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Abstract

We propose a method to analyze the three dimensional nonholonomic system known as the
Brockett integrator and to derive the (energy) optimal trajectories between two given points.
Our method uses symmetry reduction and an analysis of the quotient space associated with the
action of a (symmetry) group on R3. By lifting the Riemannian geodesics with respect to an
appropriate metric from the quotient space back to the original space R?, we derive the optimal
trajectories of the original problem.

1 Introduction

This paper explores a different method to derive the optimal trajectories for the first order control-
lable system proposed by R. Brockett in [4], which is often referred to as the Brockett integrator.
The system has the state in R? and evolves as
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where T = (z,y, 2)T and uy,us are the control functions. It is a (local) canonical form for systems
with non-holonomic constraints and it models a variety of robotic and mobile systems. We refer
to Chapters 7,8 of the book [I7] for applications and generalizations of this system. Several issues
concerning this model have been explored in the literature. These include stabilization to the
origin (see, e.g., [5] and [2I]) and optimal control (see, e.g., [7], [I7], [22]), which is our focus here.
In particular, we are interested in the optimal steering problem with minimum energy, that is, in
finding the control to steer the state Z from #(0) = (0,0,0)7 to #(1) = X for some arbitrary 7y in
R3 while minimizing the energy-like cost

1
J = /O (u? + u2)dt. )

We emphasize that the solution to this problem is known and our goal here is to give a derivation
from a different perspective. In fact, the optimal control problem was investigated in [4]. Utilizing
the Euler-Lagrange Equations, which give necessary conditions of optimality, R. Brockett obtained
a cost minimizing control in the form
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where A € R. He also demostrated that the optimal path from #(0) = (0,0,0) to Z(1) = (0,0, a)
is obtained when A = —27 and u1(0)® 4+ u2(0)?> = 5. In [7], D. D’Alessandro and A. Ferrante
obtained this result for a more general model than using sufficient conditions of optimality. In
[22], S. Sinha proved the existence of the optimal solution and obtained a general algorithm for the
optimal trajectories. The sinusoidal form of the optimal control laws inspired sub-optimal steering
strategies for more general systems with non-holonomic constraints [I§].

It is well known (see, e.g., [1], [I6]) that, for systems with non-holonomic constraints such as ,
there is a relation between the optimal steering trajectories with minimal energy, the minimum time
problem with bounded norm for the control and the problem of finding sub-Riemannian geodesics
for a given sub-Riemannian metric. We shall briefly review these facts in section [2] and derive the
appropriate sub-Riemannian metric for our system. Therefore, the problem is transformed into
a sub-Riemannian problem. We then observe that there exists a group (G) action on the state
space (R?) which transforms optimal trajectories into optimal trajectories. Therefore, once one
found an optimal trajectory, one has in fact found a family of optimal trajectories where one can
be transformed into the other by an element of the symmetry group G. This suggests considering
the problem in the quotient space R®/G. We describe the group action and the structure of the
quotient space in section Care must be taken because the quotient space R3/G does not have
the structure of a manifold but it is only a stratified space [3] [20]. Nevertheless, we can put a
Riemannian structure on a dense and open subset of the quotient R3/G, called the regular part,
so that the sub-Riemannian length of an admissible (horizontal) curve in R® coincides with the
Riemannian length of its projection onto the regular part in R3/G. We do this in section 4 The
idea is then to calculate the sub-Riemannian geodesics, that is, the optimal trajectories, by using
Riemannian geometry on the quotient space and then ‘lifting back’ the trajectories on R?. So our
approach, can be summarized in the diagram

Optimal
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<>
Problem Geometry |<——— | Geometry

Figure 1: Schematic description of the approach to compute optimal trajectories for the optimal
steering problem of the Brockett’s integrator

In our case, we will see that the Riemannian geodesics can be calculated explicitly since the
geodesic equations can be integrated. This will be shown in section [5} In section [6, we illustrate
how to obtain the sub-Riemannian geodesics by the lifting back process. In section [7} we give some
concluding remarks on the method presented and its potential application to more general models.

2 Minimum energy control and sub-Riemannian geometry

2.1 Sub-Riemannian geometry

We review some basic facts on sub-Riemannian geometry and in the next subsections we will make
the connection with the optimal control problem of interest here. More datails can be found in
standard textbooks such as [, [16].

A sub-Riemannian structure on a manifold M, (M, A, g), is defined by a sub-bundle A of
the tangent bundle TM with the canonical projection ma : A — M. For each p € M, the fibre
A, = ﬂgl(p) is a subspace of the tangent space T, M, which is often assumed to be of constant
dimension, i.e., dim(A,) independent of p € M. The sub-Riemannian structure is usually obtained
by restricting a Riemannian metric g defined on T, M to A,. This gives a non-degenerate inner
product on A, for each p, g,(-,-).



