
Digital Object Identifier (DOI) 10.1007/s002110000233
Numer. Math. (2001) 88: 513–541 Numerische

Mathematik

Convergence rates to discrete shocks
for nonconvex conservation laws

Hailiang Liu 1,�, Jinghua Wang2,��, Gerald Warnecke3,���

1 Department of Mathematics, UCLA, Los Angeles, CA 90095–1555, USA;
e-mail: hliu@math.ucla.edu

2 Institute of Systems Science, Academia Sinica, Beijing 100080,
People’s Republic of China; e-mail: jwang@iss06.iss.ac.cn

3 IAN, Otto-von-Guericke-Universität Magdeburg, Postfach 4120, 39016 Magdeburg,
Germany; e-mail: gerald.warnecke@mathematik.uni-magdeburg.de

Received November 25, 1998 /
Published online November 8, 2000 –c© Springer-Verlag 2000

Summary. This paper is concerned with polynomial decay rates of pertur-
bations to stationary discrete shocks for the Lax-Friedrichs scheme approx-
imating non-convex scalar conservation laws. We assume that the discrete
initial data tend to constant states asj → ±∞, respectively, and that the
Riemann problem for the corresponding hyperbolic equation admits a sta-
tionaryshockwave. If thesummationof the initial perturbationover(−∞, j)
is small and decayswith an algebraic rate as|j| → ∞, then the perturbations
to discrete shocksare shown todecaywith the corresponding rate asn → ∞.
The proof is given by applyingweighted energy estimates. A discreteweight
function, which depends on the space-time variables for the decay rate and
the state of the discrete shocks in order to treat the non-convexity, plays a
crucial role.
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1 Introduction

Let us consider a functionf ∈ C3 not necessarily convex. For states
u−, u+ ∈ IR, shock speeds ∈ IR, space variablex ∈ IR and time variable
t ≥ 0, we consider a shock wave solution

u(t, x) =
{
u−, x− st < 0,
u+, x− st > 0,

to the scalar conservation law

(1.1) ut + f(u)x = 0.

Taking µ ∈]0, 1[, λ ∈ IR to be specified later, we consider the modified
Lax-Friedrichs (L-F) scheme

(1.2) un+1
j − unj +

λ

2
(f(unj+1) − f(unj−1)) =

µ

2
(unj+1 − 2unj + unj−1).

In this paper we study the evolution of perturbations of discrete shock so-
lutions to the L-F scheme and their decay rate. The statesu± and related
shock speeds ∈ IR must satisfy the Rankine-Hugoniot condition

−s(u+ − u−) + f(u+) − f(u−) = 0.

We want to restrict ourselves to the case of stationary shock waves, i.e. the
cases = 0 and therefore we have

(1.3a) f(u+) = f(u−)

in this case. Further, we setQ(u) := f(u)−f(u±). Then for anyadmissible
stationary shock wave solution the Oleinik entropy condition

(1.3b) (u+ − u−)Q(u) > 0, for u ∈] min(u−, u+),max(u−, u+)[

must hold. This condition plays an important role in proving the existence
and monotonicity of discrete shock solutions, cf. Jennings [6], as well as in
defining our weight function in a later argument.

It is noted that whenf ′(u±) �= 0, then (1.3b) implies Lax’s shock con-
dition

(1.3c) f ′(u+) < 0 < f ′(u−).

For convenience only we shall restrict our considerations to the caseu+ <
u− throughout the paper.

The discrete solutionun := (unj )j∈ZZ should become an approximation
of thepoint valuesu(xj , tn)of anexact solution to the conservation law (1.1)
on the grid given byxj = j∆x andtn = n∆t, with∆x = r and∆t = h
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being the spatial and the temporal mesh lengths. Further, we assume that the
mesh ratioλ = ∆t

∆x satisfies the Courant-Friedrichs-Lewy (CFL) condition

(1.4) λmax |f ′| < µ < 1.

Note that by Corollary 2.3 in Tadmor [23] the assumption (1.4) implies the
TVD property of the scheme (1.2).

Under the hypotheses (1.3a)-(1.3b) and (1.4), the scheme (1.2) admits a
uniquestationary discrete shock solution(φj)j∈ZZ which takes on a given
valueu∗ ∈]u+, u−[ at j = 0, i.e., it satisfies the conditions

(1.5a) λ(f(φj+1) − f(φj−1)) = µ(φj+1 − 2φj + φj−1),

(1.5b) φj → u±, as j → ±∞,

(1.5c) φj |j=0 = u∗.

The existence of this discrete solution and further properties, see Lemma
2.1, have been proved by Jennings [6] provided thatu± satisfies (1.3a)-
(1.3b). Clearlyφj is a one-parameter family of the discrete shock profile
with parameteru∗. As shown in in [12] another equivalent parameter can
be taken as the amount of the excess mass from the initial data, that is the
parameteru∗ can be uniquely determined by the quantity

∑
j(φj − u0

j ) for
given datau0

j .
Let us now define the following weightedl2 spaces,

l2K = {f = (fj)j∈ZZ : ||f ||l2K ≡ |f |K =
[∑
j∈ZZ

|fj |2Kj

] 1
2
< ∞},

whereK = (Kj)j∈ZZ is any discrete weight function. When forr = ∆x

specificallyKj = 〈jr〉α := (1 + (jr)2)
α
2 , for someα ≥ 0, we write

l2K = l2α and| · |K = | · |α. We will also consider bounded weight functions
w = (wj)j∈ZZ with C−1 ≤ wj ≤ C for a constantC > 0. They are used
to define the weightsKj = 〈jr〉αwj . In this case we writel2K = l2α,w with
the norm| · |K = | · |α,w. We note thatl2 = l2w with the norm|| · || ∼ | · |w
and thatl2α,w = l2α with | · |α,w ∼ | · |α. We will denote the difference of a
discrete function(fj)j∈ZZ in space by

∆f := (fj+1 − fj)j∈ZZ.

Now we state the main theorem in this paper.

Theorem 1.Suppose that the assumptions (1.3a)-(1.3c) and for any given
positive constantµ < 1 the CFL condition (1.4) hold. Further, considerλ >
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0 suitably small. Let(φj)j∈ZZ be the stationary discrete shock profile defined
by (1.5a)-(1.5c) connectingu+ to u−. Definev0

j =
∑j

k=−∞(u0
k − φk)

assuming that the mass of the perturbation satisfies

(1.6)
∑
j∈ZZ

(u0
j − φj) = 0,

from whichu∗ in (1.5c) is uniquely determined. Consider that for some
α > 0 the spatial decay rate

(1.7) |v0|α ≤ δ1

with someconstantδ1 > 0 is given. Then theuniqueglobal solution(unj )j∈ZZ

to theL-Fscheme (1.2)with the initial data(u0
j )j∈ZZ deviates in themaximum

norm from the shock profile(φj)j∈ZZ by at most

(1.8) sup
j∈ZZ

|unj − φj | ≤ C(1 + nh)−α/2|v0|α, n ≥ 0.

This means that the perturbation decays at the rateα/2 in the maximum
norm forn → ∞. ��

Remark 1.We point that a sufficient condition for (1.7) to hold is that there
exists a constantκ > α

2 + 1 such that the estimate

(1.9)
∑
j∈ZZ

(1 + j2)κ|u0
j − φj |2 ≤ δ1

holds. This was shown in Liu and Wang [11].

