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Abstract Attempts to build a “constant-stress-
drop” scaling of an earthquake-source spectrum
have invariably met with difficulties. Physically,
such a scaling would mean that the low-frequency
content of the spectrum would control the high-
frequency one, reducing the number of the pa-
rameters governing the time history of a shear
dislocation to one. This is technically achieved
through relationships of the corner frequency of
the spectrum to the fault size, inevitably intro-
duced in an arbitrary manner using a constant
termed “stress drop”. Throughout decades of ob-
servations, this quantity has never proved to be
constant. This fact has fundamental physical rea-
sons. The dislocation motion is controlled by two
independent parameters: the final static offset and
the speed at which it is reached. The former con-
trols the low-frequency asymptote of the spectrum
while the latter its high-frequency content. There
is no physical reason to believe that the static
displacement should predetermine the slip rate,
which would be implied if the “stress drop” were
constant. Reducing the two parameters to just one
(the seismic moment or magnitude) in a “scaling
law” has no strict justification; this would nec-
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essarily involve arbitrary assumptions about the
relationship of one parameter to the other. This
explains why the “constant-stress-drop” scaling in
seismology has been believed in but never recon-
ciled with the data.
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1 Introduction

The notion of a “scaling law” is widely used in
engineering seismology, not lastly because of its
practical expediency. Indeed, the Fourier spec-
trum of an earthquake seismogram is typically
represented as a product of the source, path, and
site terms (e.g., Boore 1983, Eq. 1). It is, therefore,
extremely helpful if one could specify the entire
source term by introducing one parameter, usually
the seismic moment (or magnitude). This is the
definition of scaling (Aki 1967, p. 1222).

It is clear even intuitively, though, that the
low-frequency measure, such as the moment (or
magnitude), can only provide limited informa-
tion about the source process. The moment, by
its definition, is determined by the final slip on
the fault. The way the slip reaches its final state
cannot be recovered from the value of the mo-
ment, and the more detailed slip history must be
“recorded” in the higher-frequency content of the
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spectrum. Even this simple observation speaks
against the possibility of a single low-frequency
measure defining the entire shape of the spectrum.
There have nevertheless been well-argued justifi-
cations of the spectral-scaling law. The question
then is, “Are they really compatible with the ob-
servations and the physical reality?” Ultimately,
“Is there a physical basis for the assumption that
the entire source spectrum be a function of its
low-frequency asymptote?” In addressing these
questions, I first revisit the common assumptions
behind the validity of the scaling law and then
argue that the concept of scaling simply neglects
the existence, even in the simplest case, of at least
two independent parameters controlling the shape
of the spectrum. It is, thus, not a viable model.

2 The “constant-stress-drop” scaling

For simplicity, I will assume a simple shear-
dislocation model of an earthquake (Aki and
Richards 1980, Fig. 4.4) and acknowledge the
fact that an “ω2-shaped” spectrum is typically
observed, at least for small-to-moderate earth-
quakes. The displacement time history of a dislo-
cation that radiates the “ω2” spectrum is

u(t) = U[1 − (1 + t/τ) exp(−t/τ)], (1)

where U is the final displacement and τ is the
parameter governing the speed at which the dis-
placement reaches its final value (Beresnev and
Atkinson 1997, Eq. 6). The far-field Fourier am-
plitude spectrum of particle displacement is then
proportional to the spectrum of the time deriva-
tive of Eq. 1,

uFF (ω) = CM0
[
1 + (ω/ωc)

2
]−1

, (2)

where C is a constant and M0 is the seismic mo-
ment (Beresnev and Atkinson 1997, Eq. 11). The
quantity

ωc ≡ 1/τ (3)

is the “corner frequency” of the spectrum. It
is clear from Eq. 2 that, in the low-frequency
range (ω << ωc) the spectrum is controlled by
M0, whereas at high frequencies (ω >> ωc), it is

controlled by the product M0ω
2
c . The high-

frequency behavior cannot therefore be repre-
sented by the low-frequency measure M0 alone.

A common assumption is then made that ωc

could be related to the moment, and the entire
spectrum (2) then rendered dependent on M0

only. The quantity ωc, through Eq. 3, is the in-
verse of the characteristic time scale τ of the slip
process. The slip duration T (rise time) at a given
point on the fault can be hypothesized to be re-
lated to the total time of the rupture propagation
across the fault, T = CL/β, where β is the shear-
wave propagation speed, L is the characteristic
dimension of the fault, and C is an unknown
coefficient of proportionality (Kanamori and
Anderson 1975, Eq. 10). We have assumed that
the rupture propagates at a fraction of the shear-
wave speed. One could then use an approximate
(but by no means exact) equivalence of T and τ ;
equating them leads to a highly uncertain (even
speculative) relation of the type

ωc = K (β/L) , (4)

where K is another undetermined coefficient.
Assigning any particular value to K would be
meaningless, since there are three uncertain re-
lationships built into it (Beresnev 2001, p. 398).
Specifically, they are: (1) the slip duration at a
point is proportional to the rupture-propagation
time, (2) the rupture-propagation velocity is a
percentage of the shear-wave velocity, and (3)
the mathematical time scale τ characterizes the
rise time. Although all of these relations are rea-
sonable, neither of them has an exact, once-for-
all prescribed form, begging caution in applying
the resulting Eq. 4. Even putting an uncertainty
level on such a relation does not seem to be pos-
sible, without the former being speculative. The
hypotheses (1) and (2) have no reliable empiri-
cal constraints, and (3) is dealt with by a mere
convention (Beresnev and Atkinson 1997). Such
an uncertainty may be indirectly built into the
observed scatter of the scaling constant “stress
drop” discussed below, reaching three orders of
magnitude, which is invariably found if experi-
mental data are fit with a scaling model.