A curve v : [0,T] — M is said to be horizontal if () € A, for almost every t € [0,T].
Some regularity assumptions are made on horizontal curves. In particular, they are assumed to be
Lipschitz continuous and therefore differentiable almost everywhere with 4 essentially bounded. This
means that there exists a smooth map h : [0,7] — T'M, with h(t) € T',4;)M and uniformly bounded
for every ¢ (in the given Riemannian metric) and such that 4 = h(t) almost everywhere. Moreover
4 is assumed to be non-zero almost everywhere. A horizontal curve is said to be parametrized by
constant speed if g, (¥(t),¥(t)) is constant almost everywhere. It is said to be parametrized by
arclength if g, (¥(t),7(t)) = 1 almost everywhere.

The length of a horizontal curve + is defined as

length(y) = / S GO), 3 (). 3)

It is important to notice that the length of a horizontal curve does not change after reparametrization.
A reparametrization is a Lipschitz continuous, monotone and surjective map ¢ : [0,7 ] — [0, 7], (set
t = ¢(s)) and a reparametrization of a curve vy is the curve v, : [0,T" ] — M, defined as

Yy =70 .

The curve 74 is horizontal if v is horizontal since the tangent vector % is, by the chain rule,

proportional to ‘;—Z. The length of v, can be computed by the following:
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Furthermore, let L := length() and assume that we use as the reparametrization ¢t = ¢(s), where
¢ :[0,aL] — [0,T], is the inverse of

t
s=a [ VoG
0
We have, by the chain rule,

dvy dys _ dy dvy dp\* _ 1
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Therefore, the reparametrization 4 is parametrized by constant speed =. We have (cf. also [I]

Lemma 3.16).

Lemma 1. For any horizontal curve ~y joining two points in M, there exists a horizontal curve
reparametrization of v which has the same length and is parametrized by constant speed.

ds

The sub-Riemannian distance between two points p and ¢ in M is defined as the infimum among
the lengths of the horizontal curves joining p and ¢, that is,

dist(p, ¢) = inf length(y). (4)
Bt

A horizontal curve which realizes such an infimum is called a sub-Riemannian geodesic. From
the Lemma [I] we know that, in looking for sub-Riemmanian geodesics, we can restrict ourselves to
curves parametrized by constant speed.

Often, especially in the context of control theory, sub-Riemannian structures are specified by
giving a set of vector fields {Xi,..., X;,} which are, at every point p, a basis for the subspace
A, C T,M. A common assumption that such a set of vector fields is bracket generating, that is,
the Lie algebra of vector fields generated by {Xj,..., X,,} is such that, at every point p, it spans
the whole T, M. Under such an assumption the Chow-Raschevskii theorem (see, e.g., [1], [16])
says that, for any two points in M, (assumed connected) there exists a minimizing sub-Riemannian
geodesic, that is, the inf in is, in fact, attained.



2.2 Sub-Riemannian geometry and minimum energy control

Assume now that the vector fields {Xi, ..., X, } describing the sub-Riemannian structure are or-
thonormal with respect to the sub-Riemannian metric, that is, at every point p € M, ¢,(X;(p), Xx(p)) =
;% Any horizontal curve v with v(0) = p satisfies

¥ = ZUj(t)Xj (), (0) =p, (5)

for certain essentially bounded ‘control functions’ u; = u;(t), j = 1, ..., m, and viceversa, given a set
of control functions u; = u;(t), j = 1,...,m, equation determines a horizontal curve vy starting
at p. The control functions u; are related to the curve « by

ui(t) = gye) (X5(v(2)), ¥(2))

and the energy (cost) integral fOT |u(t)||?dt can be expressed in terms of the curve v as

T T
/ lu(t)|*dt = / Gy (Y1), 3(B))dt := J (). (6)
0 0

Therefore, the steering problem with minimum energy from a point p to a point g in M, for system

, is equivalent to finding the horizontal curves connecting p and ¢ which minimize J() in @
The following fact (see, e.g., [I] Lemma 3.64) gives the relation between the minimum energy

problem and the minimum sub-Riemannian length problem, that is, between the problem of mini-

mizing length(vy) in and J = J(v) in (6).

Lemma 2. A horizontal curve vy connecting p and q in M minimizes J = J(v) if and only if it
minimizes L := length(y) and is parametrized by constant speed.

Proof. From the Cauchy-Schwartz inequality

T 2 T T
( /O f(t)b(t)dt) < ( /0 £(1) dt) ( /0 b(1) dt)

applied to the functions f = +/g,(¥,7), b = 1, we obtain
(L(y)? <TJ(v), (7)

with equality if and only if g,(%,7) is proportional to 1, that is, if v is parametrized by constant
speed.

Now assume that v minimizes L and is parametrized by constant speed. We have, using with
equality (L(7))? = TJ(y). If there was another horizontal curve v, with J(y1) < J(v), we would
have, again using ,

(L(m))* < TJ(m) < TJI(y) = (L(7))%

which contradicts the minimality of v (for L).