Remark 2.For the stability of a numerical method one always needs the
CFL condition. It is a restriction on the product ofλwith the maximal wave
speed, see (1.4). For large wave speeds this may become a severe restriction
onλ. The detailed restriction onλwill be clarified in the course of weighted
energy analysis in Sects. 4 and 5.

The study of existence and stability of discrete shocks is important to
the understanding of the convergence behavior of numerical shock com-
putations. Jennings [6] proved the existence and thel1 stability of discrete
shocks for general first order monotone schemes approximating scalar con-
servation laws, see also Engquist-Osher [3] and Osher-Ralston [19]. The
existence of discrete shock profiles of finite difference methods for sys-
tems of conservation laws was established by Majda and Ralston [15] by
means of the center manifold theorem, see also Michelson [17]. Szepessy
[22] studied the existence andl2-stability of stationary discrete shocks for
a first order implicit streamline diffusion finite element method for systems
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of conservation laws. Smyrlis [21] proved stability of a scalar stationary
discrete shock wave for the Lax-Wendroff scheme. Tadmor [23] considered
the large time behavior of the Lax-Friedrichs scheme approximating scalar
genuinely nonlinear conservation laws. The nonlinear stability of discrete
shocks to the modified Lax-Friedrichs scheme approximating systems was
obtained by Liu and Xin [13,14]. In their study each characteristic field was
assumed to be genuinely nonlinear. Recently, Engquist and Yu [4] showed
that the stability and existence of discrete shock profiles are closely related
to the convergence and stability of the scheme itself.

Discrete shocks for strictly monotone schemes approximating non-
convex scalar conservation laws were shown to be stable in thel1-norm
by Jennings [6]. The stability in thel2-norm of the scheme (1.2) was proved
by Liu and Wang [10]. The polynomial convergence rate to discrete shocks
for the Lax-Friedrichs scheme (1.2) was first obtained by Liu andWang [11]
for convex flux functionsf . In the present paper, we investigate the conver-
gence rate to discrete shocks for (1.2) whenf may also be non-convex. We
show that polynomial spatial decay yields polynomial temporal decay. Our
result suggests that the increase in the spatial decay of initial perturbations
leads to an increase in the temporal decay of the corresponding perturba-
tions. Namely, the spatial decay rate is transformed to temporal decay. We
would like to point out that the decay result obtained here for non-convex
scalar conservation laws involved a much more elaborate analysis than the
previous decay results on the convex case and the stability results for the
non-convex case mentioned above. The authors are aware of the fact that
the restriction of the results presented here to the case of stationary shock,
i.e.s = 0, is rather severe and unwanted. This choice was made in order to
avoid further lengthy technical arguments. We do not have the feeling that
it is not possible to extend our results to the case of non-stationary shocks.

Equations of type (1.1)withf non-convexwere considered, for example,
by Buckley and Leverett [1] as a model for the one-dimensional convection
dominated displacement of oil by water in a porous medium. The large time
behavior of solutions for non-convex conservation laws exhibits a much
richer andmore complicated behavior than in the convex case, seeDafermos
[2].

Our time-decay estimate is motivated by decay estimates to shock pro-
files for scalar viscous conservation laws

(1.10) ut + f(u)x = εuxx, ε > 0.

Various timedecay rates to viscous shock profiles for (1.10) have been inves-
tigated by many authors, see [5,7–9,16,18] and [20] as well as particularly
the papers of Liu [9] and Matsumura-Nishihara [16] from which we draw
ideas in the present work. For scalar conservation laws with viscosity (1.10)
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Il’in andOleinik [5] showed that if the integral of the initial disturbance over
(−∞, x] decays exponentially for|x| → ∞, then the solution approaches
the shock profile solution at an exponential rate ast → ∞. For Burgers’
equation, by using the Cole-Hopf transformation, Nishihara [18] showed
that if the integral of the initial disturbance over(−∞, x] has an algebraic
orderO(|x|−α)(α > 0) for |x| → ∞, then the solution converges to the
shock profile solution at the same algebraic ratet−α ast → ∞. This fact,
that decay rates of the primitive of the perturbation are considered spatially,
accounts for the one extra order in the decay rate in assumption (1.9). This
makes our results for the discrete case completely analogous. Nishihara [18]
also noted that this time decay rate is optimal in general. Therefore, our al-
gebraic decay rate in Theorem 1 seems to be optimal in comparison with the
continuous analogue considered by Nishihara. In analogy to the situation to
viscous conservation laws (1.10), one expects that exponential spatial decay
should yield exponential temporal decay. However, the rigorous justification
of exponential decay remains an open problem.

Beforeconcluding this section,wewould likepoint out that inourasymp-
totic stability analysis in this paper we frequently have to choose constants
implying that we have sufficiently small time steps, i.e. a severe restriction
of the CFL condition (1.4). Deriving sharper constants would involve more
technical analysis or restrictive assumptions on the flux functions. This is
not a pleasing situation, but a common occurance in numerical analysis that
we have to live with. The asymptotic stability estimates in our paper are in a
certain sense similar to error estimates, as for instance in the theory of finite
elements. These estimates are also only valid for sufficiently small mesh
lengths. In such type of analysis one usually cannot make this very pre-
cise. The same holds for truncation error analysis for higher order schemes,
which is also only valid for sufficiently small mesh lengths. In practice the
situation may be quite different. For a large mesh size a first order scheme
may perform better than a second order scheme. In three dimensional un-
steady problems this may become quite relevant. Still numerical analysis
gives valuable insight into the nature of numerical schemes.

This paper is organized as follows. We reformulate the original problem
and restate Theorem 1 in an equivalent form in Sect. 2. There it is shown
how Theorem 1 follows from the equivalent Theorem 2.3. Some properties
of the weight function are obtained in Sect. 3. In Sect. 4 we give the main
part of the proof of Theorem 2.3. We investigate the time decay rate by
using a weighted energy method. The key idea is to use a discrete weight
function which depends not only on the time-space variable for obtaining
the desired rates but also on the discrete shocks for dealing with the non-
convexity of the flux function. The proofs of some intermediate technical
estimates summarized in Lemmas 4.1-4.2 are relegated to Sect. 5.
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2 Reformulation of the problem

Let (φj)j∈ZZ be a stationary discrete shock wave for the L-F scheme (1.2).
Then(φj)j∈ZZ satisfies

λ(f(φj+1) − f(φj−1)) = µ(φj+1 − 2φj + φj−1).

Summing it overj from−∞ to j yields

(2.1) µ(φj+1 − φj) = λ(Qj+1 +Qj),

whereQj = Q(φj) = f(φj)−f(u±). The equation (2.1) admits an unique
solution(φj)j∈ZZ satisfyingφ±∞ = u± which takes on a given valueu∗ ∈
]u+, u−[ at j = 0. Since (1.2) is a first order monotone scheme, Theorem 1
in Jennings [6] implies the following lemma.

Lemma 2.1Suppose that (1.3a)-(1.3b) andu+ < u− hold. Then for each
u∗ ∈]u+, u−[, there exists an unique stationary discrete shock profile
(φj)j∈ZZ to (1.2) satisfying

(2.2) φ0 = u∗ as well as φj > φj+1, for j ∈ ZZ.

