eq. (4.2) is solved with a second order Runge–Kutta temporally and a finite volume scheme with a second
order ENO flux limiter spatially. Here we simply take /(0,x,n) = n � u(0,x) since particles are everywhere. A constant
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extension boundary condition for fluid velocity and particle density is used, while a periodic boundary condition is employed
for the particle velocity.

4.1.3.1. Case 1: Stokes number St = 0.1. When St = 0.1, the drag force is strong, so the particle will follow the fluid closely and
no particle will cross at beginning. However, after a short time the PTC starts to appear. Note that for small Stokes number,
the fluid velocity changes rapidly in some region (near x = 0 at time t = 0.2). This is caused by the multiple particle velocity
near x = 0. Due to the large drag force F, the fluid will not maintain the shock profile. At time t = 0.5, some oscillation also
exhibits in the fluid. See in Fig. 3 for details.

4.1.3.2. Case 2: Stokes number St = 1. When St changes to 1, the drag force becomes weaker, we see particle crossing each other
as shown in Fig. 4. Observe that particle distribution becomes smoother, and the fluid is less affected by particles. However,
near the shock, interaction between fluid and particle is still distinctly visible.

4.1.3.3. Case 3: Stokes number St = 10. When St = 10, the drag force is small, so the particles respond to the fluid very slowly
and behave like the ones in free motion as we see in Fig. 5. Since the particle is less affected by the fluid, the particle trajec-
tories cross in the simulation. We observe five particle velocities at time t = 0.5. This is also confirmed by the fluid velocity,
which is close to the movement of shock. Due to the complex structure of the particle velocity, more nodes are needed if
quadrature-based moment method is used. This example shows that initial uni-mode velocity will become multi-valued
when PTC happens due to the interaction between fluid and particles. The level set method we use here does capture all
emerging velocity modes.

4.2. Two-dimensional test cases

4.2.1. Crossing particle jets
In this example, we demonstrate the ability of the level set method to capture particle crossing trajectories in two dimen-

sional flows with infinite Stokes number particles.
Restricted in a unit box {xj jx1j 6 0.5, jx2j 6 0.5}, two jets are initially concentrated in two separate regions
J1 ¼ fxj0:25 6 x1 6 0:5; jx2j 6 0:025g; J2 ¼ fxjjx1j 6 0:05;�0:5 6 x2 6 �0:35g:
The initial setting for these two jets can be described as
q0ðxÞ ¼ 20vðJ1Þ þ 20vðJ2Þ; u0ðxÞ ¼ ½�1; 0�vJ1
þ ½0;1�vJ2

:

Initial data for the distribution is f0(x,n) = q0(x, n)d(/0(x,n)). A distance function in (2.5) is used to initialize /(0,x,n). q(0,x,n)
is initialized as q0(x)jrn/(0,x,n)j. An impinging boundary condition is used to represent incoming particles in x direction.

We know that when t = 0.25 two jets start to collide. We can clearly see the collision at time t = 0.3. When t = 0.5 two jets
have crossed each other. Fig. 6 illustrates the time evolution of particle number density for crossing jets. Here the solid lines
represent the exact solutions while the red dashed lines represents the numerical solutions. We see that the level set method
indeed captures all crossings of particle trajectories.

Fig. 7 shows the density at time 0.5. Besides some numerical viscosity at the tips of the particle flows, it validates the
quantitative correctness in recovering the particle density.

4.2.2. Particle wall rebound
In this example, we consider a particle flow bouncing off a reflective wall. Still restricted in a unit box

{xj jx1j 6 0.5, jx2j 6 0.5}, a particle jet is initially concentrated in the region
J ¼ fxj � 0:5 6 x1 6 �0:1;�0:55 6 x1 þ x2 6 �0:45g:
The initial setting for distribution is given by
f0ðx; nÞ ¼ q0ðxÞdðn� uðxÞÞ;
where
q0ðxÞ ¼ vJ ; u ¼ ½1 � 1�vJ :
The particle with velocity [1 � 1] will be bounced off the wall Wr = {xj x2 = �0.5} with velocity [1 e], 0 6 e 6 1. Most mo-
ment closures use the average velocity [1 (e � 1)/2] for convective transport, they are not able to reflect particles from the
wall. At the wall we use a reflective boundary condition
f ðt; x; ninÞ ¼ J�1f ðt; x; noutÞ;
where
nout ¼ nin � aðnin � mðxÞÞmðxÞ
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with m(x) the unit outer normal vector at the point x 2 oX, a a reflective parameter and J ¼ detð@nout
@nin
Þ. Here the factor J�1 is

