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The study of modularity is paramount for understanding trends of phenotypic evolution, and for determining the extent to which

covariation patterns are conserved across taxa and levels of biological organization. However, biologists currently lack quantitative

methods for statistically comparing the strength of modular signal across datasets, and a robust approach for evaluating alternative

modular hypotheses for the same dataset. As a solution to these challenges, we propose an effect size measure (ZCR) derived

from the covariance ratio, and develop hypothesis-testing procedures for their comparison. Computer simulations demonstrate

that ZCR displays appropriate statistical properties and low levels of mis-specification, implying that it correctly identifies modular

signal, when present. By contrast, alternative methods based on likelihood (EMMLi) and goodness of fit (MINT) suffer from high

false positive rates and high model mis-specification rates. An empirical example in sigmodontine rodent mandibles is provided

to illustrate the utility of ZCR for comparing modular hypotheses. Overall, we find that covariance ratio effect sizes are useful

for comparing patterns of modular signal across datasets or for evaluating alternative modular hypotheses for the same dataset.

Finally, the statistical philosophy for pairwise model comparisons using effect sizes should accommodate any future analytical

developments for characterizing modular signal.
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Characterizing the extent to which phenotypic traits covary, and

deciphering the forces that shape patterns of trait covariation, are

perennial topics in evolutionary biology. Empirical research has

demonstrated that patterns of covariation are unevenly dispersed

across traits, with some variables exhibiting high correlations

with one another while other traits are more independent (Olson

and Miller 1958; Cheverud 1996; Klingenberg 2008; Goswami

and Polly 2010). Indeed, studies of morphological integration

and modularity are largely concerned with how these trait cor-

relations are distributed, and the extent to which they are driven

by developmental, genetic, or functional linkages among traits

(Olson and Miller 1958; Wagner 1984). In particular, modularity

describes patterns where trait correlations are high within subsets

of variables, termed modules, and where trait correlations across

modules are comparatively weaker (Cheverud 1982; Goswami

2006; Wagner et al. 2007). Patterns of modularity therefore result

in sets of semi-autonomous traits, which have the potential to

respond differentially to natural selection, and thus the capacity

to promote the evolution of novelty (see Wagner and Altenberg

1996; Wagner et al. 2007; Tokita et al. 2007; Hansen and Houle

2008; Clune et al. 2013).

The past several decades have seen resurging interest in un-

derstanding the evolution of modularity, and numerous analytical

approaches have been developed for quantifying patterns of mod-

ularity in phenotypic datasets (e.g., Magwene 2001; Mitteroecker

and Bookstein 2007; Márquez 2008; Klingenberg 2009; Adams
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2016; Goswami and Finarelli 2016). Concomitant with these ad-

vances is an increasing number of empirical studies that char-

acterize patterns of modularity in distinct phenotypic traits, and

across a wide variety of taxa (for recent examples, see Parsons

et al. 2012; Parr et al. 2016; Felice and Goswami 2018; Larouche

et al. 2018; Bardua et al. 2019). Likewise, evolutionary biologists

have striven to decipher whether patterns of modularity are similar

among taxa and traits, and across levels of biological organization

(Drake and Klingenberg 2010; Renaud et al. 2012; Sanger et al.

2012; Felice and Goswami 2018; Bardua et al. 2019; Marshall

et al. 2019). Some studies have investigated whether patterns

of modularity are conserved across taxa (e.g., Goswami 2006;

Marshall et al. 2019), however, direct quantitative or statistical

comparisons of modularity patterns are generally lacking. We as-

sert that a critical aspect of this endeavor should be to determine

whether the “strength” of modularity is similar across datasets.

However, to our knowledge, no formal statistical procedure has

yet been proposed to accomplish this task.

Another key challenge in the study of modularity is identi-

fying which sets of traits represent anatomical modules (Zelditch

et al. 1990; Hallgrimsson et al. 2007). Biologically, one expects

that traits subjected to common processes may exhibit high cor-

relations with one another, resulting in modular structure (Olson

and Miller 1958; Wagner 1984; Cheverud 1996; Goswami and

Polly 2010). However, phenotypic traits are influenced by an ar-

ray of genetic, developmental, and functional forces, not all of

which act similarly. Thus, it is reasonable to expect that multiple,

competing modular hypotheses may be proposed for the same set

of anatomical traits (e.g., Márquez 2008; Goswami and Finarelli

2016; Felice and Goswami 2018; Bardua et al. 2019). This then

raises the question: which of the alternative modular hypotheses

provides the best description of the observed patterns of trait co-

variation? Several recent attempts to address this problem (e.g.,

Márquez 2008; Goswami and Finarelli 2016) have greatly sharp-

ened our notions of modularity, and provided insights as to how

phenotypic variation may be expected to evolve. For instance,

one attempt (MINT; Márquez 2008) uses goodness of fit mea-

sures to evaluate alternative modular hypotheses, while another

approach (EMMLi; Goswami and Finarelli 2016) uses penalized

likelihood indices (AICc) to evaluate the fit of alternative modular

hypotheses to the observed trait correlations.

Nonetheless, these approaches do not provide a complete an-

alytical toolkit for evaluating alternative modular hypotheses for

the full spectrum of phenotypic datasets evolutionary biologists

wish to examine. One reason for this is that initial investigations

into their performance were relatively limited, and suggested that

future improvements or alternatives may be required. For exam-

ple, simulations revealed that MINT tended to identify modular

patterns when none existed in the data, suggesting that false posi-

tives may be a concern (Márquez 2008: Table 3). Likewise, initial

investigations found that EMMLi tended to select highly para-

materized models (Goswami and Finarelli 2016; Goswami pers.

comm.), suggesting that it may display some degree of model mis-

specification. However, to date, an evaluation of both approaches

under a broad set of plausible scenarios has not been conducted,

nor has their performance been directly compared (see below).