Viceversa, assume 7 minimizes J but it does not minimize L. Then there exists a v; with
L(v1) = length(y1) < L(v) = length(y). According to Lemma [I} we can take ; parametrized by
constant speed so that

TJ(m) = (L(n))? < (L(7))* < TJ(v),

which contradicts the minimality of « for J. Therefore v must minimize L as well. For the v’s
that minimize L @ always holds with the equality only if v is parametrized by constant speed.
Therefore, the minimizing + for J must also be parametrized by constant speed. O



In view of the above lemma we can solve a minimum energy problem by finding a sub-Riemannian
geodesic for an appropriate metric which is such that the vector fields determining the sub-Riemannian
structure are orthonormal. If necessary, we can then reparametrize the geodesic so that it is
parametrized by constant speedE|

Our focus in this paper is on the steering with minimum energy problem. However there is also
a connection of sub-Riemannian geometry with the minimum time problem with bounded control
which, for completeness, we report here. A proof can be found for example in [2] Theorem 1.

Proposition 3. For system (@ the following two facts are equivalent:

1. v : [0,T] = M is a minimizing sub-Riemannian geodesic joining p and q parametrized by
constant speed L, i.e., g(¥,7) = L?, a.e.

2. v:[0,T) = M is a minimum time trajectory for system (@ subject to v(0) = p, v(T) = ¢ and
the constraint ||u|| < L, a.e..

2.3 Application to the Brockett integrator

We now turn to the application of the above described concepts to the system which is the
focus of this paper. For the system , the underlying manifold M is R? and the sub-Riemannian
structure is determined by the vector fields (cf. (T)))

0 0 0 0

We consider as the (sub-)Riemannian metric on R? in the Cartesian coordinates (r,y,z) any
metric determined by the matrix

Xy

2 x
A
g=| = 1-2 o], 9)
0 0+

where k = k(x,y) is any function such that k(z,y) > 22 +y?. In fact, with this condition, application
of Sylvester criterion shows that the matrix g in is positive definite, at every point in R3.
Furthermore we have g(X;, Xx) = d;, J, k = 1,2. For example

1-% 0\ [0
10 — oy Fa 1]=0
0 0o /) \z

In the following calculations, we shall use k = z2 + 3% + 1.

3 Symmetries for the Brockett Integrator

3.1 Symmetries in sub-Riemannian problems

Symmetry reduction has a long and successful history in control theory (see, e.g., [11], [12], [13],
[15], [19]). The idea is to use symmetries to reduce the complexity of the optimal control problem.
In the context of sub-Riemannian geometry which interests us in this paper, for a sub-Riemannian
manifold (M, A, g), and a problem with initial condition p € M, we define a symmetry group G
as a Lie transformation group acting on M by ®;, h € GG, which satisfies the following conditions

1'We shall see in the proof of Lemma, below that the geodesics we find in our case are already parametrized by
constant length.



C1
éh(p) =D, Vh e Gv

C2 For every h € G and at every g € M
q)h*Aq - A‘I’;L(Q)

C3 For every h € G, ®, is an isometry on A. This means that, for every ¢ € M and for every two
tangent vectors V7 and Vs, in A, we have

93, (q) (Pra Vi, @piVa2) = g4(Vi, V2). (10)

From the previous conditions, if - is a horizontal curve connecting p to ¢ in M, for every h € G,
®), 0 is a horizontal curve connecting p to ®,(q). Furthermore, because of the C3 condition above,
the length of v is the same as the length of ®; o~. In particular, if v is a sub-Riemannian geodesic
from p to g, &5, 0y is a sub-Riemannian geodesic from p to ®,(q). It is therefore natural to consider
the length minimizing problem not on the manifold M but on on the quotient space M/G. In the
following we denote by 7 the natural projection 7 : M — M /G which maps ¢ € M to the equivalence
class, i.e. the orbit, of elements ¢; such that ¢ = ®5,(q) for some h € G.

Standard results of Lie group transformation theory (see, e.g., [3]) show that M/G has the
structure of a stratified space. The stratification is obtained by ‘orbit type’ as follows. If H is a
subgroup of G which is the isotropy group of certain point ¢ € M, one considers the isotropy type
(H), which is the equivalence class of subgroups that are conjugate by an element of G to H. These
groups are themselves isotropy groups of elements in M. In particular H is the isotropy group of ¢,
that is, ®4(q) = q «+» h € H if and only if zHx~! is the isotropy group of ®,(q).

We notice that because of assumption C1, the isotropy type of the initial point p is (G), that
is, the whole group G. A partial ordering can be defined on the set of isotropy types by saying that
(Hy) < (Hy), if the class (H3) contains a group which has H; as one of its subgroups. With this
definition (under assumption C1), (G) is a mazimal isotropy type, as it is > than every isotropy
type. A standard result in Lie group transformation theory says that there also exists a minimum
isotropy type, (Hmin), that is, a type (K) such that (K) < (H) for every type (H).

Let Mgy be the set in M of points whose isotropy group is in (H). Clearly, (H;) < (Hz) implies
M,y € Mg,)- If two points q; and g2 belong to the same orbit, then their isotropy groups belong
to the same isotropy typeq“| and therefore they belong to the same Mg). It makes sense therefore
to consider the sets Mg)/G. These are called the orbit types in M /G and form a stratification of
M/G [3]. Of particular interest is the orbit type associated with the minimal isotropy type (Hmin),
Mg,,,,)/G. This can be proven to be a smooth manifold which is connected, open and dense in
M/G. 1t is called the regular part of M/G. Its preimage, under the natural projection, Mg
is also called the regular part in M. The set M/G — My, , 1/G is called the singular part.