��
Further, we obtain

Lemma 2.2We setM = supu∈]u+,u−[{f ′(u)/µ}. For the stationary dis-
crete shock solutions to scheme (1.2), the following estimates hold for any
j ∈ ZZ,

|φj+1 − 2φj + φj−1| ≤Mλ|φj−1 − φj+1|,(2.3)

φj − φj+1 ≤ 1
2
(1 +Mλ)(φj−1 − φj+1),(2.4)

φj−1 − φj ≤ 1
2
(1 +Mλ)(φj−1 − φj+1).(2.5)

Proof.The estimate (2.3) follows from (1.5a) sinceφj+1 − 2φj + φj−1 =
λ
µf

′(φ̃j)(φj+1 −φj−1) for someφ̃j ∈]φj+1, φj−1[. Furthermore, we use the
simple identities

φj − φj+1 =
1
2
[(φj−1 − φj+1) − (φj+1 − 2φj + φj−1)]

and

φj−1 − φj =
1
2
[(φj−1 − φj+1) + (φj+1 − 2φj + φj−1)],

then (2.4) and (2.5) follow. The proof of Lemma 2.2 is complete. ��
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To prove Theorem 1, we reformulate the scheme (1.2) by formally in-
troducing

(2.6) vnj :=
j∑

k=−∞
(unk − φk).

It will be shown below that the summation gives always finite value. Sub-
tracting (1.5a) from (1.2) and summing up the resulting expressions from
−∞ to j, one obtains the scheme

(2.7)
vn+1
j −vnj +

λ

2
Λj+1(vnj+1 − vnj ) +

λ

2
Λj(vnj − vnj−1)

−µ
2
(vnj+1 − 2vnj + vnj−1) = enj ,

where

Λj = f ′(φj) = Q′(φj) and enj = −λ
2
(θnj+1 + θnj )

with

θnj = f(unj ) − f(φj) − f ′(φj)(unj − φj).
Theorem 1 will be obtained from the following theorem.

Theorem 2.3.Suppose that the assumptions (1.3a)-(1.3c) and and the CFL
condition (1.4) hold,(v0

j )j∈ZZ ∈ l2α for someα ≥ 0, andλ is suitably small,
and that there exists a constantδ1 > 0 (suitably small) such that|v0|α < δ1.
Then the scheme (2.7) with initial data(v0

j )j∈ZZ admits an unique global
solution(vnj )j∈ZZ satisfying, for anyp > 0,

(2.8)
sup
n∈IN0

[
(1 + nh)α||vn||2 + (1 + nh)−p

∑
i<n

(1 + ih)α+p||∆vi||2
]

≤ C|v0|2α.
��

Since the scheme (2.7) is explicit with a given right hand side, we only
need an a priori bound in order to guarantee the global existence of the
unique discrete solution(vnj )j∈ZZ for all n ∈ IN0. Therefore, Theorem 2.3
can be obtained by continuity arguments based on the following proposition.

Proposition 2.4 (A priori estimate) Letn1 be a natural number. Suppose
that theuniquesolution(vnj )j∈ZZ to thescheme (2.7)with initial data(v0

j )j∈ZZ
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defined via (2.6) satisfies(vnj )j∈ZZ ∈ l2α for someα ≥ 0. Further, sup-
pose that there exists a constantδ2 > 0 independently ofn1 such that
sup0≤n≤n1

||vn|| ≤ δ2. Then the estimate
(2.9)

sup
0≤n≤n1

[
(1 + nh)α||vn||2 + (1 + nh)−p

∑
i<n

(1 + ih)α+p||∆vi||2
]

≤ C|v0|2α.

holds for a constantC > 0 independently ofn1. ��
The proof of Proposition 2.4 is carried out in the remaining three sections

of this paper. The main part of the proof is given in Sect. 4.

Proof of Theorem 1 based on Theorem 2.3:It follows from Theorem 2.3 that
vnj is well-defined. By (2.6) we have

unj = φj + vnj − vnj−1.

It follows from (2.7) and (1.5a) that(unj )j∈ZZ is the unique solution of the
L-F scheme (1.2) with initial data(u0

j )j∈ZZ. Moreover, we estimate from
above

|unj − φj | = |vnj − vnj−1| ≤ ||∆vn||.

Next we derive the convergence rate of the solution(unj )j∈ZZ to (1.2). It
follows from the crucial estimate (2.8) that

n∑
i=0

(1 + ih)α+p||∆vi||2 ≤ C(1 + nh)p|v0|2α

holds, which implies

||∆vn|| ≤ C(1 + nh)−
α
2 |v0|α.

Combining the above facts gives

sup
j∈ZZ

|unj − φj | ≤ ‖∆vn‖ ≤ C(1 + nh)−
α
2 |v0|α,

which yields the estimate (1.8) in Theorem 1. ��
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3 The weight function

Let the discrete weightwj = w(φj) be chosen analogously to [9,16] as

(3.1) wj = w(φj) =
(φj − u+)(φj − u−)

Q(φj)
.

The functionw will be used to treat the non-convexity of the problem. We
introduce withr = ∆x the abbreviations

Pj := 〈jr〉β and Hj := Pjwj .

Next we choose a time-dependent discrete weight function of the form

Kn
j = (1 + nh)γHj , j ∈ ZZ,

which will be used to characterize the decay rate.
The following properties are needed in proofs below.

Lemma 3.1For any given flux functionf ∈ C3 and under the assumptions
(1.3a)-(1.3c) there exists a positive constantC such that

(3.2) C−1 ≤ wj ≤ C,

(3.3) |w′(u)|, |w′′(u)| and |w′′′(u)Q(u)| ≤ C

for all u ∈ [u+, u−].

Proof. ClearlyC−1 ≤ wj ≤ C under the shock condition (1.3b)-(1.3c). We
only consider the caseu+ < u−. Note that due to the Lax shock condition
(1.3c)Q(u) = f(u) − f(u±) has only simple zeros atu+ andu−, i.e.
Q′(u±) �= 0, and by (1.3b)Q(u) < 0 on the interval]u+, u−[ . Setting
h(u) = (u− u−)(u− u+), we havew(u) = h(u)

Q(u) and

w′(u) =
h′(u)Q(u) − h(u)Q′(u)

Q2(u)
,

which takes finite values on the interval]u+, u−[ . At u+ andu− the deriva-
tives of numerator and denominator give the quotient

h′′(u)Q(u) − h(u)Q′′(u)
2Q(u)Q′(u)

.

It is easily seen to be bounded in the limits atu → u±. Here we used the
assumptionf ∈ C2. Therefore, by L’Ĥopital’s rulew′(u) is bounded on the
interval]u+, u−[ .
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Now note that

(w′Q)′ = (wQ)′′ − (wQ′)′ = 2 − w′(u)f ′(u) − w(u)f ′′(u).

Since the functionsw,w′, f ′ andf ′′ are bounded on the interval[u+, u−]
we have(w′Q)′ bounded.

Similarly we now show that iff ∈ C3[u+, u−] thenw′′ andw′′′Q are
bounded on the interval[u+, u−]. In fact, as above we have

w′′ =
M(u)
Q3(u)

with M(u) := 2Q2 − 2h′QQ′ + 2h(Q′)2 − hQQ′′

which takes finite values on the interval]u+, u−[ . To boundw′′(u) at the
statesu±, we have to show that the functionM also has zeros of third order
atu±. We have byf ∈ C3 and introducing a suitable termG(u)

M ′(u) = 3(hQ′ − h′Q)Q′′ − hQQ′′′ = G(u) − hQQ′′′

which vanishes atu±. The last term−hQQ′′′ in the functionM obviously
has zeros of second order atu±. Nowwe only have to show that the function
G also has double zeros atu±. This can be obtained under the assumption
f ∈ C3 giving

G′(u) = 3h(Q′Q′′)′ − 3Q(h′Q′′)′ = 3h(f ′f ′′)′ − 3Q(h′f ′′)′,

which vanishes atu±. ThereforeM(u) has zeros of third order atu±. This
implies thatw′′ is bounded on the interval[u+, u−].