As a consequence, it remains possible that neither approach pro-

vides a reliable means of evaluating patterns of modular structure,

thereby reducing one’s ability to identify evolutionary trends in

trait covariation. Therefore, we suggest that a second pressing

analytical need in the study of modularity is the development of

robust statistical methods for comparing the strength of modular

signal across alternative modular hypotheses for the same dataset.

In this article, we develop a single statistical tool that accom-

plishes both of these tasks. Our approach utilizes a standardized

test statistic (an effect size: ZCR) for measuring the degree of mod-

ularity between sets of variables, and for comparing these effect

sizes statistically. Our procedure is based on the covariance ratio

(Adams 2016), and may be used for comparing the strength of

modular signal across datasets, as well as for evaluating patterns

of modular signal as defined by alternative modular hypotheses

for the same dataset. Using computer simulations, we evaluate

the statistical properties of tests based on ZCR, and find that they

display appropriate type I error rates, high statistical power, and

low levels of model mis-specification. Thus, when modular signal

is present, ZCR is unlikely to mis-assign that signal to an incorrect

modular hypothesis. We then compare these results to those found

using two alternative methods for comparing modular hypothe-

ses: MINT (Márquez 2008) and EMMLi (Goswami and Finarelli

2016). We find that both exhibit poor statistical performance (very

high false positive rates, and high model mis-specification rates),

making it challenging to arrive at reliable biological inferences

when using these approaches. We illustrate the utility of ZCR

with an empirical example of mandible shape in sigmodontine

rodents, where alternative modular hypotheses, and the strength

of modular signal across several species, is compared. Our new

method is implemented in R, and is distributed through the pack-

age geomorph (Adams et al. 2019). Finally, the method can

accommodate future analytical developments for characterizing

modular signal as they are developed (see Discussion).

Methods
ANALYTICAL DEVELOPMENT

Covariance ratio effect sizes (Z CR)
One approach to quantifying the degree of modular signal in

morphometric datasets is based on the covariance ratio (Adams

2016). This measure is preferable to alternative estimates, such

as the RV coefficient (sensu: Klingenberg 2009), because it is

insensitive to the number of variables (p) and the number of
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specimens (n) (Adams 2016). To calculate the covariance ratio

(CR), one first concatenates the variables for all modules into an

n × p matrix (Y). At a minimum, the variables are represented as

mean-centered data, implying that they are residuals from an in-

tercept model. However, one could also perform additional trans-

formations to the data, such as a phylogenetic transformation

(e.g., Garland and Ives 2000; Adams 2014; Adams and Collyer

2018a) to account for non-independence among objects as a result

of shared evolutionary history (see Adams and Felice 2014 for a

related approach measuring morphological integration in a phylo-

genetic context). Using this concatenated dataset, the covariance

ratio for the observed data is found as:

CR =
√

tr (S12S21)√
tr (S∗

11S∗
11)tr (S∗

22S∗
22)

(1)

where S∗
11 and S∗

22 represent the within-module covariance matri-

ces for each of two modules (with zeroes replacing the diagonal

elements), and S21 = ST
12 represents the covariation between mod-

ules Y1 and Y2. For datasets containing more than two modules,

the CR coefficient is calculated for each pair of modules, and the

average pairwise CR coefficient is used (see Adams 2016). Em-

pirically, the CR coefficient has a lower limit of 0, an expected

value of 1 when there is no modularity, and values greater than 1

are also possible if covariances between module variables exceed

covariances within modules. Thus, CR values that are closer to 0

describe datasets with a relatively greater degree of modularity,

while CR values closer to 1 describe datasets with less modu-

lar signal. To evaluate CR statistically, a resampling procedure

that randomly assigns variables to modules is used, and in each

iteration a CRrand is obtained under the null hypothesis of no

modularity. The observed value, CRobs , is then compared to the

empirically generated sampling distribution of CRrand values to

evaluate significance (for details, see Adams 2016).

The permutation procedure above is sufficient to statistically

determine whether the degree of modular signal is greater than

expected by chance for a single dataset, but evaluating modular

signals across datasets requires a standardized effect size to ensure

statistical comparability. To accomplish this, we make use of prior

theoretical developments for effect sizes obtained from statistics

from multivariate data and their empirical sampling distributions

(Collyer et al. 2015; Adams and Collyer 2016). Previous studies

used residual randomization in permutation procedures (RRPP)

to generate sampling distributions. The important insight from

Collyer et al. (2015) was that a permutation-based effect size may

be obtained from any observed test statistic, found in relation to

the mean and SD of its empirical sampling distribution obtained

from RRPP. Although the resampling procedure for generating

sampling distributions of the CR statistic is different than RRPP,

the concept of using the random outcomes to evaluate the size of

the observed effect is the same. Thus, for the case of the covariance

ratio, this effect size is obtained as:

ZCR = CRobs − μ̂r

σ̂r
(2)

where CRobs is the observed covariance ratio for the dataset, μ̂r is

the expected value of CR under the null hypothesis of no modu-

larity (found as the mean of the empirical sampling distribution),

and σ̂r is the SE of the mean, found as the SD of the empirical

sampling distribution. Note that the calculation of ZCR is the same

regardless of how many modules are represented, because CRobs

in equation (2) represents the average CR value obtained across all

pairs of modules (see Adams 2016). One should recognize that

more negative values of ZCR represent greater modular signal,

because when modular signal is present, CRobs will be less than

μ̂r .

Importantly, it can be shown that ZCR is normally distributed,

and thus represents a valid standardized effect size. To demon-

strate this property, we performed a simulation experiment, where

500 multivariate datasets were generated at a given n and p, and

with all variates drawn from a normal distribution: N (0, 1). Next,

variables were randomly assigned to modules, and both the CR

and ZCR were obtained from each dataset, with ZCR obtained

using 999 permutations. The mean and SD of ZCR across the

500 datasets were then calculated, and the sampling experiment

was repeated across differing levels of n and p. As is clear from

Figure 1, under the null hypothesis of no modularity (i.e., a ran-

dom association of variables to modules), the covariance ratio

effect size exhibits a constant expected value near zero, and con-

stant variance (inferred from the constant confidence interval)

across the entire spectrum of sample sizes (n) and variable num-

ber (p). Furthermore, the distribution of ZCR values from the 500

datasets for any set of simulation conditions was also found to be

normally distributed (Results not shown). Thus, ZCR represents

a valid standardized effect size that characterizes the strength of

modular signal in morphometric datasets.