In the following we shall follow the strategy that was advocated in [2], [§]. For the minimal
sub-Riemannian length problem with symmetry, we define a Riemannian metric on M/G so that
the length of the projection of any horizontal curve on M coincides with the sub-Riemannian length
in M. However since M/G is not a manifold (and in fact because of property C1 the initial point
p is in the singular part of the manifold M) we will only (in the next section) put a Riemannian
metric on the regular part Mg, /G (which is however open and dense in M/G) and from this
infer properties of and calculate the sub-Riemannian geodesics in M.

mnﬁn)’

3.2 Application to the Brockett integrator

We now see how the above picture applies to the Brockett integrator system for which we assume that
the initial point is a point on the z-axis in R3, that is, p = (0,0,a)”,a € R. We take as symmetry

2Assume Hqy = q1 and 7 1go = ¢i. This gives Hx 1qo = Hqi = q1, and therefore tHx~! = zq1 = ¢2. This
implies that the isotropy group of g2 contains zHx~!. Exchanging the role of ¢; and g2, we show that the isotropy
group of ¢ is a subset of tHz 1.



group on the underlying manifold M = R3, the Lie group SO(2) realized by 3 x 3 matrices of the
form

cos(f) sin(d) 0
h:= | —sin(f) cos(d) 0], 0 R, (11)
0 0 1

with the action given by standard matrix-vector multiplication. With this choice, condition C1 is
verified. Furthermore, for a given h € G given by (11), we have using

0 . 0 0

@h*Xl(q) = COS(G)% — Sln(Q)a—y — yg, (12)
: 0 0 0

D4, Xa(q) = 51n(9)8—z + cos(@)a—y + To (13)

A direct verification shows that
cos(0) Dy X1(q) + sin(0)Pr. Xa2(q) = X1(P1r(q)),

—8in(0) P X1(q) + cos(8)Pp. X2(q) = X2(Pr(q)).

This shows property C2 above and also property C3 because according to the chosen metric X; and
X5 are orthonormal everywhere and therefore so are @5, X; and ®,,Xs. Alternatively, we see for
property C3 that multiplication by an orthogonal matrix does not change the norm of the control

in @

4 Riemannian metric on the quotient space

With the above defined action of G = SO(2) on M := R3, there are only two isotropy types (Hin)
given by the trivial group H,,;, = {1} containing only the identity and (G) which contains the
whole group. The group H,., is the isotropy group of every point in R3 except for the points
on the z-axis. This is My, . ), the regular part of M. An orbit in M is parametrized by two
coordinates, r := 22 + y? and the coordinate z. Therefore we can write the natural projection as
T: M — M/G;(z,y,2) — (2% + 9%, 2) := (r,2), where the orbit space M/G is realized by the
half-plane {(r, z)|r > 0}. We denote the regular part of the quotient space as M := Mg,,..)/G.
This can be taken as the open half-plane M = {(r, z)|r > 0}.

We restrict the natural projection 7 : M — M/G to the regular part My, .y, ie., 7

M,y = M. We shall define a Riemannian metric on M such that for any ¢ € Mg

min)?
7T*|Aq : Aq - TqRS — Tﬂ(q)M

is a linear isometry between A, and Tﬂ(q)M (in particular an isomorphism), where 7,|a, is the
restriction of m, to A,.
Theorem 4. The matriz 1,

(Y
defines a Riemannian metric gg on M in the coordinate (r,2), such that m.|a, : Ay — Tﬂ(q)M s a

linear isometry.

The metric is similar to the metric of the Poincare’ half plane model (see, e.g., [10] Example
3.10). We shall see that the behavior of the geodesics will also be similar.



Proof. For two tangent vectors in A, with ¢ = (z,y,2), written as ¥; := aX; + bX; and Y5 =
cX1 +dX, with X; and X5 defined in , using the metric g defined in @ and the fact that, with
respect to this metric, X; and X5 are an orthonormal set, we have

g(aX1 +bX5,cXy + dXs3) = ac+ bd. (15)

By writing

d 9 9
= _— _— —_ _—
aXy + bXo ag +b6y + (bz “y)az’

a direct calculation gives

0 0
T (aX1 + 0X3) :2(ax+by)§+(bx—ay)£. (16)
Notice that the Kernel of m, is zero since 2 4+ y? > 0 on the regular part of M = R3. Using , a
direct calculation with gives

90 (mu(aX1 + bXo), m. (¢ X1 + dX2)) = ac + bd,
which coincides with the value found in . O

Theorem [f implies that any horizontal curve v is such that its projection m(v) onto M has
the same length, with the given metric defined by . Viceversa, for any curve I' in M, its lift in
Mg,y has the same length as I". The lift of a curve I': [0,T] — M is any curve v : [0,T] — Mm,,.0)
such that w(vy) =T'. If " is differentiable, denoting by I = I‘(t) its tangent vector at time ¢, the lift
through the point v(0) = 7 satisfies the differential lifting equation