Note that the identity(wQ)′′′ ≡ 0 enables us to see thatw′′′Q is bounded
on the interval[u+, u−]. This is due to the fact that we therefore have

w′′′Q = −3w′′Q′ − 3w′Q′′ − wQ′′′ = −3w′′f ′ − 3w′f ′′ − wf ′′′.

This completes the proof of Lemma 3.1. ��
We state some basic estimates on the weightsPj = 〈jr〉β = (1 +

(jr)2)β/2.

Lemma 3.2For anyj ∈ ZZ, β ∈ [0, α], there exist constantsθ ∈]0, 1[, and
cr > 0, Cr > 0 such that

(3.4) θ−1Pj ≥ Pj+1 ≥ θPj ,

(3.5) crβr〈jr〉β−1 ≤ |Pj+1 − Pj | ≤ Crβr〈jr〉β−1

Proof. To prove (3.4) let us consider two cases. SincePj = P−j the discrete
weights are symmetric. They are increasing forj ≥ 0, decreasing forj ≤ 0.
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Therefore,we could choose anyθ ∈]0, 1[ for the right estimate in casej ≥ 0,
for the left estimate in casej < 0. We now consider the right estimate for
j < 0. Then by the mean value theorem there exists anηj ∈]j, j + 1[ such
that

(3.6) Pj − Pj+1 = |Pj+1 − Pj | = |βηjr〈ηjr〉β−2r| ≤ β〈jr〉β−1r.

This gives the estimates

Pj+1 ≥ Pj − β〈jr〉β−1r = Pj

(
1 − βr

〈jr〉
)

≥ θPj ,

for θ = 1 − αr√
1+r2

< 1, provided thatr = ∆x is suitably small. The
left estimate forj ≥ 0 follows analogously. One has to possibly choose a
smallerθ.

The desired estimate (3.5) follows from (3.6) by simply defining

(Cr)cr =
(
sup
j∈ZZ

)
inf
j∈ZZ

|ηjr|〈ηjr〉β−2

〈jr〉β−1 ,

which exist andare positive. Theymaydependonr. The technical derivation
of the fact that these boundscr, Cr exist has been omitted. This proves the
lemma. ��

4 Energy estimates

Throughout this section we suppose that the scheme (2.7) with(v0
j )j∈ZZ

as initial data admits a solution(vnj )j∈ZZ ∈ l2α for someα ≥ 0 andn =
0, 1, . . . , n1. We writeC as a generic positive constant which may depend
on(φj)j∈ZZ andλ, but is independent ofn for 0 ≤ n ≤ n1, and of(vnj )j∈ZZ.

To get the desired estimate, we use the weighted energy method. Taking
a time-dependent discrete weight function

(4.1) Kn
j = (1 + nh)γHj , j ∈ ZZ,

as chosen in the Sect. 3.
Now we begin with the energy estimates. Multiplying (2.7) by2vnjK

n
j

and summing the resulting expressions overj, one obtains∑
j∈ZZ

2(vn+1
j − vnj )vnjKn

j︸ ︷︷ ︸
I1
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+λ


∑
j∈ZZ

Λj+1v
n
jK

n
j (vnj+1 − vnj ) +

∑
j∈ZZ

Λjv
n
jK

n
j (vnj − vnj−1)




︸ ︷︷ ︸
I2

+µ
∑
j∈ZZ

vnjK
n
j (2vnj − vnj+1 − vnj−1)︸ ︷︷ ︸

I3

= 2
∑
j∈ZZ

vnjK
n
j e

n
j .(4.2)

We now estimate each term denoted byIi for i = 1, 2, 3 on the left hand
side of (4.2). We rewrite the first term as

I1 =
∑
j∈ZZ

[
(vn+1

j )2 − (vn+1
j − vnj )2 − (vnj )

2
]
Kn

j

=
∑
j∈ZZ

(vn+1
j )2Kn+1

j −
∑
j∈ZZ

(vnj )
2Kn

j

−
∑
j∈ZZ

(vn+1
j − vnj )2Kn

j −
∑
j∈ZZ

(vn+1
j )2(Kn+1

j −Kn
j ).

Using an index shift for the second term we get

I2 = λ


∑
j∈ZZ

Λj+1K
n
j v

n
j v

n
j+1 −

∑
j∈ZZ

Λj+1K
n
j (vnj )

2

+
∑
j∈ZZ

ΛjK
n
j (vnj )

2 −
∑
j∈ZZ

ΛjK
n
j v

n
j v

n
j−1




= λ


−

∑
j∈ZZ

(Λj+1K
n
j+1 − ΛjK

n
j )(vnj )

2

+
∑
j∈ZZ

Λj+1(Kn
j −Kn

j+1)v
n
j (v

n
j+1 − vnj )




and the third is rewritten as

I3 = µ(1 + nh)γ


∑
j∈ZZ

vnjHj(vnj − vnj+1) −
∑
j∈ZZ

vnjHj(vnj−1 − vnj )



= µ(1 + nh)γ


∑
j∈ZZ

Hj

2

[
(vnj − vnj+1)

2 + (vnj )
2 − (vnj+1)

2
]
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+
∑
j∈ZZ

Hj+1

2
[(vnj − vj+1)2 + (vnj+1)

2 − (vnj )
2]




= µ(1 + nh)γ


∑
j∈ZZ

(vnj − vnj+1)
2Hj +Hj+1

2

+
∑
j∈ZZ

(Hj+1 −Hj)
vnj+1 + vnj

2
(vnj+1 − vnj )


 .

Furthermore for the very last term inI3 we obtain∑
j∈ZZ

(Hj+1 −Hj)
vnj+1 + vnj

2
(vnj+1 − vnj )

=
∑
j∈ZZ

[
(Hj+1 − wjPj+1) − (Hj − wjPj+1)

]
vnj + vnj+1

2
(vnj+1 − vnj )

=
∑
j∈ZZ

Pj+1(wj+1 − wj)
vnj+1

2 − vnj 2

2

+
∑
j∈ZZ

[
(Pj+1 − Pj)wj

vnj + vnj+1

2

]
(vnj+1 − vnj )

= −
∑
j∈ZZ

[
Pj
wj − wj−1

2
− Pj+1

wj+1 − wj

2

]
(vnj )

2

+
∑
j∈ZZ

[
(Pj+1 − Pj)wj

vnj + vnj+1

2

]
(vnj+1 − vnj ).

Then, we finally have for the third term

I3 = µ(1 + nh)γ


∑

j∈ZZ

(vnj − vnj+1)
2Hj +Hj+1

2

−
∑
j∈ZZ

[
Pj
wj − wj−1

2
− Pj+1

wj+1 − wj

2

]
(vnj )

2

+
∑
j∈ZZ

[
(Pj+1 − Pj)wj

vnj + vnj+1

2

]
(vnj+1 − vnj )


 .

