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Short Note
Interpretation of Kappa and f ., Filters as Source Effect

by Igor A. Beresnev

Abstract The high-frequency spectral rolloff of recorded ground acceleration dur-
ing earthquakes is commonly modeled by either of the two ad hoc high-cut filters,
fmax and kappa, which have been used interchangeably. The physical origin of the
cutoff they produce is still debated, although it is more often attributed to the site
effect. A natural extension of the earthquake source time function, radiating an
omega-n spectrum into the far field, to noninteger n through the gamma function
allows the spectral fall-off to be intermediate between the omega-square and omega-
cube shapes, providing natural high-cut filtering exclusively as a source effect. The
difference between applying the omega-2.5 source spectrum and the « filter to sim-
ulate the high-frequency decay is no greater than the difference between applying the
and its equivalent f ., filters. The conceptual advantage of employing the unfiltered
omega-n source spectrum, with real n > 1, to represent the spectral decay of strong
ground motions, is clear. This approach attributes the high-frequency behavior and its
variability to a well-defined form of slip on an earthquake fault, making it unnecessary

to introduce an artificial additional filter of unclear physical nature.

Introduction

A common model for the Fourier amplitude spectrum of
the displacement pulse radiated into the far field by an earth-
quake source has the w? (omega-square) dependence on fre-
quency, in which the frequency-dependent term has the form:

o[ ()T o

in which o is the angular frequency (Aki, 1967; Brune, 1970;
Boore, 1983, 1986). Such a spectrum is flat at low (0 K ®,)
and decays as @2 at high (w > ®,) frequencies, in which @,
is termed as corner frequency. The resulting ground-motion
acceleration pulse has the amplitude spectrum w”D(w), which
grows as w” at low and is flat at high frequencies.

Such a model nonetheless fails to describe a steep fall-
off of the observed acceleration spectra beyond a certain high
frequency termed f,.x by Hanks (1982). This diminution is
in addition to the decay produced by regular anelastic attenu-
ation along the propagation path.

To describe the observed additional high-frequency sup-
pression of the recorded spectra, two forms of ad hoc high-
cut filters have been proposed, the one to use remaining a
matter of choice. One is termed as f,,, filter and the other
as kappa filter. The former is described by the power fre-
quency decay function

P(f) = [1 +( ! )8]_1/2, )

max
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(Boore, 1983, his equation 4) and the latter by the exponen-
tial function

P(f) = e, ®)

(Anderson and Hough, 1984, their equation 1), in which f .,
and « are the parameters. Both shapes (2) and (3) have been
widely utilized.

The physical origin of the additional high-frequency
filtering has been debated. For example, Hanks (1982) and
Anderson and Hough (1984) considered it a characteristic of
local site attenuation, whereas Papageorgiou and Aki (1983)
attributed it to nonelastic material behavior at the tip of the
propagating ruptures, that is, deemed it a source effect. Kilb
et al. (2012) approached the existence of kappa as a combi-
nation of source and site effects, whereas Parolai (2018)
linked it to the high-frequency trend of the transfer function
of the medium due to wave propagation effects, such as
refraction, reflection, and scattering. Weak correlations have
been found between kappa and V g3 (the average shear-wave
velocity in the upper 30 m of the geologic profile;
Laurendeau et al., 2013, p. 3132; Ktenidou et al., 2015, their
fig. 7). The main usage of the f.. and kappa filters is in
strong-motion prediction based on the point-source model
(Boore, 1983, 2003), but it should be remembered that the
high-frequency slope is also modulated by the rupture direc-
tivity effects (Kaneko and Shearer, 2014a,b; Beresnev,
2017a, his equation 4 and p. 1279).
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The goal of this study is to show that, within the realm of
traditional applications, the ambiguity can be resolved by
relaxing the requirement that earthquake spectra follow
the commonly assumed omega-square shape, and by postu-
lating their natural variability in deviation from the first neg-
ative power in equation (1). Indeed, it is hardly justifiable on
physical grounds why nature necessarily favors the fault-slip
functions that lead to the omega-square spectrum over other
possible shapes. Once that restriction is removed, a possibil-
ity of steeper spectral fall-offs follows.

Theoretical Source Time Functions

Consider a slip on a fault described by an infinite func-
tional series (source time function)

r(n+1,g)]

Auy(1) = U[l T+ 1,0)

>0, (4)

in which T'(a,x) is the incomplete gamma function,
[(a,x) = [®e 't 'dr (Abramowitz and Stegun, 1964,
their equation 6.5.3); the physical parameter = describes how
fast the fault dislocation rises to its final value U, and a is a
real positive number (that is, the real n > —1 in equation 4).
A useful relationship in the context of equation (4) is
I'(n 4+ 1,0) = T'(n 4+ 1) = n!, in which I'(a) is the gamma
function (Abramowitz and Stegun, 1964, their equa-
tions 6.5.2, 6.5.3, 6.1.5).

The time derivative of the source time function defines
the shape of the displacement pulse radiated into the far-field
(Aki and Richards, 1980, their equation 4.32). The derivative
of equation (4) is

i (1) = -2 (f)ne— t 0. (5)

nlt\r

The modulus of the Fourier spectrum of equation (5) (equa-
tion 5 is assumed to be zero at 1 < 0) is:

Aty (@) = U[l n (wﬂﬂ__ (6)

c

in which we defined w.=1/z. The frequency term in equa-
tion (6) becomes the exact omega-square spectral shape (1)
for n = 1. The source time functions (4) thus produce the
generic omega-n spectrum radiated into the far field, for
any real n > —1. They provide a natural continuous exten-
sion of the spectral shapes into noninteger values of n. The
forms of equation (4) in terms of elementary functions for
integer n =0, 1, 2 are provided by Beresnev and
Atkinson (1997, their equations 5-7). For example, for
n=0, Auy(t) = U(1 —e~"/7). Although formally equa-
tions (4) and (5) apply to all n > —1, the displacement pulse
described by equation (5) is discontinuous at t = O forn <0
and does not represent practical interest; we thus restrict our
attention to the real positive values of n. The shapes of the
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Figure 1. Source time functions (4) for n =1, 1.5, 2.
functions (4) for n = 1, 1.5, 2 (radiating the omega-square,
omega-2.5, and omega-cube spectra, respectively) in dimen-
sionless form are plotted in Figure 1.