;Y = 71—;1|'y(t)]-:‘7 P)/(O) =0, (17)

where, with some abuse of notation, what we have denoted by .|, is, in fact, the restriction of m,|,
to A, which according to theorem E| is an isomorphism. By existence and uniqueness of solutions
of initial value problems, a lift exists at least locally. The situation is similar to what described
for Riemannian submersions (see, e.g., [10] pg. 185) but, in our case, the horizontal lift is not the
same as the horizontal lift in that case because the orbits are in general not perpendicular to the
distribution A,. For Riemannian submersions the horizontal lift of a curve is not always defined
globally, that is, on the entire interval [0,T] (cf., e.g., Proposition 4.28 in [I4]). In our case, and
for our specific example of the Brockett integrator, we can however say that every C' curve in M
has a lift. To this aim, from 7 we obtain the specific expression for 7, in the basis {X7, X5} in
Ty,Mg,,,) and {%7 %} in T,T(p)M, which is given by

| _(2x 2y -1 _ 1 r —2y\_ 1 [z -2
T | (x,y,2) = —y R Ty (z,y,2) = 2(272 +y2) y 2% = or \y 2% .

This gives for the lifting equation , beside the obvious Z equal to the second component of f,

04 D6

which, once r in [0,T] is bounded away from zero and 7 and Z are continuous, is a linear equation.
From the global existence of solutions of linear differential equations, we have:

Proposition 5. Every C' curve in M has a lift satisfying , through any given point in Mg

min) :

With this proposition, we can establish the correspondence between the sub-Riemannian geodesics
in (M,A,g) = (R3 A,g) and the Riemannian geodesics in (M, gg).



Theorem 6. In the following statements 1 implies 2.

1. The curve v : [0,T] — R3 is a sub-Riemannian geodesic in R with initial condition p =
(0,0, 20)T and final condition q with v(t) € My,,,, for eacht € (0,T).

2. mo~y = mon(t) is a Riemannian length minimizing geodesic in (M, gq) fort € (0,T), and
limy_,o+ 7o y(t) = 7 ((0,0, 20)7), limy_,p- w0y (t) = 7 (q).

Proof. Assume that there exist ¢, and ¢y with 0 < ¢, <ty < T such that 7o is not the minimizing
Riemannian geodesic connecting ¢s := m(y((ts))) and g5 := w(y(ts)). Then there exists another
Riemannian minimizing geodesic connecting gs and gy, call it I'. Since I' is a geodesic, it is C'*°
and therefore we can apply proposition |5 and it has a horizontal lift. Call it v3 : [ts,t;] with
v1(ts) = v(ts). The horizontal continuous curve equal to «y in [0,ts], and ~; in [ts,tf], call it ¥ is
such that 7(J(t)) = m(v(t)) has length less than y and this contradicts the optimality of v between
~(0) and v(ts). By continuity we also get the two limits at the endpoints. O

Therefore, according to Theorem @ assuming that a sub-Riemannian geodesic v, [0,T] — R3,
is such that v(t) € Mg,y for every t € (0,T), such a geodesic has to be found as the lift of a
Riemannian geodesic in M. In our case, the singular part of the state space R? is the z-axis. If
a sub-Riemannian geodesic v is in the singular part for an interval of non-zero length [t1,t5], this
means z(t) = y(t) = 0, for t € [t1,t2] which implies #(t) = ¢(t) = 0 in the same interval and
therefore uy (t) = us(t) = 0. According to (), we have z is constant. These are curves that stop in a
given point for a non-zero amount of time which we have excluded. Therefore the sub-Riemannian
geodesics only intersect the singular part of the space in isolated points and in between these points
we can obtain them as prescribed by the theorem as the lift of Riemannian geodesics in M. We will
carry out this program in the section 6] after having computed the Riemannian geodesics in section [f]

5 Geodesics in the Quotient Space

In this section, we compute the Riemannian geodesics in (M ,9¢) by solving the geodesic equations.
It turns out that these equations can be explicitly integrated in this case.

By computing the Christoffel symbols in the (r, z) coordinates with the metric go given in
(cf, e.g., formula (10) Chapter 2 in [10]) we obtain that they are all zero except

1
2r’

2 1
L =— rL,== 12 =r%=-—.
11 22 7" 12 21 27,

Plugging these in the general geodesic equations (cf, e.g., formula (1) in Chapter 3 of [10]), we obtain

the equations.
4(Z/)2 — (TI)Q +r" =0 and . '
2r r

—0. (19)

Theorem 7. All geodesics v (t) = (r(t), 2(t)) of (M, go), witht € (0,T), and such that lim,_,o+ r(t) =
0 and 2’ is not identically zero, can be written as

r = asin’(ct) z= % (2¢t — sin(2ct)) + b, (20)

for some some parameters a,b,c in R.

The form of the geodesics in the (r,z) plane starting from the origin is described in figure
Notice the symmetry about the r-axis. The geodesics starting from a different point on the z-axis
have the same form but vertically shifted.