We introduce the abbreviations

Aj = −λ(Λj+1Hj+1 − ΛjHj)
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−µ
[
Pj+1

wj+1 − wj

2
− Pj

wj − wj−1

2

]
,(4.3a)

Bn
j =

[
− λΛj+1v

n
j (Hj −Hj+1) − µ(Pj+1 − Pj)wj

vnj + vnj+1

2

]
×(vnj+1 − vnj ).(4.3b)

Inserting the new terms obtained forIi with i = 1, 2, 3 into (4.2) and rear-
ranging these terms in a suitable way, we get∑

j∈ZZ

(vn+1
j )2Kn+1

j −
∑
j∈ZZ

(vnj )
2Kn

j + (1 + nh)γ
∑
j∈ZZ

Aj(vnj )
2

+µ(1 + nh)γ
∑
j∈ZZ

Hj +Hj+1

2
|vnj+1 − vnj |2

= (1 + nh)γ
∑
j∈ZZ

(vn+1
j − vnj )2Hj − (1 + nh)γ

∑
j∈ZZ

Bn
j

+
∑
j∈ZZ

(Kn+1
j −Kn

j )(vn+1
j )2 + 2(1 + nh)γ

∑
j∈ZZ

vnjHje
n
j ,(4.4)

We use the discrete weighted norms|vn|β and|vn|β,w defined in the intro-
duction forβ = α. They satisfy the relations

(4.5)
∑
j∈ZZ

Hj |vnj |2 = |vn|2β,w and
∑
j∈ZZ

Kn
j |vnj |2 = (1 + nh)γ |vn|2β,w.

Clearly, for a suitable constantC > 0 and using the Mean Value Theorem
the estimate

Kn+1
j −Kn

j = Hj

[
(1 + (n+ 1)h)γ − (1 + nh)γ

]
≤ γ(1 + Ch)Hj(1 + nh)γ−1h

holds. Using this estimate and the discreteweighted norms introduced above
we have∑
j∈ZZ

(Kn+1
j −Kn

j )(vn+1
j )2

≤ 2
∑
j∈ZZ

[
(vn+1

j − vnj )2 + (vnj )
2
]
(Kn+1

j −Kn
j )

= 2γ(1 + Ch)(1 + nh)γ−1


∑
j∈ZZ

Hj |vn+1
j − vnj |2 +

∑
j∈ZZ

Hj |vnj |2

h
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= 2γ(1 + Ch)(1 + nh)γ−1
[
|vn+1 − vn|2β,w + |vn|2β,w

]
h

≤ Cγ(1 + nh)γ−1|vn|2β,wh+
2γ(1 + Ch)

1 + nh
((1 + nh)γ |vn+1 − vn|2β,wh

≤ C

[
γ(1 + nh)γ−1|vn|2β,wh+ (1 + nh)γ |vn+1 − vn|2β,wh

]
.

(4.6)

Now we take (4.4) and use (4.6) as well as (4.5) in order to obtain

(1 + (n+ 1)h)γ |vn+1|2β,w − (1 + nh)γ |vn|2β,w + (1 + nh)γ
∑
j∈ZZ

Aj(vnj )
2

+µ(1 + nh)γ
∑
j∈ZZ

|vnj+1 − vnj |2Hj +Hj+1

2

≤ (1 + Ch)(1 + nh)γ |vn+1 − vn|2β,w + (1 + nh)γ
∑
j∈ZZ

|Bn
j |

+Cγ(1 + nh)γ−1h|vn|2β,w + 2(1 + nh)γ
∑
j∈ZZ

vnjHje
n
j .(4.7)

Next we estimate the terms on the right hand side of (4.7). We set

(4.8) N(n1) = sup
n≤n1

(
∑
j∈ZZ

|vnj |2)1/2,

and assume a priori thatN(n1) is suitably small. Obviously we have the
bound

(4.9) sup
n≤n1,j

|vnj | ≤ N(n1).

The scheme (2.7) gives

vn+1
j − vnj =

(µ
2

− λ

2
Λj+1

)
(vnj+1 − vnj ) −

(µ
2

+
λ

2
Λj

)
(vnj − vnj−1) + e

n
j .

From (2.6)unj − φj = vnj − vnj−1, we have by using the remainder term in
the Taylor expansion off

|θnj | ≤ C|vnj − vnj−1|2.
Note that

sup
n≤n1,j

|vnj+1 − vnj | ≤ 2N(n1).

Combining these gives forenj = −λ
2 (θ

n
j+1 + θnj ) the estimate

(4.10) |enj | ≤ CN(n1)
[
|vnj − vnj−1| + |vnj+1 − vnj |

]
.
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Now note that for anya, b, c ∈ IR and anyδ > 0, the inequality

(a+ b+ c)2 ≤ 2(1 + δ)a2 + 2(1 + δ)b2 + (1 +
1
δ
)c2

holds. This leads to the bound

|vn+1
j − vnj |2

≤ 1 + δ
2

[
(µ− λΛj+1)2|vnj+1 − vnj |2 + (µ+ λΛj)2|vnj − vnj−1|2

]

+C(1/δ)(N(n1))2
[
|vnj+1 − vnj |2 + |vnj − vnj−1|2

]
,(4.11)

whereC(1/δ) depends on1δ .
Considering the identity∑

j∈ZZ

|vnj+1 −vnj |2Hj +
∑
j∈ZZ

|vnj −vnj−1|2Hj =
∑
j∈ZZ

|vnj+1 −vnj |2(Hj +Hj+1)

and multiplying (4.11) byHj as well as summation overj ∈ ZZ gives

|vn+1 − vn|2β,w ≤ (1 + δ)
[
(µ+ λmax |f ′|)2 + C(N(n1))2

]
×
∑
j∈ZZ

|vnj+1 − vnj |Hj +Hj+1

2
.(4.12)

Next, using (4.9) and (4.10), one obtains

2
∑
j∈ZZ

|vnjHje
n
j | ≤ CN(n1)

∑
j∈ZZ

Hj

[
|vnj+1 − vnj |2 + |vnj − vnj−1|2

]

≤ CN(n1)
∑
j∈ZZ

|vnj+1 − vnj |2Hj +Hj+1

2
.(4.13)

Substituting the estimates (4.11)-(4.13) into (4.7) yields

(1 + (n+ 1)h)γ |vn+1|2β,w − (1 + nh)γ |vn|2β,w + (1 + nh)γ
∑
j∈ZZ

Aj(vnj )
2

+(1 + nh)γ
[
µ− (1 + Ch)(1 + δ)[(µ+ λmax |f ′|)2

+CN2(n1)] − CN(n1)
] ·
∑
j∈ZZ

|vnj+1 − vnj |2Hj +Hj+1

2

≤ Cγ(1 + nh)γ−1h|vn|2β,w + (1 + nh)γ
∑
j∈ZZ

|Bn
j |.(4.14)
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To get the desired final estimate, one has to bound the terms
∑

j∈ZZA
n
j (v

n
j )

2

and
∑

j∈ZZ |Bn
j | respectively. This is done in Lemma 4.1 and 4.2 which will

be proved in Sect. 5.

Lemma 4.1.Consider theassumptionsmadeat thebeginningof this section.
For anyβ ∈ [0, α], there are constantsc0 > 0 andθ ∈]0, 1[ independent of
β such that

Aj ≥ θλ〈jr〉β(φj − φj+1) + c0β〈jr〉β−1h,(4.15)

for all j ∈ ZZ, provided thatλ = ∆t
∆x is suitably small.

