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Background

Forward problem is given by

where

m b € R™ = measurement data

m A: R" — R™ = forward operator
m ¢ € R™ = measurement noise

m u* € R" = true signal
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Forward problem is given by

where

m b € R™ = measurement data

m A: R" — R™ = forward operator
B ¢ € R™ = measurement noise

B u* € R™ = true signal

Inverse Problem: recover signal u* given noisy measurements b
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Problem Formulation

Inverse Problem

@ € argmin £(A(u),b) + J(u),

u

where
m /:R™ x R™ — R is a fidelity term (e.g., Least Squares)

m J:R™ x R™ — R is a regularizer (e.g., TV, L1, Learned)
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Problem Formulation

Inverse Problem

@ € argmin £(A(u),b) + J(u),

u

where

m /:R™ x R™ — R is a fidelity term (e.g., Least Squares)
m J:R™ x R™ — R is a regularizer (e.g., TV, L1, Learned)

Remark: regularizers often picked heuristically.
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Distribution lllustration

(*]
o

Distribution D!
)
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Distribution lllustration

(*]
o

Distribution D!
)

Key question: how can we guarantee reconstructed signal estimates are

in the manifold of true signals?
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Adversarial Projections
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Adversarial Projections

Recurring theme: signals represented in high dimensional spaces often

exhibit redundancies, i.e., they lie on some low-dimensional manifold.
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Adversarial Projections

Recurring theme: signals represented in high dimensional spaces often
exhibit redundancies, i.e., they lie on some low-dimensional manifold.
Our Task: learn an operator that projects onto manifold of true signals in

unsupervised manner.
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Manifold Assumptions

The true distribution Dy,ye is supported on a convex, compact set

M e R™
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Manifold Assumptions

The true distribution Dy,ye is supported on a convex, compact set

M e R™

The projection operator Py : R™ — R™ gives the closest point in M to
the point u, i.e.,

Pr(u) := argmin ||v — ul|.
veEM
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Manifold Assumptions

The true distribution Dy,ye is supported on a convex, compact set

M e R™

The projection operator Py : R™ — R™ gives the closest point in M to
the point u, i.e.,

Pr(u) := argmin ||v — ul|.
veEM

The distance function is given by

dp(u) = inf flo—ul| = [[Prp(u) —ul.
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Manifold Assumptions

The initial distribution D! is uniformly bounded.

The push forward of the projection operation Py applied to D' recovers

the true distribution Dy, up to a set of measure zero, i.e.,

Dirue = (Pr) (DY) := {Pum(u) 1 u € D'}
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Manifold Assumptions

The initial distribution D! is uniformly bounded.

The push forward of the projection operation Py applied to D' recovers

the true distribution Dy, up to a set of measure zero, i.e.,

Dirue = (PM)#(D1> = {Pm(u) :ue Dl}

Remark: We do not assume each signal can be recovered, but instead the

overall distribution is not "too noisy."
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Distance Function

Distance Function Theorem

Under the previous assumptions,

dp = argmin By, [J(w)] = Eyop [J (W] + 7 Bunpyry [(J ()],
JET

where 7 € (0,00), p > 1, D is the approximate distribution, and Z is the

set of all nonnegative 1-Lipschitz functions.

Lunz, et al. Adversarial Regularizers in Inverse Problems. NeurlPS 2018
October 2, 2020
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where 7 € (0,00), p > 1, D is the approximate distribution, and Z is the

set of all nonnegative 1-Lipschitz functions.

Remarks:
m dj is obtained without explicit representation of true manifold M
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Distance Function

Distance Function Theorem
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set of all nonnegative 1-Lipschitz functions.

Remarks:
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Distance Function

Distance Function Theorem

Under the previous assumptions,

dp = argmin By, [J(w)] = Eyop [J (W] + 7 Bunpyry [(J ()],
JET

where 7 € (0,00), p > 1, D is the approximate distribution, and Z is the

set of all nonnegative 1-Lipschitz functions.

Remarks:

m dj is obtained without explicit representation of true manifold M
m we force J to be zero on the manifold with 7 > 0

m 7 = all 1-Lipschitz functions and 7 =0 = WGAN problem.

Lunz, et al. Adversarial Regularizers in Inverse Problems. NeurlPS 2018
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Distance Function

Distance Function Theorem

Under the previous assumptions,

dp = argmin By, [J(w)] = Eyop [J (W] + 7 Bunpyry [(J ()],
JET

where 7 € (0,00), p > 1, D is the approximate distribution, and Z is the

set of all nonnegative 1-Lipschitz functions.