used to conserve the total mass.
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In this example m(x) = (0,�1)>. Thus a = 1 + e and J = j�1 � ajmj2j = e, which indicates that when e = 0 mass accumulates at
the wall. Such a reflective boundary condition can be built in our level set formulation in a similar way to that introduced in
[8].
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Fig. 5. Fluid velocity, particle velocity and particle density at time t = 0.1, 0.2 and 0.5 for St = 10.
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At the reflective wall Wr = {xj x2 = �0.5}, we hence use following boundary conditions for both / and q, respectively
/ðt; x; ninÞ ¼ /ðt; x; noutÞ; qðt; x; ninÞ ¼ qðt; x; noutÞ=e; x 2Wr;
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where
nin ¼ ðn1; n2Þ; nout ¼ ðn1;�en2Þ:
For discretization of the computational box, we use hyper-rectangular meshes with uniform spatial step sizes Dx1, Dx2, Dn1

and Dn2. Numerically, we need to approximate level set derivatives at both incoming and rebounding walls.
At the incoming wall Wi = {xjx1 = �0.5}, we use backward difference between the boundary point (�0.5,x2) and a ghost

point (�0.5 � Dx1,x2) outside the domain to determine D�x1
/ð�0:5; x2; nÞ. The value of / at the ghost point is obtained from

an extrapolation and interpolation procedure: assume Dx1 6Dx2, a constant extrapolation along the incoming flow direction
(1,�1)> gives
/ð�0:5� Dx1; x2; nÞ ¼ /ð�0:5; x
2; nÞ
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with x
2 ¼ x2 � Dx1. Using interpolation based on both /(�0.5,x2,n) and /(�0.5,x2 � Dx2,n) we obtain
/ð�0:5; x
2; nÞ ¼ 1� Dx1

Dx2

� �
/ð�0:5; x2; nÞ þ

Dx1

Dx2
/ð�0:5; x2 � Dx2; nÞ:
Thus we take
D�x1
/ð�0:5; x2; n1; n2Þ ¼

/ð�0:5; x2; n1; n2Þ � /ð�0:5; x
2; n1; n2Þ
Dx1

:

At the rebounding wall Wr, we connect both outgoing velocity and its reflective counterpart through the reflective boundary
condition for / so that the reflective velocity is captured. In this example, the velocity in x2 direction changes from n2 to �en2

after reflection. A periodic extension is then used to approximate the level set derivative with respect to x2 as
D�x2
/ðx1;�0:5; n1; n2Þ ¼

/ðx1;�0:5; n1;�en2Þ � /ðx1;0:5� Dx2; n1;�en2Þ
Dx2

:

The density contours are plotted in Fig. 8. It clearly shows the movement and rebouncement of the particle flow. This exam-
ple demonstrates the adaptable capacity of the level set method to incorporate physical conditions such as particle rebound
off walls.
5. Concluding remarks

A level set approach for kinetic equations of particle clouds has been derived and verified for non-equilibrium, dilute,
fluid-particle flows. For non-collisonal case, the method can successfully handle flows with particle-crossing trajectories
and thus is able to compute accurately particle velocity statistics in an Eulerian framework. The main advantage of level
set method over DQMOM is that it generates new velocities as needed, and thus is not limited to a fixed number N. For
non-collisional case with initial distribution defined with discrete velocities, the level set method can give the exact evolu-
tion. In comparison, when the number of discrete velocities becomes greater than N, DQMOM will only yield an approxima-
tion that conserve N(d + 1) moments. One important feature of the level set method is that it requires only one level set
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function to capture all possible velocities, and any higher moments can be evaluated in a post-processing step if desired;
thus the level set approach developed in this paper is well suited to study the PTC phenomena.

We point out that the level set method developed here is ideal mainly for the non-collisional, non-diffusive cases and
when initial distributions generate only finite number of moments. It would be a challenging task to extend the present ap-
proach to handle more complicate situations such as cases with collision and/or diffusion. Our level set method applies also
to particles rebound off smooth walls; but not directly suitable to diffusive (or rough) walls.

Finally, in addition to applications involving dispersed-phase flows, the proposed methodology should find use in some
other applications governed by non-collisional kinetic equations.
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