Lemma 4.2.Consider theassumptionsmadeat thebeginningof this section.
For anyβ ∈ [0, α], and any given constantsε > 0, J > 0 there exists a
constantC > 0, independently ofn1, such that the estimate∑

j∈ZZ

|Bn
j | ≤ ε

∑
j∈ZZ

|vnj+1 − vnj |2Hj +Hj+1

2
+
C

J
|∆vn|2β,w

+Cβ||∆vn||2 +
βc0
2
h|vn|2β−1,w

+
λ2C

ε

∑
j∈ZZ

(φj − φj+1)|vnj |2〈jr〉β(4.16)

holds for alln ≤ n1 providedλ = ∆t
∆x is suitably small.

Equipped with these lemmas, we turn to the proof of the following esti-
mate.

Proposition 4.3Consider the assumptions made at the beginning of this
section. Let(vnj )j∈ZZ be a solution of (2.7) forn ≤ n1. Then there exists a
positive constantC independently ofn1 such that for alln ≤ n1

(1 + nh)γ |vn|2β + β
∑
i<n

(1 + ih)γ |vi|2β−1h+
∑
i<n

(1 + ih)γ |∆vi|2β

≤ C

[
|v0|2β + γ

∑
i<n

(1 + ih)γ−1|vi|2βh+ β
∑
i<n

(1 + nh)γ ||∆vi||2
]
,

(4.17)

provided thatλ = ∆t
∆x , r = ∆x andN(n1) are suitably small.

Proof. Substituting the estimates of
∑

j∈ZZAj and
∑

j∈ZZ |Bn
j | into inequal-

ity (4.14) yields

(1 + (n+ 1)h)γ |vn+1|2β,w − (1 + nh)γ |vn|2β,w
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+(1 + nh)γ
[
µ− ε− (1 + Ch)(1 + δ)[(µ+ λmax |f ′|)2

+CN2(n1)] − CN(n1)
]∑
j∈ZZ

|vnj+1 − vnj |2Hj +Hj+1

2

−(1 + nh)γ
C

J
|∆vn|2β,w +

c0βh

2
(1 + nh)γ |vn|2β−1,w

+(1 + nh)γ
(
θ − λC

ε

)
λ
∑
j∈ZZ

(φj − φj+1)〈jr〉β|vnj |2

≤ C

[
γ(1 + nh)γ−1h|vn|2β,w + β(1 + nh)γ ||∆vn||2

]
.

Noting thatHj+1 > 0, we have by (4.5) and droppingHj+1∑
j∈ZZ

|vnj+1 − vnj |2Hj +Hj+1

2
>

1
2
|∆vn|2β,w.

On the other hand, sinceµ < 1, we taker = ∆x andλ = ∆t
∆x suitably

small, takeJ suitably large,ε < µ andδ suitably small, then

1
2

[
µ− ε− (1 + Ch)(1 + δ)[(µ+ λmax |f ′|)2 + CN2(n1)]

−CN(n1)
]

− C

J
≥ ν > 0,

provided thatN(n1) is suitably small. Here we see that we may choose a
suitably smallδ2 independent ofn1 such thatN(n1) ≤ δ2, as given in the
statement of Proposition 2.4. Fix the chosenε, letλ = ∆t

∆x be suitably small
such that also

θ − λC

ε
> 0,

hereC depends only onu±, θ andf(u), see the proof of Lemma 4.2.
Combining these facts we obtain

(1 + (n+ 1)h)γ |vn+1|2β,w − (1 + nh)γ |vn|2β,w + ν(1 + nh)γ |∆vn|2β,w
+
c0βh

2
(1 + nh)γ |vn|2β−1

≤ C

[
γ(1 + nh)γ−1h|vn|2β,w + β(1 + nh)γ ||∆vn||2

]
.(4.18)

Finally, summing up (4.18) with respect ton from 0 to n− 1, we have

(1 + nh)γ |vn|2β,w + ν
∑
i<n

(1 + ih)γ |∆vi|2β,w
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+
c0β

2

∑
i<n

(1 + ih)γ |vi|2β−1h

≤ C

[
|v0|2β,w + β

∑
i<n

(1 + ih)γ ||∆vi||2

+γ
∑
i<n

(1 + ih)γ−1|vi|2β,wh
]
.(4.19)

Noting thatC−1 ≤ wj ≤ C by (3.2), the desired estimate (4.17) follows.
��

Next we proceed to estimate the solution of the scheme (2.7) with an
argument analogously to Liu and Wang [11].

First, takingβ = γ = 0 in (4.17), we get the following lemma.

Lemma 4.4.Under the assumptions made at the beginning of this section
there exists a constantC > 0 independently ofn1, such that for anyn ≤ n1

||vn||2 +
∑
i<n

||∆vi||2 ≤ C||v0||2(4.20)

holds, provided thatN(n1) andλ are suitably small. ��

Applying induction to (4.17) as in Liu and Wang [11], one gets

Lemma 4.5.Under the assumptions made at the beginning of this section.
Letγ ∈ [0, α]bean integer, then the following estimate holds for anyn ≤ n1

(1 + nh)γ |vn|2α−γ + (α− γ)
∑
i<n

(1 + ih)γ |vi|2α−γ−1h

+
∑
i<n

(1 + ih)γ |∆vi|2α−γ ≤ C|v0|2α.(4.21)

Consequently, ifα is an integer, then for0 ≤ γ ≤ α we obtain the bound

(1 + nh)γ ||vn||2 +
∑
i<n

(1 + ih)γ ||∆vi||2 ≤ C|v0|2α(4.22)

for anyn ≤ n1 and a constantC > 0 independent ofn1. ��

From Lemma 4.5, ifα is an integer, then

(1 + nh)α||vn||2 +
∑
i<n

(1 + ih)α||∆vi||2 ≤ C|v0|2α
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which obviously implies (2.9).
We show a sharper estimate whenα is not an integer. Takingβ = 0 in

(4.17) gives

(1 + nh)γ |vn|20 +
∑
i<n

(1 + ih)γ |∆vi|20

≤ C

[
|v0|20 + γ

∑
i<n

(1 + ih)γ−1|vi|20h
]
.(4.23)

Using (4.21) withγ = [α], one gets

(1 + nh)[α]|vn|2α−[α] + (α− [α])
∑
i<n

(1 + ih)[α]|vi|2α−[α]−1h

+
∑
i<n

(1 + ih)[α]|∆vi|2α−[α] ≤ C|v0|2α.(4.24)

We estimate the final term in (4.23) as follows∑
i<n

(1 + ih)γ−1|vi|20h

=
∑
i<n

(1 + ih)γ−1
∑
j∈ZZ

〈jr〉(α−[α])([α]+1−α)−(α−[α])([α]+1−α)

×(|vij |2)([α]+1−α)+(α−[α])h

≤
∑
i<n

(1 + ih)γ−1


∑

j∈ZZ

〈jr〉α−[α]|vij |2

[α]+1−α

×

∑

j∈ZZ

〈jr〉−([α]+1−α)|vij |2

α−[α]

h

=
∑
i<n

(1+ih)−([α]+1−γ)
(
(1+ih)[α]|vi|2α−[α]

)[α]+1−α

×
(
(1+ih)[α]|vi|2α−[α]−1

)α−[α]
h,

where we have used the Hölder inequality∑
ab ≤

(∑
ap
)1/p (∑

bp
′)1/p′

,

with p = 1
[α]+1−α andp

′ = 1
α−[α] . Further, again using the Ḧolder inequality

and (4.24) one obtains∑
i<n

(1 + ih)γ−1|vi|20h
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≤ C|v0|2([α]+1−α)
α

∑
i<n

(1 + ih)−([α]+1−γ)

×((1 + ih)[α]|vi|2α−[α]−1)
α−[α]h

≤ C|v0|2([α]+1−α)
α

[∑
i<n

(1 + ih)−
[α]+1−γ
[α]+1−α

][α]+1−α

×
[∑
i<n

(1+ih)[α]|vi|2α−[α]−1)

]α−[α]

h

≤ C(1 + nh)p|v0|2αh,
where we takeγ = α+ p for anyp > 0 instead of[α] ≤ γ < α in Liu and
Wang [11]. Thus we obtain the following from (4.23).