A two-sample Z -score for comparing modular signals
Once the degree of modular signal has been characterized, one

may wish to evaluate hypotheses that compare multiple effect

sizes. For hypotheses of modularity, this is particularly useful in

two biological contexts. First, it may be of interest to determine

whether the “strength” of modular signal is greater in one dataset

as compared to another. To date, no explicit analytical approach

has been proposed to statistically compare the strength of mod-

ular signal across datasets, though some studies have evaluated

whether general patterns of modularity are conserved across taxa

(e.g., Goswami 2006; Sanger et al. 2012; Marshall et al. 2019).

Second, if several alternative modular hypotheses have been
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Figure 1. Evaluation of covariance ratio effect sizes (ZCR) under the hypothesis of no modularity (i.e., a random association of variables

to modules). Mean and 95% confidence intervals of ZCR obtained from (A) 500 datasets simulated across a range of sample sizes, and

from (B) 500 datasets simulated across a range of variable number.

proposed for the same structure (based on developmental, ge-

netic, or functional grounds), it may be of interest to characterize

the degree of modular signal under each of these hypotheses and

determine which provides the best description of the observed pat-

terns of morphological covariation (see Márquez 2008; Goswami

and Finarelli 2016; Felice and Goswami 2018).

As an analytical solution to both of these tasks, we propose

a two-sample test, which calculates the effect size of the differ-

ence between pairs of modular effect sizes, ZCR. The approach is

analogous to that used to compare patterns of morphological in-

tegration across datasets (Adams and Collyer 2016). In this case,

the paired effect size is found as:

Ẑ12 = |(CR1 − μ̂1) − (CR2 − μ̂2)|√
σ̂2

1 + σ̂2
2

(3)

where CR1, CR2, μ̂1, μ̂2, σ̂1, and σ̂2 are as defined above for

equation (2). Note that this two-sample effect size is simply the

difference between the numerators of ZCR1 and ZCR2 , standardized

by the pooled within-sample SD. The probability of Ẑ12 may then

be estimated from a standard normal distribution. Typically, this

is treated as a two-tailed test, though directional (one-tailed) tests

may be specified should the empirical situation require it. Finally,

confidence intervals for Ẑ12 are found as:

(1 − α)100%C I = |(CR1 − μ̂1) − (CR2 − μ̂2)| ± zα/2

√
σ̂2

1 + σ̂2
2.

(4)

where zα/2 is the quantile from a standard normal distribution

corresponding to the two-tailed probability for the level of signif-

icance, α.

The two-sample effect size described here is appropriate for

comparing the relative strength of modular signal across datasets,

as well as for comparing modular signal as defined by alternative

modular hypotheses for the same dataset. For the latter applica-

tion, it is often of interest to include the null hypothesis of no mod-

ularity within the set of modular hypotheses (see e.g., Márquez

2008; Goswami and Finarelli 2016). For this case, all variables

are considered to belong to a single module, so ZCR = 0.0 for

this hypothesis. The reason is that, under the hypothesis that all

traits belong to a single module, each permutation iteration re-

sults in the same outcome, as each permutation yields the same

covariance matrix (with rows and their corresponding columns

permuted). Thus, all computations of CR result in identical val-

ues; meaning that the numerator of ZCR (equation 2) is exactly 0,

as CRobs = μ̂. Likewise, because all CRr are identical under this

hypothesis, σ̂r = 0. Thus, the null hypothesis that all variables

belong to a single module may be included in the analysis simply

by substituting these values as μ̂2 and σ̂2 in equation (3) above to

compare Znull to the set of alternative modular hypotheses.

STATISTICAL PERFORMANCE OF Ẑ12

To determine whether the two-sample test statistic (Ẑ12) displays

appropriate statistical properties, we performed a series of com-

puter simulations. For each simulation, we first selected the num-

ber of specimens: n = (50, 100, 250), the number of variables:

p = (16, 32, 64), and the number of modules into which the

p-variables would be equally partitioned: M = (2, 4, 8). Next,

an initial p × p covariance matrix was constructed (Sin), such

that it contained a known difference between the covariation

within modules (SW ) and the covariation between modules (SB).

To accomplish this, all between-module covariance elements

(i.e., those elements describing the covariance between vari-

ables assigned to different modules) were drawn from a normal

distribution with an average value of 0.6: N (μ = 0.6, σ =
0.01), while the within-module covariance elements were
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drawn from a normal distribution: N (μ = SW, σ = 0.01),

with an average value equal to, or exceeding, the between-

module covariance, depending upon simulation conditions (SW =
0.60, 0.625, 0.650, 0, 675, 0.70; additional simulations with dif-

fering covariance patterns are described in the Supporting Infor-

mation). The elements of Sin were then adjusted as needed using

the nearPD function in the Matrix package, so that the re-

sulting matrix conformed to the properties of a valid covariance

matrix (i.e., symmetric, positive definite). Finally, for each sim-

ulation condition (i.e., each combination of n, p, M , and SW ),

500 multivariate datasets were generated using the desired input

covariance matrix (Sin) by drawing a set of variates from a normal

distribution: N (0, 1), and post-multiplying them by the Cholesky

decomposition of Sin . This resulted in random normal data fol-

lowing: N (0, Sin), from which CR, and ZCR were obtained (us-

ing 999 random permutations, in addition to the observed case).