Proof. Integrating the second equation in gives

2 =ecr,
for some c¢; € R. If 2’ is not identically zero ¢; # 0. Let u = ’"7/ Substituting into the first equation
and dividing by r gives

" A(er)? = ()2 2 =2(r")2 (r)? 9 , o u? 9
O:7+ 272 - 272 t o +201:u+?+201,
which has solutions
u = 2c¢q tan(ey — ¢1t),
for some ¢y € R. Integrating gives
r(t) = czcos?(cy — cit), (21)
for some c3 € R. Finally, integrating the equation 2z’ = ¢;r, we obtain that
c .
z(t) = —23 (2(02 —c1t) + sin(2(eq — clt))) + ¢y, (22)

for parameters c;, ca, c3, C4.
Now, we assume that the geodesic is taken in the interval (0, 7). Imposing in that lim,_,o+ 7(t) =
0, we obtain that ¢y = w Using this into , we obtain

r(t) = cgsin®(eqt). (23)
Plugging ¢y = w into |D we obtain
2k+1
At) = g — w + CL;% - %3 sin(2c1t). (24)

If we set a =c3,c=c; and b=cy — W, we obtain formulas .

For the case 2z’ = 0 we have the following

Theorem 8. A class of geodesics vo(t) = (r(t), 2(t)) of (M,gg), with t € (0,T) and such that
lim;_,o+ 7(t) = lim;_,o+ r (t) =0, and 2z =0 are

r = Nt* z = b, (25)
for some some parameters N > 0,b in R.

Proof. Simply verify that for every N and b the functions satisfy . O

6 Derivation of the Optimal Trajectories
We now lift the trajectories in the quotient space to horizontal curves in M = R3.

In an interval (0,7, using , we calculate the lifting equations for x and y, while z is
simply given by z in . After the application of elementary trigonometric identities, the equations

become
. cos(ct
(I> —c sin((ct)) -1 <.’L’> (m(a)) _ (-’L’O) )
J 1oge ) \y) y(a) Yo
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This equation can be explicitly integrated in an interval [t1,t2] C (0,7) by first defining

Ll etenar (x(ﬂ)
=e 1
Y y(t))’

which gives a linear system of differential equations with constant coefficients for /. This method of
solution gives for x and y the following form

x(t) = Nsin(2¢t + ¢) + k, (26)
y(t) = —N cos(2ct + @) + ky,

for parameters N, ¢, k,, k,, ¢, which depend on the initial condition at ¢;. Such parameters also

have to satisfy

Y

Nsin(¢) + k; =0, —N cos(¢) + k, =0, (27)

since lim;_,o+ (t) = lim;_,¢+ y(t) = 0. Therefore an optimal trajectory between two points of the z
axis has the form

x(t) = Nsin(2ct 4+ ¢) — N sin(¢) (28)
y(t) = —N cos(2¢t + ¢) + N cos(¢)

Remark 9. The form of the optimal trajectories we found coincides with the sinusoidal trajectories
in [4], [7], [I7], where the optimal controls were found to be of the form

up = M cos(wt + 1), us = M sin(wt + 1), (29)

for parameters w, M, and v, and x and y were obtained by integrating u; and ug above. Contrary
to these references however, we have not used necessary and-or sufficient conditions from optimal
control or calculus of variations but a symmetry reduction argument and Riemannian geometry.

Remark 10. The above treatment is the lifting of the geodesics (@) described in Theorem @ For
the geodesics we obtain the lifts x(t) = at, y(t) = bt, 2(t) = 2y, for parameters a and b and
zo, by using the lifting equations (@ with . This again coincides with some of the optimal
trajectories obtained in [J)], [7], [17], which are determined by the controls in (29) setting w = 0.

In our treatment, the expression of the optimal trajectories assumes that the entire optimal
trajectories except (possibly) at the endpoints is in the regular part (r > 0). In general, under
the assumption that the optimal geodesics are analytic one can prove that geodesics cease to be
optimal when they touch the singular part of the space. This was shown in [2] (Corollary 3.6). The
information about the analyticity of the sub-Riemannian geodesics can be obtained from application
of the Pontryagin Maximum Principleﬂ If we want to avoid using such tools (in the spirit of this
paper) we can verify this directly for the system of interest here. We do this in detail for the case of
Theorem [7] (where the final z coordinate is different from the initial one) which is the more involved
one. We state two lemmas and then conclude in Theorem [I3]

Lemma 11. The minimizing sub-Riemmanian geodesics from a point (0,0, 29) to a point (0,0, z1),
v =7(t), fort € [0,1] is such that y(t) € Mp,,,,) for every t € (0,1).

min

Proof. Using the explicit expressions for the geodesics in the quotient space , we can calculate
explicitly the length of one ‘branch’ connecting a point (r, 2) = (0, Zp) to a point (r,2) = (0, 21) in
M. In particular with yg = 7'"% + 2% we obtain with 1}

1

1 1 1
90(¥Q, %) = Efj + ;732 = Eagc2 sin?(2ct) + ;aQC2 sin(ct) =

3In general determining smoothness properties of sub-Riemannian geodesics is one of the most important open
problems in sub-Riemmanian geometry (see, e.g., [24]).
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_ da?c?sin®(ct) cos?(ct)  a®c?sin®(ct) 9

=ac
4asin®(ct) asin®(ct) ’

which shows that the geodesics are parametrized by constant length. The length of the curve is