Remarks:

m dj is obtained without explicit representation of true manifold M
m we force J to be zero on the manifold with 7 > 0
m 7 = all 1-Lipschitz functions and 7 =0 = WGAN problem.

m we will parameterize J by a neural network

Lunz, et al. Adversarial Regularizers in Inverse Problems. NeurlPS 2018
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Distribution Updates

For step size Ak, define the operator

Ak (u)
dp(u)

gr(u) = u + (Pr(u) = u)
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Distribution Updates

For step size Ak, define the operator

Ak (u)
dp(u)

gr(u) =u+ (Ppm(u) —u) € u— N (u)Odaq(u),
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Distribution Updates

For step size Ak, define the operator

Ak (u)
dp(u)

gr(u) =u+ (Ppm(u) —u) € u— N (u)Odaq(u),

Remarks: In practice,
m we only obtain an approximation of da

m we numerically differentiate to obtain dd(u)
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Distribution Updates

For step size Ak, define the operator

gr(u) =u+ Ak (1) (Ppm(u) —u) € u— N (u)Odaq(u),
dp(u)

Remarks: In practice,
m we only obtain an approximation of da

m we numerically differentiate to obtain dd(u)

To update an individual signal, we use a Halpern update
uF =yt (1= ) gr(u®),

where v, € (0,1], v —0,and >, -y = oc.
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Distribution Updates

For step size Ak, define the operator

Ak (u)

don () (Ppm(u) —u) € u— N (u)Odaq(u),

gr(u) = u +

Remarks: In practice,
m we only obtain an approximation of da

m we numerically differentiate to obtain dd(u)

To update an individual signal, we use a Halpern update

T = yput 4 (1= ) ge (uF),

where v, € (0,1], v —0,and >, -y = oc.
The distribution is updated as

DF = {u¥(w) :w e Q}, forall k€N,
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Distribution Updates

For step size Ak, define the operator

Ak (u)

don () (Ppm(u) —u) € u— N (u)Odaq(u),

gr(u) = u +

Remarks: In practice,
m we only obtain an approximation of da

m we numerically differentiate to obtain dd(u)

To update an individual signal, we use a Halpern update

T = yput 4 (1= ) ge (uF),

where v, € (0,1], v —0,and >, -y = oc.
The distribution is updated as

DF = {u¥(w) :w e Q}, forall k€N,

How to choose step size A\x7
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Choice of Step Size

Denote the mean distance by

Bk = Euna [dam(uF (w))] = Eunnyyn, [dat(w)] -
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Choice of Step Size

Denote the mean distance by

Bk = Euna [dam(uF (w))] = Eunnyyn, [dat(w)] -
Three options for choosing step size Ag:
m M\ (u) = pdag(u¥) individual distance to manifold
m )\, (u) = pB; mean distance to manifold, or

m A (u) = pu(Br + dar(u”)) combined distance to manifold

for relaxation parameter 1 € (0,1)
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Projection lllustration

Figure 1: Blue points are samples drawn from distribution D¥, which are

updated to the relaxed projection g; of the projection Pxq manifold M.
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Learned Projection Algorithm

Algorithm 1: Training to generate parameters for distribution sequence {D*}

1 Choose relaxation parameter o € (0, 1)

2 Choose anchoring sequence {x} < (0, 1]

3 Choose function parameterization 7

4 Choose initial distribution D! = {u!(w) : w € Q} < Initial signal estimates

sfork=1,2,...do

6 ok — ar;grgin Eu~zy [Jo(u) + 7Jo(u)?] — Eypr [Jo(u®)] < Train to find weights
€

7 Br — Eyepr [Jor (0)] — Eunpy, [Jor (u)] <1 Assign mean distance

8 uF (W) « pput(w) + (1 — vx)gk(wF(w)), forallweQ <1 Update each sample

9 end

10 Return {1, Bk, vk, 0}
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Learned Projection Algorithm

Algorithm 1: Training to generate parameters for distribution sequence {D*}

1 Choose relaxation parameter o € (0, 1)

2 Choose anchoring sequence {x} < (0, 1]

3 Choose function parameterization 7

4 Choose initial distribution D! = {u!(w) : w € Q} < Initial signal estimates

sfork=1,2,...do

6 ok — ar;grgin Eu~zy [Jo(u) + 7Jo(u)?] — Eypr [Jo(u®)] < Train to find weights
€