Importantly, this simulation procedure enabled the evaluation of

both the type I error and statistical power of Ẑ12, depending upon

simulation conditions. For instance, simulations with input co-

variance matrices displaying equal within- and between-module

covariation (SW ≈ SB) represented situations where there was no

modular signal, and thus evaluated type I error. Alternatively,

simulations with input covariance matrices containing differing

covariation levels (SW > SB) represented situations where there

were increasing amounts of modular signal, and thus evaluated

statistical power.

Because ZCR may be used to evaluate two distinct biolog-

ical scenarios (comparing the strength of modular signal across

datasets, and evaluating alternative modular hypotheses for the

same dataset), we conducted two parallel sets of simulations to

evaluate its performance. For the first set of simulations (com-

paring ZCR across datasets), we generated two datasets for each

simulation using the procedure above, where the first dataset was

simulated under Sin containing no modularity (i.e., SW ≈ SB),

while the second dataset was simulated under Sin containing some

degree of modular signal (i.e., SW > SB). For these simulations,

a two-module alternative was used (M = 2), although additional

simulations using M = 4 yielded similar findings (Results not

shown). Then, for each pair of simulated datasets, we evaluated

the difference in strength of modular signal using Ẑ12 as described

above. The proportion of datasets (out of 500) that differed sig-

nificantly from the null model (no modular signal) was treated

as the type I error or statistical power, depending on initial levels

of SW for the second dataset. For all considerations, an α = 0.05

level of significance was used.

The second set of simulations was designed to evaluate the

ability of Ẑ12 to distinguish among alternative modular hypothe-

ses for the same dataset. In this case, datasets were simulated

to contain one, two, four, or eight modular partitions, under the

set of input conditions described above (i.e,. for a given n, p,

and SW ). Next, alternative hypotheses partitioning variables into

modules were developed (M = 1, 2, 4, 8), and ZCR values were

calculated for each dataset under each of the alternative mod-

ular hypotheses. Then, for each dataset, the most negative ZCR

was identified, as this represented the hypothesis representing

the strongest modular signal. This was then compared with the

value of M used in that simulation to determine whether the ap-

proach correctly identified the modular hypothesis that generated

the data. All hypotheses were statistically compared using our

test statistic, Ẑ12. The proportion of datasets (out of 500) that

differed significantly from the null model (no modular signal),

and where the correct (input) modular hypothesis was identified,

was treated as statistical power of the test (i.e., when SW > SB).

Likewise, type I error was calculated as the proportion of datasets

that differed significantly from the null model (no modular signal)

when there was no input modular signal (i.e., when SW ≈ SB).

Finally, because it was known which modular hypothesis gen-

erated the data, the proportion of datasets assigned to an incor-

rect modular hypothesis that differed significantly from the null

model was also determined, and treated as an estimate of model

mis-specification. Note that in some cases power and model mis-

specification may not sum to 1.0, because there may be instances

where an incorrect modular hypothesis was identified as the best

hypothesis, but where this model did not differ statistically from

the null. For all considerations, an α = 0.05 level of significance

was used.

For comparing the performance of Ẑ12 to previous meth-

ods, we subjected each dataset from the second set of simulations

to both the MINT (Márquez 2008) and EMMLi (Goswami and

Finarelli 2016) procedures. MINT compares the observed phe-

notypic covariance matrix to a set of covariance matrices that

describe alternative modular hypotheses using a goodness of fit

test. A γ∗ statistic measures the degree of fit, and is used to rank

models, with lower γ∗ values providing stronger support for that

model. A jackknife procedure may also be used to obtain confi-

dence intervals for statistical evaluation (see details in Márquez

2008). Using MINT, the best modular hypothesis was identified

for each simulated dataset above. Then, when modular signal was

present (i.e., SW > SB), the proportion of datasets where the cor-

rect model was ranked as the best model was determined. This

proportion (true positives) was treated as an estimate of power.

Likewise, the proportion of datasets where an incorrect model was

identified as the best model described levels of model misspecifi-

cation. Finally, for datasets containing no modular structure (i.e.,

SW ≈ SB), the proportion of datasets where the best model was

distinct from the null model was treated as the false positive rate,

which was analogous to a type I error rate. For these datasets, a

jackknife procedure was also used to generate 95% confidence

intervals (sensu Márquez 2008) to determine whether the best

hypothesis differed from the (correct) null hypothesis.
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A second procedure, EMMLi, describes the fit of the data to

multiple modular hypotheses by estimating the likelihood of the

observed trait correlation matrix relative to a particular modular

hypothesis. Penalized likelihood indices (AICc) are then obtained

for each model based on the number of parameters the model

requires, and models are ranked using this index to determine

which model exhibits the highest support (for details see Goswami

and Finarelli 2016). Using EMMLi, we identified the best modular

hypothesis for each simulated dataset above. When modular signal

was present (i.e., SW > SB), the proportion of datasets where the

correct model was ranked as the best model was determined, and

treated as an estimate of power (i.e., true positives). Likewise, the

proportion of datasets where an incorrect model was identified as

the best model described levels of model misspecification. Finally,

for datasets containing no modular structure (i.e., SW ≈ SB), the

proportion of datasets where the best model was distinct from

the null model was treated as the false positive rate, which was

analogous to a type I error rate.

Finally, an increasing number of empirical studies investi-

gate patterns of modularity under the “high p: small N” sce-

nario (p>>N), where the number of variables greatly exceeds

the number of specimens (e.g., Parr et al. 2016; Felice and

Goswami 2018; Bardua et al. 2019; Goswami et al. 2019). Such

situations pose particular problems for parametric statistical ap-

proaches, as the likelihood of the model, and many summary

test measures based on them, cannot be computed, as the trait

covariance matrix is singular (see Adams 2014; Adams and

Collyer 2018b). Thus, with respect to investigations of modu-

larity, the potential for model mis-specification may be high.

To evaluate the extent to which high-dimensional data (i.e.,

p>>N) affects the performance of modularity methods, we per-

formed additional computer simulations where the number of

variables, p = (180, 360), greatly exceeded the number of spec-

imens, N = (50, 100). Datasets were generated using the iden-

tical procedure as described above, and were then subjected to

statistical evaluation using several modularity procedures (see

Supporting Information).