90(3a (1), Yo (T)dT = V/a|c|T. Now setting r = 0 means from 1} that |¢|T = 7. Therefore,
the total length is L(vyg) = y/aw. Using |¢|[T = 7 in the second one of (20) we get

ale|T _am (30)

2 27
therefore the length for the corresponding sub-Riemannian geodesic is L(7y) = v27+/|21 — 20]-
Now assume that we go from zy to z; through an intermediate point z, that is, we use two
branches. Then the total cost of the two branches v; and s is

L(m +72) = V2ry/|z1 — 2 + V212 = 20 > V2my/|21 — 20| = L(v), (31)

which shows that the trajectory with no internal point in the singular part is optimal.

|21 — 20| =

O
The Riemannian geodesics in the quotient space M have the form in figure Equation

Figure 2: Riemannian geodesics in the r — z plane (r is the horizontal axis and z is the vertical
axis) starting from the point (0,0). Notice the symmetry with respect to the r axis obtained by
changing ¢ to —c in . Geodesics from a point on the z axis different from the origin are obtained
by shifting up or down the curves shown in this plot.

in the proof shows that the parameter a is uniquely determined by the gap in z and therefore
uniqueness of the geodesic is also verified.

The inequality in the proof of Lemma describes a triangle inequality saying that the path
along one branch to a point in the z-axis (the singular part) is always shorter than the path through
two or more branches.

Lemma 12. Set the initial condition equal to (r,z) = (0, z9) in M. Then, for any final condition
(r1,21), with z1 — 20 # 0 there exists a curve yg = vq(t) of the form (20) with t € [0,T] and
v(0) = (0,20) and y(T) = (r1,21). In other terms, every point in M can be reached with just one
branch of the geodesics (@) without intersecting the z axis.

Proof. We assume that Az := z; — zg > 0 and we take ¢ > 0. The situation is perfectly analogous
if Az:= 2 — z9 < 0 and we take ¢ < 0. By defining « := ¢t € (0, 7), we can rewrite as

r = asin®(a), Az = g (o — sin(a) cos(av)) . (32)

12



By setting » = 71 in the first one and solving for a and replacing in the second one, we get Az = Az(«)
given by the following function
1

Az = m (o — sin(a) cos(@)) .

This is a continuous function in (0, 7) and such that

lim Az(a) =0, lim Az(a) = 400,
a—0t a—TT

and therefore it attains all positive values. Choosing « which satisfies Az = Az(«) for the given

Az = z1 — zp, we can then choose a so that a = Sin?(a). O

In Lemma we have seen that the shortest path to connect two points on the z axis is with
a single geodesic (cf. the equation showing uniqueness) never touching the z axis if not at the
initial and final point. Now we want to prove that the same thing is true for a point in the regular
part. From Lemma we know that for a point in (r1,21) € M there exists a curve connecting to
it. This curve will terminate on the z axis and be optimal. By the optimality principle, it will have
to be optimal until (71, 21) as well. Therefore, we can conclude with the following theorem.

Theorem 13. FEwvery optimal geodesics, connecting two points with different values of the z coordi-
nate, only intersects the singular part (the z-axis) at most at the initial and final point.

7 Concluding Remarks

The idea of treating a sub-Riemannian problem as a Riemannian problem via symmetry reduction
has been successfully used in several instances in the control of quantum systems on Lie groups (see
e.g., [2], [§]) and we have tested it here for a classical sub-Riemannian system, the Brockett inte-
grator. A convenient feature of this model is that the resulting geodesic equations can be explicitly
integrated. It is worth mentioning that such a symmetry reduction technique can be used not only
for optimal control problems but also for steering problems between two points without the require-
ment of optimality. In this context, one prescribes a trajectory in the (lower dimensional) quotient
space, and then, by lifting, one finds the trajectory in the original space and the corresponding
control. This was done for example for quantum systems in [9]. The idea of prescribing a trajectory
a priori and determining the control which induces it is particularly appealing in applications to
robotics where one would like to prescribe trajectories which avoid given obstacles or are confined
within a given space.

The Brockett integrator is a canonical form for a class of systems in R? with non-holonomy
degree 1. These models can locally be written as in (cf. [] and Appendix A of [7]). Such class
generalizes to R™ as (cf. [18])

(ti = Uy, 1= 1,...,m
(33)

Zij = XjUi, <

where it is assumed that n = m + (’g) It is natural to ask whether a symmetry group exists for
the more general class . We can more in general consider, for a vector ¥ € R™ and a vector
Z € R*"™™ the system

=i, (34)
Zi :fTMi’L_[, 1= 1,...,n—m,

for m x m matrices M;, i = 1,...,n — m, which includes as a special case. By using the change

of coordinates z; — z; — %:f T M;%, we can assume without loss of generality that the M;’s in lj
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are skew-symmetric. Given a quadratic cost of the form fOT |l@(7)||2dr (cf. 7 we naturally look
for a symmetry group which is a subgroup of SO(m). This will be a symmetry group in the sense
described in subsection if the group commutes with the matrices M; in . In the case of
Brockett original generalization of the three-dimensional Brockett integrator , the corresponding
matrices M; form a basis of so(m). There is no Lie subgroup of SO(m) commuting with a basis of
so(m) except for the case m = 2 where so(2) is Abelian, which is the case treated here. Therefore,
except for the case m = 2, n = 3, treated in this paper, symmetry reduction, at least in the form
advocated here, does not apply to the generalized Brockett integrators . There are however
systems of the form which still generalize the Brockett three-dimensional integrator for which
the symmetry group is a nontrivial Lie subgroup of SO(m). For these systems the methods applied
in this paper are suitable.