The equations of type (4) are known as Brune’s
relations (Brune 1970 Eq. 36; 1971).
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The final step involves using the definition of
the moment, M0 = μU A, where μ is the shear
modulus and A the fault area, and the quantity
usually called the “stress drop”,

�σ = μU/L, (5)

to transform Eq. 4 into the form

ωc = Kβ (�σ/M0)
1/3 , (6)

with an arbitrary coefficient K and the same
uncertainty as in the original relation (4)
(Beresnev 2001, Eq. 14). The equation of this
type is referenced, for example, by Boore (1983,
Eq. 5). Equation 6 presumably achieves the
goal of transforming the spectrum (2) into the
form depending only on the seismic moment,
provided the quantity �σ and the coefficient
K, which implicitly includes the three uncertain
relationships, can all be considered constant.
This is the essence of the “constant-stress-drop”
scaling.

One can see, however, that building the scaling
law in such a way is founded on shaky ground.
First, we need to re-emphasize the speculative
character of Eq. 6 based on that of Eq. 4. Second,
the quantity �σ defined by either Eqs. 5 or 6,
termed the “stress drop” but argued to bear little
relevance to any real physical quantity (Boore
1983, p. 1868; Atkinson and Beresnev 1997;
Beresnev 2001), typically exhibits enormous scat-
ter, varying by at least three orders of magnitude
(1–1,000 bars). Also, the measurements based on
these two equations are not equivalent. If one uses
definition (5) to determine the stress drop, the
result cannot be applied to describe real source
spectra, because the relationship (6) is uncertain.
On the other hand, if one uses relationship (6)
to calculate the stress drop from a real spectrum,
the result will be highly variable (never constant),
not only because of the uncertainty in Eq. 6 but
also because this result will implicitly include the
variability in the slip velocity (the parameter τ

excluded from Eq. 6) on real faults. The results
obtained in these two manners are typically used
interchangeably, although they report different
quantities. A great variability in the “observed”
values should, thus, be expected.

Not surprisingly, the last three decades of ob-
servational seismology have proved the lack of
any “constant-stress-drop” reality, if one is will-
ing to allow an alternative interpretation of the
facts. The results of comprehensive studies, which
report stress-drop estimation using variations of
Eq. 6 for dozens of earthquakes in a wide magni-
tude range, such as those of Abercrombie (1995),
Hough and Dreger (1995), or Humphrey and
Anderson (1994), emphasize this point. The scat-
ter of the obtained values exceeds three orders of
magnitude (Humphrey and Anderson 1994, their
Fig. 7; Abercrombie 1995, her Fig. 11; Hough and
Dreger 1995, their Figs. 6–7), even for a given
moment. The error in the calculation of �σ from
Eq. 6, stemming just from the uncertainty in the
measurement of the corner frequency and inac-
curate knowledge of the shear-wave velocity, is
estimated as one order of magnitude by Hough
and Dreger (1995, p. 1588) and cannot explain the
cloud. As a result, the latter authors argue for a
“real variability in stress drop” (Ibid.). We add
that the arbitrary character of the relationship (6)
is another (perhaps, the most significant) factor
causing the scatter.

This simply means that the scaling relation re-
sulting from Eq. 2 if the corner frequency in it is
replaced by its proxy Eq. 6 is not a viable source
model.

3 The physical reason for the lack of “scaling”

As we have seen, the attempts to build a
“constant-stress-drop” scaling model of an
earthquake-source spectrum have invariably met
with difficulties. In our view, this is fundamentally
related to the futility of the attempts to reduce
both parameters that govern the shape of the
spectrum (2), M0 and ωc, to one low-frequency
measure. Physically, this is well understood.
The shear dislocation is characterized by two
well defined physical parameters: the final static
offset and the speed at which it is approached.
It would be difficult to justify why the final
slip should necessarily predetermine the slip
rate. Mathematically, this is reflected in the



436 J Seismol (2009) 13:433–436

impossibility of building a rigorous relation of the
type (6).

4 Conclusions

The same work that originally introduced the scal-
ing law ended with its virtual denial. We read,
“We shall probably have to assign different scaling
laws to different environments. This implies that
a single parameter, such as magnitude, cannot
describe an earthquake even as a rough measure”
(Aki 1967, p. 1230). I have aimed to prove that
this conclusion has fundamental physical reasons.
Even in the case of a point shear dislocation, the
rupture-propagation effects set aside, the shape of
the displacement spectrum of the far-field radia-
tion is governed by two independent parameters.
The low-frequency asymptote is controlled by the
static dislocation through the moment M0, and the
high-frequency one is controlled by the parameter
τ that is the characteristic time of the dislocation
rise to its final value. The latter characterizes
the speed at which the dislocation grows. There
cannot be a physical justification to building a
spectral-scaling law based on just one parameter,
without forcing one to arbitrarily depend on the
other. Two parameters, instead of one, should
necessarily be invoked to characterize the ob-
served spectra in order to remove the paradox of
the “constant stress drop” never being constant. I
have, thus, offered an alternative view at the facts
which, instead of forcing them into the framework
of scaling, explains the universally observed vari-
ability in the stress drops by admitting there is no
constancy at all.
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