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Appendix A:
Angenäherte Auflösung von Systemen linearer
Gleichungen

6.1 Approximate Solution for Systems of Linear Equations (1)

(English translation)

Given the importance of Kaczmarz’s algorithm to this thesis, and unable to find an English translation of Kaczmarz’s orig-

inal article, I undertook the following translation from German.

Although the approximate solution of the equation f (x) = 0 with an unknown variable has been extensively

treated in the literature, we nevertheless know little about the solutions of sets of equations, even when they are

linear. There are only two methods [1,2] which permit solutions, but they are limited to equations whose diagonal

coefficients, aii, are large in comparison with the other coefficients. For this reason, one finds in the work of Mises

and Pollaczek-Geiringer the condition aii >= (n − 1)aik, and so forth.

In general, however, one can completely solve the equations by means of iterative methods. We assume that a

system is given,

ai1x1 + ai2x2 + ... + ainxn + bi = 0, i = 1, 2, ...n (6.1.1)
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which possesses only one solution, x1, x2, ... xn. We presuppose that equation 6.1.1 by multiplication with appro-

priate constants is transformed in such a way that

n

∑
k=1

a2
ik = 1 (6.1.2)

is valid for all i = 1, 2, ... n.

Let there exist a first estimate, x0
1, x0

2, ...x0
n, which can be completely arbitrary. We divide successive estimates

into groups, each consisting of n (approximate) solutions,

x(p,1)
1 , x(p,1)

2 , ... x(p,1)
n ,

. . . .

x(p,n)
1 , x(p,n)

2 , ... x(p,n)
n ,

the n solutions of the pth group. We define the (p + 1)th group as follows

x(p+1,1)
i = x(p,n)

i − a1iL
(p,n)
1

x(p+1,2)
i = x(p+1,1)

i − a2iL
(p+1,1)
2

. . . . . .

x(p+1,n)
i = x(p+1,n−1)

i − aniL
(p+1,n−1)
n

(i = 1, 2, ... n)

In these equations, L(r,s)
i = ∑n

k=1 aikx(r,s)
k + bi defines the left side of the ith equation in 6.1.1, wherein the sth

solution to the rth group is used for the variables x1, x2, ... xn.

Consequently, we submit that the solution

x(r,s)
1 , x(r,s)

2 , ... x(r,s)
n s = 1, 2, ... n, r = 1, 2, ... (6.1.3)
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converges toward x1, x2, ... xn. From 6.1.3 it follows that

x(r,s+1)
i − xi = x(r,s)

i − xi − as+1,iL
(r,s)
s+1 , s = 0, 1, ... n − 1, (6.1.4)

(for s = 0, we have x(r,1)
i − xi = x(r−1,n)

i − xi − a1iL
(r−1,n)
i ). By squaring and summing from i = 1 to n one

obtains 1

n

∑
i=1

(x(r,s+1)
i − xi)

2 =
n

∑
i=1

(x(r,s)
i )2 + L2

s+1 − 2Ls+1

n

∑
i=1

as+1,i(x(r,s)
i − xi) (6.1.5)

But because

∑ as+1,i(x(r,s)
i − xi) = Ls+1 − bi+1 + bi+1 = Ls+1, (6.1.6)

if one substitutes

yr,s =
n

∑
i=1

(x(r,s)
i − xi)

2 (6.1.7)

for the sake of conciseness, one then obtains from 6.1.5,

yr,s+1 = yr,s − L2
s+1. (6.1.8)

The sequence yr,s thus falls monotonically toward the boundary y. Since yr,s are limited, one can find a subse-

quence of x(r,s)
i which approaches the bound y1, y2, ... yn. From 6.1.8, it follows that

lim
r→∞

L(r,s)
s+1 = Ls+1(y1, y2, ... yn) = 0, (6.1.9)

and also lim x(r,s)
i = yi = xi, the system in 6.1.1 possesses only one solution. Therefore yr,s must converge

toward zero, which means that x(r,s)
i tends toward xi.

When the system 6.1.1 has more solutions, then naturally y1, y2, ... yn is one of the possible solution.

1In 6.1.5 the double subscript for L is omitted.
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For the practical execution of calculations it is important to note that the condition ∑n
1 a2

ik = 1 does not have

to be strictly fulfilled. If one sets ∑n
1 a2

ik = ci, ci ̸= 1, then relation 6.1.5 turns into

yr,s+1 = yr,s + cs+1L2
s+1 − 2L2

s+1. (6.1.10)

We therefore see that yr,s+1 < yr,s (and thus converges) if cs+1 < 2. One can choose coefficients ci such that

ci < 2 and the multiplication becomes very easy.

Geometrically the algorithm means the following:

The point x0
1, ... x0

n is projected orthogonally onto the first hyperplane L1 = 0; this projection is just the point

x(1,1)
1 , ... x(1,1)

n , which is now cast onto L2 = 0, etc. The point x(1,n)
1 , ... x(1,n)

n is again cast onto L1 = 0, giving the

point x(2,1)
1 , ... x(2,1)

n , etc. In this way, the convergence of the algorithm is easily plausible.
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