7 Br — Eyepr [Jor (0)] — Eunpy, [Jor (u)] <1 Assign mean distance

8 uF (W) « pput(w) + (1 — vx)gk(wF(w)), forallweQ <1 Update each sample

9 end

10 Return {1, Bk, vk, 0}

Remarks:

m J is parameterized by a neural network, where 6 are the weights
m we learn a sequence of relaxed projections which amount to Py

m encode information on NN by forcing J(u) > 0 Vu € R"
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Convergence

Algorithm 1: Training to generate parameters for distribution sequence {D*}

1 Choose relaxation parameter o € (0, 1)

2 Choose anchoring sequence {y;} < (0,1]

3 Choose function parameterization 7

4 Choose initial distribution D! = {u!(w) : w e Q} < Initial signal estimates

sfork=1,2,...do

s 0% — ar§r§in Eunpy [Jo(u) + 7Jg(u)] — Eypr [Jo(u*)] < Train to find weights
€.

7 Br < Eyepr [Jor (0F)] — Eunry, [Jox (u)] <1 Assign mean distance

8 uFH (W)« ypul (W) + (1 — vk) gk (uF(w)), forallwe Q <1 Update each sample

9 end

10 Return {x, Bk, vk, 0}

Convergence Theorem

Under previously stated assumptions, the sequence {u*} converges to

Pr(ul) in probability.

Wu Fung, Heaton, Lin, Osher, Yin Adversarial Projections October 2,



Related Works

Three key connections:

m Wasserstein GANS!: Our learned distance function J can be
interpreted as a discriminator function in W-GANs. J discriminates

between "true" and approximate signals.

Arjovsky et al. Wasserstein Generative Adversarial Networks. ICML 2017
Lunz et al. Adversarial Regularizers in Inverse Problems. NeurlPS 2018
Gilboa. Expert Regularizers for task specific processing. SSVM, 2013
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Related Works

Three key connections:

m Wasserstein GANS!: Our learned distance function J can be
interpreted as a discriminator function in W-GANs. J discriminates

between "true" and approximate signals.
m Adversarial Regularizers?: Our work extends the work from
adversarial regularizers and provides convergence guarantees.

m Expert Regularizers®: .J can be interpreted as an expert regularizer,
which attain small values at signals similar to the distribution of true

signals and larger values at signals drawn elsewhere.

Arjovsky et al. Wasserstein Generative Adversarial Networks. ICML 2017
Lunz et al. Adversarial Regularizers in Inverse Problems. NeurlPS 2018
Gilboa. Expert Regularizers for task specific processing. SSVM, 2013
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Numerical Experiments

Wu Fung, Heaton, Lin, Osher, Yin

Adversarial Projections

October 2, 2020



Toy Example

(C) D25 (d) DBOO
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Low-Dose CT: Ellipses

ground truth Adv. Reg. Adv. Proj.
SSIM: 0.312 SSIM: 0.834 SSIM: 0.838 SSIM: 0.868
PSNR: 20.20 PSNR: 30.19 PSNR: 30.10 PSNR: 30.61
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- Low-Dose CT: Ellipses

CT Results on Ellipses Dataset

Method Avg. PSNR (dB) Avg. SSIM
Filtered Backprojection 16.53 0.179
Total Variation 26.43 0.624
Adversarial Regularizers 26.95 0.680
Adversarial Projections (ours) 28.11 0.783

Table 1: Average PSNR and SSIM on a validation dataset consisting

1,000 images of random ellipses.
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Low-Dose CT: Human Phantoms @[ZCMQZ

SSIM: 0.656 SSIM: 0.715 SSIM: 0.758
PSNR: 14.67 PSNR: 17.46 PSNR: 22.88 PSNR: 25.93
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- Low-Dose CT: Ellipses

CT Results on Human Phantoms

Method Avg. PSNR (dB) Avg. SSIM
Filtered Backprojection 14.77 0.314
Total Variation 19.72 0.672
Adversarial Regularizers 22.58 0.691
Adversarial Projections (ours) 26.07 0.750

Table 2: Average PSNR and SSIM on a validation dataset consisting

2,000 images of human phantoms.

Wu Fung, Heaton, Lin, Osher, Yin Adversarial Projections October 2, 2020



Conclusions
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Conclusions

Summary: We present a new mechanism for solving inverse problems
m Use projections to find closest "true" point to measurements

m Leverage ideas from Wasserstein GANs and Expert Regularizers

m Focus on distribution, not individual signals

Preprint will be updated soon!
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