Lemma 4.6 Under the assumptions made at the beginning of this section
there exists a constantC > 0 independent ofn1 such that the estimate

(4.25) (1+nh)α+p||vn||2 +
∑
i<n

(1+ ih)α+p||∆vi||2 ≤ C(1+nh)p|v0|2α

holds for anyp > 0 and anyn ≤ n1.

Combining the latter part of Lemma 4.5 with Lemma 4.6, we have com-
pleted the proof of Proposition 2.4.

5 Estimates of terms involvingAn
j , Bn

j

Proof of Lemma4.1.For this estimate, we need someproperties of stationary
discrete shocks. Since the discrete shock profile(φj)j∈ZZ is strictly decreas-
ing in j ∈ ZZ stated in Lemma 2.1, there exists a unique integerj0 such
that φj0 ≤ ū < φj0−1, whereū = u++u−

2 ∈]u+, u−[ . Without loss of
generality one can assumej0 = 0, thusφ−1 > ū ≥ φ0 > φ1. Otherwise we
would have to consider the weight〈(j − j0)r〉β instead of〈jr〉β.

We have for the discrete shock solution by definition

λ(f(φj+1) − f(φj−1)) = µ(φj+1 − 2φj + φj−1),(5.1)

which implies by the mean value theorem for an appropriateξj

φj−1 − φj+1 =
2µ

µ− λf ′(ξj)
(φj − φj+1) ≥ (φj − φj+1)(5.2)

for λ satisfying (1.4).
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By the definition ofAj and equation (2.1) we have

Aj = µ

[
wj − wj+1

2
Pj+1 − wj−1 − wj

2
Pj

]
− λ(Λj+1Hj+1 − ΛjHj)

=
[
wj − wj+1

φj − φj+1
µ
φj − φj+1

2
Pj+1 − wj−1 − wj

φj−1 − φj µ
φj−1 − φj

2
Pj

]
−λ(Q′

j+1Hj+1 −Q′
jHj)

= −λ
[
wj − wj+1

φj − φj+1
· Qj+1 +Qj

2
Pj+1 − wj−1 − wj

φj−1 − φj
Qj +Qj−1

2
Pj

+Q′
j+1Hj+1 −Q′

jHj

]
.(5.3)

By using the Taylor expansion we easily get

wj − wj+1

φj − φj+1
= w′

j+1 +
1
2
w′′
j+1(φj − φj+1) +

w′′′(ξj)
6

(φj − φj+1)2

and

Qj+1 +Qj

2
= Qj+1 +

Q′
j+1

2
(φj − φj+1) +

Q′′(ηj)
4

(φj − φj+1)2.

whereξj , ηj are values in the interval]φj+1, φj [ . When taking the product
of the two terms note that using (2.1)∣∣∣∣18w′′

j+1Q
′′(ηj)(φj − φj+1)3

∣∣∣∣
=
∣∣∣∣18w′′

j+1Q
′′(ηj)

λ

µ
(φj − φj+1)2(Qj+1 +Qj)

∣∣∣∣
≤ C(φj − φj+1)2.

Also due to the boundness ofw′′′Q shown in Lemma 3.1, we have∣∣∣∣Qj+1 +Qj

2
w′′′(ξj)

6
(φj − φj+1)2

∣∣∣∣ ≤ C(φj − φj+1)2.

Substituting these into (5.3) and suitably regrouping terms, and using the
fact thatw′, w′′ andw′′′Q are bounded by suitable constantsC one gets the
lower estimate

Aj ≥ −λ
[
Pj+1[(wQ)′j+1 +

(w′Q)′j+1

2
(φj − φj+1) + C(φj − φj+1)2]

−Pj [(wQ)′j +
(w′Q)′j

2
(φj−1 − φj) − C(φj−1 − φj)2]

]
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≥ −λ
[
Pj+1[(wQ)′j+1 − (wQ)′j ] + (wQ)′j(Pj+1 − Pj)

+
Pj+1

2

[
(w′Q)′j+1(φj − φj+1) − (w′Q)′j(φj−1 − φj)

]
+
Pj+1 − Pj

2
(w′Q)′j(φj−1 − φj) + CPj+1(φj − φj+1)2

−CPj(φj−1 − φj)2
]
.

Further, by(wQ)′j = 2(φj − ū) we obtain

Aj ≥ −λ
[

− 2Pj+1(φj − φj+1) + (wQ)′j(Pj+1 − Pj)

+
Pj+1

2

[
((w′Q)′j+1 − (w′Q)′j)(φj − φj+1)

−(w′Q)′j(φj+1 − 2φj + φj−1)
]
+
Pj+1 − Pj

2
(w′Q)′j(φj−1 − φj)

+CPj+1(φj − φj+1)2 − CPj(φj−1 − φj)2
]
.

From the mean value theorem with(w′Q)′′ = w′′′Q + 2w′′Q′ + w′Q′′,
which is bounded as we have seen in Lemma 3.1, and (2.3) we obtain

Aj ≥ λPj+1(φj − φj+1) − λ
[
Pj+1(φj+1 − φj) + 2(φj − ū)(Pj+1 − Pj)

+
Pj+1

2
[C(φj − φj+1)2 + Cλ(φj−1 − φj+1)] − CPj(φj−1 − φj)2

+
Pj+1 − Pj

2
(w′Q)′j(φj−1 − φj)

]
.(5.4)

Applying (5.2), Lemma 3.2 and Lemma 2.2 we proceed as follows

Aj = λPj+1(φj − φj+1) − λ
[
Pj+1(φj+1 − φj) + 2(φj − ū)(Pj+1 − Pj)

+
Pj+1

2
[
C(φj − φj+1)2 + Cλ(φj−1 − φj+1)

]− CPj(φj−1 − φj)2

+
Pj+1 − Pj

2
(w′Q)′j(φj−1 − φj)

]
.