8 Acknowledgement

This research started as a research project under the ISMART program at Iowa State University.
The authors would like to thank the students Nicklas Day and Christopher Kunz who participated
in this program for helpful and stimulating discussion on this topic. The authors research was
supported by NSF under Grant ECCS 1710558.

References

[1] A. Agrachev, D. Barilari and U. Boscain, A Comprehensive Introduction to sub-Riemannian
Geometry, Cambridge Studies in Advanced Mathematics, Cambridge University Press, (2019).

[2] F. Albertini and D. D’Alessandro. On symmetries in time optimal control, sub-riemannian
geometries, and the k- p problem, Journal of Dynamical and Control Systems, 24(1):13-38,
2018.

[3] G.E. Bredon, Introduction to Compact Transformation Groups, Pure and Applied Mathematics,
Vol. 46, Academic Press, New York, 1972.

[4] R. W. Brockett, Control theory and singular riemannian geometry, New directions in applied
mathematics, pages 11-27. Springer, 1981.

[5] R. W. Brockett, Asymptotic stability and feedback stabilization, Differential geometric control
theory, 27(1):181-191, 1983.

[6] D. D’Alessandro, Introduction to quantum control and dynamics, CRC press, 2007.

[7] D. D’Alessandro and A. Ferrante. Optimal steering for an extended class of nonholonomic
systems using lagrange functional, Automatica, 33(9):1635-1646, 1997.

[8] D. D’Alessandro and B. Sheller. On KP sub-riemannian problems and their cut locus, In 2019
18th European Control Conference (ECC), pages 4210-4215. IEEE, 2019.

[9] D. D’Alessandro and B. Sheller, Algorithms for quantum control without discontinuities: Ap-
plication to the simultaneous control of two quantum bits, J. Math. Phys. 60, 092101 (2019).

[10] M. P. Do Carmo, Riemannian Geometry, Methematics Theory and Applications, Birkhauser
Boston, 1992.

[11] A. Echevernia-Enriquez, J. Marin-Solano, M.C Munoz Lecanda and N. Roman-Roy, Geometric
reduction in optimal control theory with symmetries, Rep. Math. Phys., 52 (2003), pp. 89-113.

[12] J. Grizzle and S. Markus, The structure of nonlinear control systems possessing symmetries,
IEEFE Trans. Automat. Control, 30, (1985), pp. 248-258.

14



[13]

[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]
[24]

J. Grizzle and S. Markus, Optimal control of systems possessing symmetries, IEEE Trans.
Automat. Control, 29 (1984), pp. 1037-1040.

J. Lee, Smooth Manifolds, Springer-Science, New York, 2013.

E. Martinez, Reduction in optimal control theory, Rep. Math. Phys., vol 53 (2004), No. 1, pp.
79-90.

R. Montgomery, A Tour of sub-Riemannian geometries, their Geodesics and Applications, Math-
ematical Surveys and Monographs, Vol. 91, American Mathematical Society, RI, 2002.

R. M. Murray, Z. Li, and S. S. Sastry, A mathematical introduction to robotic manipulation,
CRC press, 1994.

R. Murray and S. S. Sastry, Nonholonomic Motion Planning: Steering Using Sinusoids, IEFEE
T. Automatic Control, 38(5):700-716, (1993)

T. Ohsawa, Symmetry reduction of optimal control systems and principal connections, SIAM
J. Control Optim., Vol. 51, No. 1, pp 96-120, (2013).

M.J. Pflaum, Analytic and Geometric Study of Stratified Spaces: Contributions to Analytic
and Geometric Aspects, Lecture Notes in Mathematics, 1768, Springer, 2003.

C. Prieur and E. Trélat, Robust optimal stabilization of the brockett integrator via a hybrid
feedback, Mathematics of Control, Signals and Systems, 17(3):201-216, 2005.

S. Sinha, Time optimal control of the brockett integrator, IFAC Proceedings Volumes,
44(1):3509-3514, 2011.

T. tom Dieck, Transformation groups, volume 8, Walter de Gruyter, 2011.

D. Vittone, The regularity problem for sub-Riemannian geodesics. Geometric measure theory
and real analysis, 193-226, CRM Series, 17, Ed. Norm., Pisa, 2014.

15



	Introduction
	Minimum energy control and sub-Riemannian geometry
	Sub-Riemannian geometry
	Sub-Riemannian geometry and minimum energy control
	Application to the Brockett integrator

	Symmetries for the Brockett Integrator
	Symmetries in sub-Riemannian problems
	Application to the Brockett integrator

	Riemannian metric on the quotient space
	Geodesics in the Quotient Space
	Derivation of the Optimal Trajectories
	Concluding Remarks
	Acknowledgement