All simulations were performed in R 3.6.0 (R Core Team

2019) using the packages geomorph (Adams and Otárola-

Castillo 2013; Adams et al. 2019),EMMLi (Goswami and Finarelli

2016), and evolqg (Melo et al. 2016).

EMPIRICAL EXAMPLE

To illustrate the use of Ẑ12, we conducted two analyses of mod-

ularity patterns in mandible shape from sigmodontine rodents,

using the dataset of Márquez (2008). The rodent mandible has

long served as a model system for understanding the develop-

ment and evolution of complex morphological structures (Atchley

and Hall 1991; Cheverud et al. 1997; Klingenberg et al. 2003).

Developmentally, the mandible forms from six condensations, ar-

guably the developmental modules of the mandible (sensu Hall

2003), which can be mapped onto the form of the adult mandible

(Fig. 6A). Much is known about mandibular development, in-

cluding the developmental origins of the cells that give rise to the

adult mandible, the extracellular signaling pathways that regulate

the migration, proliferation, and differentiation of those cells, as

well as the interactions between the developing skeleton and other

tissues, including teeth and muscles. Those various interactions

potentially integrate modules due to epigenetic or pleiotropic ef-

fects (sensu Atchley and Hall 1991). The most complex hypoth-

esis of mandibular modularity proposed by Márquez (2008) is

that the condensations themselves are developmental modules;

the landmarks are thus partitioned as shown in Figure 6A so that

each subset is within the region formed by one condensation.

Note, however, that partition 4 spans a region derived from two

condensations.

Our dataset (from Márquez 2008) consisted of morphome-

tric shape data for mandibles from 546 adult individuals across

nine species of rodents. Mandible shape was quantified using

18 landmarks and 51 semilandmarks (Fig. 5A). Following the

procedures in Márquez (2008), we superimposed all specimens

using a Generalized Procrustes Analysis, where the positions of

semilandmarks were adjusted using the Procrustes distance cri-

terion. Shape allometry was then removed via regression, and

shape residuals were subsequently used for all analyses below

(see details in Márquez 2008). Because shape variables were

obtained from individuals across several species, we removed

species-specific shape differences as well.

Using the aligned shape data, we conducted two separate

modularity comparisons. First, we compared several alternative

modularity hypotheses to determine which provided the best de-

scription of shape covariation patterns. Several hypotheses of

modularity were formulated by combining these partitions into

modules (ranging from two to six) that predict within-module co-

variances based on their developmental, genetic, and functional

connections (see Table 1). These included a single-module model,

several two-module models, a three-module model, and a six-

module model (Table 1; for further details, see Márquez 2008).

The ZC R was then calculated for each modularity hypothesis, and

these were compared in pairwise fashion using Ẑ12 as described

above. Importantly, because these analyses were performed on

shape variables whose species-specific shape differences were re-

moved, the above modularity analyses were equivalent to those

performed on the pooled within-group covariance matrix. Second,

once the optimal modularity model was identified for the entire

dataset, we estimated CR and ZCR using that model for each of

the nine species separately, and compared the strength of mod-

ular signal among species using Ẑ12 to determine whether some

species displayed a greater degree of modularity than did others.

All analyses were performed in R 3.6.0 (R Core Team 2019)
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Table 1. Description of modular hypotheses examined in the empirical example. Each modularity hypothesis describes which devel-

opmental unit (Fig. 5A) is assigned to which module. Hypotheses define putative modules based on developmental and functional

considerations (for details see Márquez 2008).

Model Modules Description

H-1 [1,2,3,4,5,6] All developmental units belong to a single module
H-2A [1,2][3,4,5,6] Separate tooth and muscle bearing modules (Cheverud et al. 1997)
H-2B [1,2,4part][3,4part,5,6] Alternative tooth and muscle bearing modules (Klingenberg et al. 2003)
H-2C [1,2,5][3,4,6] Two modules: rotation at TMJ on occlusion patterns (Bj̈ork 1969)
H-3 [1][2][3,4,5,6] Three modules: two dental, and the posterior region (Márquez 2008)
H-6 [1][2][3][4][5][6] Each developmental unit is a separate module (Hall 2003)

Figure 2. Simulation results evaluating the type I error and sta-

tistical power of hypothesis testing procedures for comparing the

strength of modular signal across datasets using ZCR. Data were

simulated using differing numbers of variables (p) and at different

samples sizes (n). Between-module covaration was: SB = 0.6, and

within-module covariation is shown along the X-axis (see text for

details).

using geomorph (Adams and Otárola-Castillo 2013; Adams

et al. 2019).

Results
SIMULATION RESULTS

Using simulations, we found that comparisons of effect sizes

across datasets using Ẑ12 displayed appropriate type I error rates

(�5%), which remained consistent across simulation conditions.

Additionally, statistical power was maintained as the degree of

modularity increased, and quickly attained very high power, even

when the degree of modular signal was relatively modest (Fig. 2).

Predictably, statistical power increased with both increasing sam-

ple size (n) and an increase in the number of variables (p). Patterns

remained robust, and were even stronger, when a four-module hy-

pothesis was used in the simulations (Results not shown). These

results confirm that statistical comparisons of ZCR across datasets

can be used to reliably identify differences in the strength of

modular signal when it is present.

Likewise, when comparing effect sizes obtained from alter-

native modular hypotheses, we found that tests based on ZCR

also displayed appropriate type I error rates (�5%), which re-

mained consistent across simulation conditions. Statistical power

increased rapidly as the degree of modularity increased (Fig. 3),

and power increased with the number of variables (p). In the

case of high-dimensional data (where p >> N ), this increase in

power was retained (Supplemental Material: Fig. S1), demonstrat-

ing that tests based on ZCR exhibited increasing statistical power

with increasing trait dimensionality, a pattern observed in other

permutation-based statistical procedures for high-dimensional

data (see Adams 2014, 2016; Adams and Collyer 2018a). Notably,

this high power was observed regardless of whether the input mod-

ular signal was generated from a two-module (Fig. 3A), a four-

module (Fig. 3C), or an eight-module (Fig. 3E) model. Finally,

results based on ZCR were unaffected by differing levels of co-

variation among pairs of modules, implying that the approach was

generally robust to such variation (see Supplemental Material).