≥ θλPj(φj − φj+1) + λ
[
Pj+1(φj − φj+1)

[
1 − Cλ− C(φj − φj+1)

]
−2(Pj+1 − Pj)(φj − ū) − CPj(φj−1 − φj)2

−C|Pj+1 − Pj |(φj−1 − φj)]
]
.(5.5)
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Note that|Pj+1 − Pj | ≤ βCrr〈jr〉β−1 for some positive constantCr by
(3.5). Therefore, we get

Aj ≥ θλPj(φj − φj+1) + λ
[
θPj(φj − φj+1) [1 − λC − C(φj − φj+1)]

−2(Pj+1 − Pj)(φj − ū) − CPj(φj − φj+1)2

−βCr〈jr〉β−1rC(φj−1 − φj)
]

≥ θλPj(φj − φj+1) + λ
(
θPj(φj − φj+1)

×
[
1 − λC − C(φj − φj+1) − C r

〈jr〉
]

− 2(Pj+1 − Pj)(φj − ū)
)

= θλ〈jr〉β(φj − φj+1) + λ
(
θ〈jr〉(φj − φj+1)

×
[
1 − λC − C(φj − φj+1)

−C r

〈jr〉
]

− 2
(Pj+1 − Pj)

〈jr〉β−1 (φj − ū)
)

〈jr〉β−1.(5.6)

We want to estimate the second summand further from below. Noting that
(φj − φj+1) ≤ Cλ we may find a constantν ∈]0, 1[ for r = ∆x, λ = ∆t

∆x
taken suitably small such that the lower bound

1 − Cλ− C(φj − φj+1) − C r

〈jr〉 ≥ ν

holds independently ofj. From the equations (2.1), (5.1) as well as the
choice of the weightswj , it is clear that the constantsC involved in the
above estimates depend only onu±, M = max f ′(u)/µ and the bound
encountered in Lemma 3.1.

First we consider the casej = 0. In this caseφ0 − ū may vanish. But
we have−2(P1 −P0)(φ0 − ū) ≥ 0 due toφ0 ≤ ū. So withc1 = θ(φ0−φ1)ν

αr
we obtain for anyβ ∈ [0, α] the lower estimate

A0 ≥ θλ(φ0 − φ1) + λθ(φ0 − φ1)ν ≥ θλ(φ0 − φ1) + c1βh.

Now we consider the casej �= 0. We setc2 := 2cr minj 	=0 |φj − ū| > 0.
By Lemma 3.2 we get the inequality

−2(φj − ū)(Pj+1 − Pj)
〈jr〉β−1 = 2|φj − ū| |Pj+1 − Pj |

〈jr〉β−1 ≥ c2βr.

Since
θ〈jr〉(φj − φj+1)ν > 0,
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we may neglect this term in the estimate from below. Therefore we obtain
with λr = h

Aj ≥ θλ〈jr〉β(φj − φj+1) + λc2βr〈jr〉β−1

≥ θλ〈jr〉β(φj − φj+1) + c2β〈jr〉β−1h.

Now takingc0 := min{c1, c2} we have for anyj ∈ ZZ the final estimate

Aj ≥ θλ〈jr〉β(φj − φj+1) + c0β〈jr〉β−1h,

which proves the Lemma 4.1. ��
Proof of Lemma 4.2.Rearranging the terms inBn

j we obtain

Bn
j =

[
−λΛj+1v

n
j (Hj −Hj+1) − µ(Pj+1 − Pj)wj

vnj + vnj+1

2

]
×(vnj+1 − vnj )

= λΛj+1v
n
j (Hj+1 −Hj)(vnj+1 − vnj )

−µ(Pj+1 − Pj)wj

(
vnj +

vnj+1 − vnj
2

)
(vnj+1 − vnj )

= I1 + I2.(5.7)

SinceHj > 0 for all j ∈ ZZ one has|Hj+1 −Hj | ≤ Hj+1 +Hj . By using
the Cauchy-Schwarz inequality we estimateI1 as follows

|I1| = |λΛj+1v
n
j (Hj+1 −Hj)(vnj+1 − vnj )|

≤√Hj +Hj+1|vnj+1 − vnj |λ
√

|Hj+1 −Hj ||Λj+1v
n
j |

≤ ε(vnj+1 − vnj )2
Hj +Hj+1

2
+

(λΛj+1)2

2ε
|Hj+1 −Hj |(vnj )2.(5.8)

We set

C̃ = max

{
sup
j∈ZZ

wj+1

wj
, sup
j∈ZZ

∣∣∣∣wj+1 − wj

φj+1 − φj

∣∣∣∣
}
.

This quantity exists due to the fact thatC−1 ≤ wj ≤ C by (3.2) for some
suitable constantC > 0 and the fact that the first derivative ofw is bounded,
see (3.3).

Using the identity

Hj+1 −Hj = wj+1(Pj+1 − Pj) + Pj(wj+1 − wj),

and Lemma 3.2 one obtains

|Hj+1 −Hj | ≤ βC̃Crwj〈jr〉β−1r +
∣∣∣∣wj+1 − wj

φj+1 − φj

∣∣∣∣ · |φj+1 − φj |〈jr〉β

≤ βC̃Cr〈jr〉β−1wjr + C̃|φj+1 − φj |〈jr〉β.
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By λr = h and settingC = max{C̃, C̃Cr max |f ′|2} we have∑
j∈ZZ

|I1| ≤ ε
∑
j∈ZZ

(vnj+1 − vnj )2
Hj +Hj+1

2

+
λC

2ε

[
βh|vnj |2β−1,w + λ

∑
j∈ZZ

(φj − φj+1)|vnj |2〈jr〉β
]
.(5.9)

On the other hand

I2 ≤ µ|Pj+1 − Pj |wj

[
|vnj ||vnj+1 − vnj | + (vnj+1 − vnj )2

2

]

≤ µβCrr〈jr〉β−1
[
ε1|vnj |2 +

1
4ε1

|vnj+1 − vnj |2 +
1
2
|vnj+1 − vnj |2

]
wj ,

which, after summing up overj from−∞ to+∞, becomes∑
j∈ZZ

|I2| ≤ µβCrr

[
ε1|vn|2β−1,w +

(
1

4ε1
+

1
2

)
|∆vn|2β−1,w

]
.(5.10)

Noting that

|∆vn|2β−1,w =
∑
|j|≤J

〈jr〉β−1|vnj+1 − vnj |2wj +
∑
|j|≥J

〈jr〉β
〈jr〉 |vnj+1 − vnj |2wj

≤ C(J)
∑
j∈ZZ

|vnj+1 − vnj |2 +
1
Jr

∑
j∈ZZ

〈jr〉β|vnj+1 − vnj |2wj

= C(J)‖∆vn‖2 +
1
Jr

|∆vn|2β,w,

for some large fixed numberJ > 0, we get

∑
j∈ZZ

|Bn
j | ≤ ε

∑
j∈ZZ

|vnj+1 − vnj |2Hj +Hj+1

2
+
µβCr( 1

2ε1
+ 1)

2J
|∆vn|2β,w

+Cβ||∆vn||2r +
[
ε1µβCrr +

λCβ

2ε
h

]
|vn|2β−1,w

+
λ2C

2ε

∑
j∈ZZ

(φj − φj+1)|vnj |2〈jr〉β

≤ ε
∑
j∈ZZ

|vnj+1 − vnj |2Hj +Hj+1

2
+
µβCr( 1

2ε1
+ µ)

2J
|∆vn|2β,w

+Cβ||∆vn||2r +
βc0
2
h|vn|2β−1,w
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+
λ2C

2ε

∑
j∈ZZ

(φj − φj+1)|vnj |2〈jr〉β,

where we have chosen

ε1 =
[c0 − λC

ε ]λ
2µcr

andC = C(J)
(

1
4ε1

+ 1
2

)
µcr. We see thatε1 > 0 provided thatλ is

suitably small. This completes the proof of Lemma 4.2. ��
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