As with the previous simulations, Ẑ12 quickly attained very

high power, even when the degree of modular signal was rel-

atively modest. And as before, statistical power increased with

both increasing sample size (n) and an increase in the number

of variables (p). The modular hypothesis identified as displaying

the strongest modular signal corresponded with the input model in

nearly all cases. Finally, in the few instances where an alternative

model was incorrectly identified as the best model (i.e., displayed

the lowest Ẑ12), this model did not provide a significantly better

fit than did the correct input model. As a consequence, Ẑ12 dis-

played very low levels of model misspecification (Fig. 3B, 3D,

3F), implying that when modular signal was present, the method

exhibited a high propensity for identifying the correct modular
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Figure 3. Results of simulations evaluating the type I error, statistical power, and model mis-specification rates of hypothesis testing

procedures for comparing alternative modular hypotheses for the same dataset using ZCR. Data were simulated using differing numbers

of variables (p) and at different samples sizes (n). Between-module covaration was: SB = 0.6, and within-module covariation is shown

along the X-axis. Panels on the left display power curves and panels on the right display model mis-specification rates for differing input

conditions: (A) and (B) two-module input signal, (C) and (D) four-module input signal, and (E) and (F) eight-module input signal. Note

that when SW = SB = 0.6, simulations contain no modular signal (see text for details).
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AN EFFECT SIZE FOR COMPARING MODULARITY

signal, and a low probability of mis-assigning the signal to an

incorrect modular hypothesis. Overall, these results demonstrate

that methods based on covariance ratio effect sizes (ZCR) can

identify modular signal when it is present, have high accuracy,

and exhibit very low rates of model misspecification.

In stark contrast with Ẑ12, we found that MINT displayed

extremely high false positive rates that approached 100%, im-

plying that when no modular signal was present, the method

exhibited a propensity to identify patterns that do not exist in

the data (Fig. 4A, 4C, 4E). Additionally, when modular signal

was present, MINT displayed low power and high levels of model

misspecification; even when modularity was observed the method

tended often to mis-assign the signal to an alternative modular

hypothesis (Fig. 4B, 4D, 4F). Part of the reason for this ten-

dency is that MINT considers all possible combinations of mod-

ules across all input models as possible modular hypotheses to be

examined, whether or not they are biologically plausible. While

this ‘unsupervised’ combinatoric exploration has previously been

considered a strength of the approach, our results reveal that in-

stead they contribute to model misspecification, as biologically

implausible modular hypotheses may be selected by MINT as

representing the best hypothesis. Thus at present, it appears that

reliance on prior biological knowledge to generate putative mod-

ular hypotheses is preferred. Overall we find that MINT displays

poor statistical properties (Fig. 4), with very high false positive

rates and high rates of model misspecification. For the purposes

of comparing modular signal across hypotheses, we conclude

that methods based on covariance ratio effect sizes (ZCR) are

preferred.

Likewise, we found that EMMLi displayed very high false

positive rates that ranged from 40% - 90% when no modular

signal was present, and exhibited variable power, regardless of

simulation condition (Fig. 5A, 5C, 5E). Even when considering

whether the null model was within �AI C < 4.0 units of the best

model, the false positive rates of EMMLiwere still extremely high

(20% - 80%). We also found that the method displayed high rates

of model misspecification (Fig. 5B, 5D, 5F), implying that when

modular signal was present, EMMLi frequently mis-assigns that

signal to an incorrect modular hypothesis. EMMLi’s performance

did improve slightly as the number of modules increased, suggest-

ing that the method was sensitive to how many data partitions were

present. This finding is in accord with previous studies showing

that EMMLi tends to prefer more complex models over simpler

ones, and can possibly identify complex models when they are

present (Goswami and Finarelli 2016; Goswami pers. comm.).

Additionally, when high-dimensional datasets (p>>N) were ex-

amined, we found that EMMLi still displayed extremely high false

positive rates and variable mis-specification rates, implying that

under both p < N and p > N scenarios, these analytical challenges

persist (see Supporting Information).

One possible reason for the very poor performance ofEMMLi

may be the fact that its calculation of AICc—based on the uni-

variate method proposed by Hurvich and Tsai (1989), used by

Goswami and Finarelli (2016)—does not consider the number

of variables (p), but only the number of modules. For instance,

the parameter penalty for a four-module hypothesis with sepa-

rate trait correlations within each module but the same correlation

structure between modules is K = 6, regardless of whether the

dataset contains 16 or 160 variables. Such formulations are akin

to a univariate view of AIC, whereas for multivariate data, min-

imally a multivariate parameter penalty should be utilized (see

Bedrick and Tsai 1994). Ideally, the log-likelihood for EMMLi

would also be based on a single matrix covariance statistic and

the parameter penalty for AICc would consider both sample size

and data dimensionality (Bedrick and Tsai 1994) rather than us-

ing log-likelihood summation over disparate numbers of variable

correlations and parameter penalties based only on the number of

modules (thus not providing enough penalty for multivariate data,

and inherently favoring more complex modular hypotheses). It

is possible that if EMMLi were to be updated to better evaluate

log-likelihoods and the number of parameters—including covari-

ance matrix estimation, related to the number of variables—the

elevated false positive rates we observed would be mitigated.

However, such formulations must also be capable of accommo-

dating high-dimensional cases when p>>N, a scenario where

likelihoods are typically unable to be computed due to covariance

matrix singularity (see Adams 2014; Adams and Collyer 2018b).

Overall our findings revealed that while EMMLi may be capa-

ble of detecting complex modular signal in datasets with very

large sample sizes, a large number of variables, and very strong

modular signal, such instances cannot be distinguished from false

positives, because of the method’s extremely high false positive

rate. Therefore, we find that the EMMLi approach (based on the

current philosophy of summing univariate log-likelihoods) dis-

plays poor statistical properties (Fig. 5), with very high false

positive rates and high rates of model mis-specification. For the

purposes of comparing modular signal across hypotheses, we con-

clude that methods based on covariance ratio effect sizes (ZCR) are

preferred.

EMPIRICAL EXAMPLE

Using ZCR, we found that the model displaying the greatest de-

gree of modular signal was the six-module model, a hypothesis

where each of the six developmental units represented its own

anatomical module (Fig. 6A). We recognize that this was the

most complex modular hypothesis considered in this example.

However, this result does not imply that ZCR favors overparame-

terized models, because our simulations above demonstrated that

ZCR rejects false, more complex models, and correctly identifies

simpler models when they generated the data (see Fig. 3). For
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Figure 4. Results of simulations evaluating the false positive rates, statistical power, and model misspecification rates of hypothesis

testing procedures for comparing alternative modular hypotheses for the same dataset using using MINT. Data were simulated using

differing numbers of variables (p) and at different samples sizes (n). Within-module covariation SW and between-module covariation SB

are defined as described in the text. For datasets containing no modular structure, the proportion of datasets where the best model was

distinct from the null model was treated as the false positive rate, which was analogous to a type I error rate. For datasets containing

modular signal, the proportion of datasets where the correct model was ranked as the best model (i.e., true positives) was treated as

an estimate of power. Panels on the left display power curves and panels on the right display model misspecification rates for differing

input conditions: (A) and (B) two-module input signal, (C) and (D) four-module input signal, and (E) and (F) eight-module input signal.

Note that when SW = SB = 0.6, simulations contain no modular signal (see text for details).
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Figure 5. Results of simulations evaluating the false positive rates, statistical power, and model misspecification rates of hypothesis

testing procedures for comparing alternative modular hypotheses for the same dataset using using EMMLi. Data were simulated using

differing numbers of variables (p) and at different samples sizes (n). Within-module covariation SW and between-module covariation SB

are defined as described in the text. For datasets containing no modular structure, the proportion of datasets where the best model was

distinct from the null model was treated as the false positive rate, which was analogous to a type I error rate. For datasets containing

modular signal, the proportion of datasets where the correct model was ranked as the best model (i.e., true positives) was treated as

an estimate of power. Panels on the left display power curves and panels on the right display model mis-specification rates for differing

input conditions: (A) and (B) two-module input signal, (C) and (D) four-module input signal, and (E) and (F) eight-module input signal.

Note that when SW = SB = 0.6, simulations contain no modular signal (see text for details).
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Figure 6. (A) Landmarks (black) and semilandmarks (gray) used in the empirical example. The six developmental units (sensu Hall

2003) are shown. Combinations of these six anatomical regions comprise the modules of the various alternative hypotheses. (B) Effect

sizes (ZCR) and their 95% confidence intervals for six alternative modular hypotheses commonly used in the study of modularity of the

mouse mandible. Hypothesis labels follow the number of modules they comprise, and are described in Table 1. The optimal hypothesis

is shaded, and represents the case where all six developmental units are considered a separate module. (C) Effect sizes (ZCR) and their

95% confidence intervals for each of nine species of sigmodontine rodent. Species are: Sp1 = Holochilus chacarius; Sp2 = Melanomys

caliginosus; Sp3 = Microryzomys minutus; Sp4 = Nectomys squamipes; Sp5 = Oligoryzomys nigripes; Sp6 = Oryzomys couesi; Sp7 =
Oryzomys palustris; Sp8 = Oryzomys xantheolus; and Sp9 = Sigmodontomys alfari (see text for details).
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Table 2. Pairwise modularity scores as described using the covari-

ance ratio (CR), for the six-module hypothesis describing patterns

of modularity in sigmodontine rodents. This represents the opti-

mal modularity hypothesis as identified by ZCR.

M1 M2 M3 M4 M5 M6

M1 –
M2 0.504 –
M3 0.434 0.465 –
M4 0.649 0.364 0.390 –
M5 0.461 0.232 0.513 0.471 –
M6 0.449 0.275 0.390 0.418 0.571 –

the empirical example, overall patterns of modularity were quite

strong, with an average modularity score considerably less than

1.0 (CRμ = 0.504), and all pairwise CR values ranging between

0.23 and 0.65 (Table 2). Thus, this hypothesis revealed strong

modular signal across all six modules, rather than any subset.

This hypothesis provided a significantly better fit to patterns of

shape covariation as compared with most other models exam-

ined, including several commonly used two-module hypotheses

(Fig. 6B). Interestingly, the three-module hypothesis found to rep-

resent a consensus hypothesis for this dataset (Márquez 2008) was

not as well supported when using ZCR. Finally, when modularity

patterns were compared across species, we found that no species

displayed greater levels of modularity than any other (Fig. 6C).

Thus the strength of modular signal was consistent across species

in this dataset.

Discussion
A major goal in evolutionary biology is to determine whether dif-

ferent taxa or traits display similar degrees of modularity in their

phenotypic attributes. However, quantitative comparisons of the

strength of modular signal across datasets, and comparisons of

alternative modular hypotheses for the same dataset, have been

limited by a lack of statistical tools to directly facilitate these com-

parisons. In this article, we described an effect size measure (ZCR)

derived for this purpose, and proposed a two-sample test statistic

that provides an analytical solution to both of these challenges.

We demonstrated that ZCR is a valid standardized effect size (i.e.,

that it exhibits a constant expected value and sample variance un-

der the null hypothesis; Fig. 1). Through computer simulations,

we explored the method’s statistical properties, and found that

the approach displays appropriate type I error rates (5%), exhibits

high statistical power (even for modest effects), and low levels of

model misspecification, both when comparing effect sizes across

datasets, and when evaluating patterns across alternative mod-

ular hypotheses. These properties remained consistent even for

high-dimensional data (when the number of variables exceeds the

number of specimens: p>>N), implying that tests based on ZCR

may be applied even in these circumstances. Thus, when modular

signal is present in morphometric datasets, the method is capable

of detecting it, and displays a low chance of mis-assigning that

signal to an incorrect modular hypothesis.

On the other hand, our study revealed that several alternative

approaches for evaluating modular signal (MINT and EMMLi)

display poor statistical performance as currently implemented,

which limits their utility. For instance, our broad set of simulations

confirmed that MINT identifies modular patterns when none exist

in the data, revealing very high false positive rates, a pattern that

confirms earlier suspicions that false positives may be a concern

(Márquez 2008: Table 3). We further identified that model mis-

specification, even when modular signal was present, is also an

issue with this approach. Likewise, our simulations revealed that

when no modular signal was present, EMMLi also suffers from

extreme false positive rates, and in cases with modular signal

displays a propensity for selecting more highly parameterized

models. Indeed this latter finding had been previously identified

by other authors (e.g., Goswami and Finarelli 2016; Goswami

pers. comm.), which has necessitated a coupling of modularity

analyses based on EMMLiwith other approaches based on the CR

coefficient to corroborate biological inferences (see e.g., Felice

and Goswami 2018; Bardua et al. 2019). Taken together, our

results revealed that bothMINT andEMMLi exhibit poor statistical

performance (very high false positive rates, and high model mis-

specification rates), making it challenging to arrive at reliable

biological inferences when using these approaches.

When viewing our simulation results across approaches, our

results therefore show that of the present alternatives, statistical

tests based on ZCR provide the most appropriate and rigorous

means of evaluating whether the degree of modularity differs

among datasets, and simultaneously, can be used to accurately

distinguish among alternative modular hypotheses for the same

dataset. In addition, we note the flexibility of the ZCR approach

to evaluate and compare patterns of modularity, even when those

patterns differ across datasets. Specifically, because ZCR is a stan-

dardized effect size, the strength of modular signal may be sum-

marized via ZCR and compared across datasets, even when the

underlying modular hypothesis is not the same (e.g., covariation

in species X is characterized by two modules, while covariation in

species Y is characterized by three modules). To our knowledge,

no other approach is capable of making this empirical comparison

of the strength of modular signal across datasets in this manner.

Furthermore, we note that log-likelihoods could also, in theory, be

calculated from the ZCR values and their distributional moments

(Edwards 1994). In this case, likelihood ratio tests with infer-

ence from χ2 distributions performed on these statistics will yield

P-values similar to those obtained from the Z -tests introduced

here. Likewise, one could use the log-likelihoods for information
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criteria (like AIC) to compare modular hypotheses as an alterna-

tive means of comparing alternative modular hypotheses. Such

implementations would provide a complement to the Z -tests in-

troduced here.

The results presented here demonstrate that statistical tests

of the strength of modularity using covariance ratio effect sizes

(ZCR) represent a substantial advance over currently available ap-

proaches. Nevertheless, we recognize that additional extensions

and enhancements to the quantitative study of modularity are

likely, particularly as morphometrics is a vibrant and active field

(Mitteroecker and Gunz 2009; Adams et al. 2013). In particular,

we acknowledge that there are ongoing discussions as to how

morphometric data should be standardized, and what analytical

pipeline should be used prior to the assessment of modular struc-

ture in morphometric datasets (Cardini 2019; but see Goswami

et al. 2019). However, we note that such considerations do not fun-

damentally alter the effect size approach developed here: rather,

they affect how one first processes the data prior to the quan-

tification of modular signal via the CR and its effect size, ZCR.

Likewise, it is conceivable that future methods may be devel-

oped that characterize modularity while accounting for the spatial

proximity among landmarks, or some other factor. To the ex-

tent that these enhancements alter estimation of the covariance

ratio (or its empirical sampling distribution), the approach devel-

oped here likewise remains unaffected by those methodological

enhancements.

In fact, even the development of an entirely new statistic

that characterizes patterns of modularity in a different manner,

or that envisages new ways of proposing modularity hypotheses

for quantification, does not impose an impediment to use of com-

parisons of effect sizes via Ẑ12, so long as those new modularity

measures are accompanied by empirical sampling distributions

obtained through resampling procedures. The reason is that the

hypothesis testing framework proposed here simply represents a

methodological extension of a two-sample Z-test, but where the

expected values and their standard errors are found not through

theoretical distributions, but from empirically derived sampling

distributions, from resampling procedures (Collyer et al. 2015;

see Adams and Collyer 2016 for a related discussion). Indeed, the

biological question of “what is a module?,” has long vexed evolu-

tionary biologists, and remains a critical challenge in the study of

modularity and the evolution of patterns of trait covariation (see

Zelditch et al. 1990; Hallgrimsson et al. 2007). Thus, as evolution-

ary biologists’ notions of what constitutes a module continue to be

refined, it is to be expected that methods for characterizing such

patterns will follow suit. It is important to note however, that while

new analytical methods may be developed for the characterization

of modular signal, the statistical framework proposed herein for

comparing modular signals across datasets, or between modular

partitions of the same structure, remains fundamentally unaltered.

Thus, we conclude that the comparison of effect sizes de-

rived from quantitative measures of modularity, combined with

empirical sampling distributions of the strength of their signal,

provides the best current means of comparing modular signal

across datasets, and between alternative modular hypotheses for

the same data.
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Figure S1. Results of additional simulations evaluating the type I error and statistical power of ZC R for data simulated using p = (180, 360) variables and
n = (50, 100).
Figure S2. Results of additional simulations evaluating the type I error and statistical power of EMMLi for data simulated using p = (180, 360) variables
and n = (50, 100).
Figure S3. Results of additional simulations evaluating the statistical power and model misspecification rates of ZC R for data simulated under increasingly
uneven levels of covariation between pairs of modules.
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