Shapes other than the omega-square spectrum have been
proposed (e.g., Boore, 2003, his table 2), but they are much
less common.

The usage of the source time function in Kostrov’s form

>

Uy

Au(t) = const (021> — x%)!/2,

in which v, is the rupture propagation speed and x is the dis-
tance along rupture (Kostrov, 1964, his equations 3.5 and
4.9) can be encountered in the literature. The time derivative
of equation (7) does not have a convergent Fourier spectrum,
evaluated from # > x/v, to oo; for this reason, the source
time function (7) will not be considered further.

The physical nature of the formal parameter 7 still needs
to be clarified. The velocity of the slip (slip rate) on the fault
is described by equation (5). By taking its derivative and
equating it to zero, we find that the velocity reaches its maxi-
mum (denoted by v,,,,) at the time ¢ = nz. Substituting this
time back into equation (5), we obtain

. n" U ’ ®)

- n
nle"” Upax

in which n is real positive. The two physical parameters U
and v, thus completely define the radiated omega-n
spectrum (6).

Filtering Effect of the Omega-n Spectrum

The omega-n spectrum, for n > 1, provides natural
high-cut filtering of the radiated acceleration spectra. It
appears that an omega-cube spectrum (n = 2) is ruled out
by the data (Boore, 1983, 1986). However, because it ensures
steep high-frequency fall-off in its own right, a proper veri-
fication of the ability of the omega-cube model to reproduce
strong-motion data would have to test it alone without apply-
ing the then-unnecessary ad hoc filters (2) or (3), which, to
our knowledge, was not attempted. Setting this issue aside
for the time being, we seek the value of n that lies between
1 and 2. Specifically, we will compare the filtering effect of
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the spectrum with n = 1.5 with the effect of the f,,, and
kappa filters. No particular fitting of n was attempted; the
value of 1.5 was chosen for purely aesthetic reasons; it cor-
responds to the middle curve in Figure 1.

There are two regional reference values of the parameter
Kk in equation (3) that are widely accepted in the literature. By
fitting a large ground-motion database for western North
America (WNA), Boore and Joyner (1997) deduced a
generic value of x = 0.035 s for an M,, 6.5 (M,, is the
moment magnitude) earthquake on rock for that region. The
frequency range of the data is 0.25-20 Hz (Boore and Joyner,
1997, their fig. 10). A lower value of x = 0.006 s is gener-
ally accepted for eastern and central North America (ENA)
(Toro et al., 1997, p. 43). The frequency range is up to 20 Hz
(Atkinson and Boore, 1995, p. 20).

It should be noted that the two high-frequency filters,
equations (2) and (3), used in ground-motion prediction,
are not identical, as they are described by two different func-
tional forms—the power and exponential, respectively. As
they are both commonly utilized, their approximate equiva-
lence was proposed by Boore (1986, p. 58)

Fo % 9)
TT

K

Our comparison of the high-cut filtering effect of the f,,, and
kappa filters, on one hand, and the pure omega-2.5 source
spectrum, on the other, is shown in Figure 2. To match the
magnitude for which the generic WNA value of « of Boore
and Joyner (1997) was established, the comparisons are made
for M, 6 (the upper two panels, Fig. 2a,b) and M, 7 (the
lower two panels, Fig. 2c,d) earthquakes. As noted, two physi-
cal parameters are needed to define the omega-n spectrum (6):
U and v, both of which enter the calculation of the corner
frequency (8). The value of U was set from the respective
magnitude by combining the definitions of the seismic
moment My =pAU and the moment magnitude
M, = (2/3)log My — 10.7, in which p is the shear modulus
and A is the fault area. The shear modulus was obtained from
u =% and p = a/+/3, in which a and f are the P- and
S-wave velocities and p is the density. The values of a and
p were taken as 5 km/s and 2700 kg/m?, respectively. The
fault area was set from the magnitude by the empirical rela-
tionship of Wells and Coppersmith (1994, their table 2A):
logA = -3.49+ 091 M,,.

Based on seismological evidence, the velocities v,,,, are
inferred to cluster in the range from about 0.2 to 2 m/s
(Beresnev and Atkinson, 2002; Anil-Bayrak and Beresnev,
2009; Rowe and Griffith, 2015, their fig. 2). Two represen-
tative values were picked from this range, v, = 0.4 and
1 m/s. Panels in Figure 2a,c are for 0.4 m/s and
Figure 2b,d for 1 m/s.

The two gray lines on the top chart in each panel in
Figure 2 present the omega-square acceleration spectra to
which the « filter was applied, with the two representative
values of k = 0.035 and 0.006 as indicated in the legend.
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Figure 2. Comparison of the effects of the f,,,, and « filters on

the w? spectrum with the filtering effect of the w*> spectrum. (a,
b) M,, 6, (c,d) M, 7, (a,c) Vypax = 0.4m/s, (b,d) v = 1 m/s.
Top charts in (a—d) show the @w” acceleration spectra to which
the « filter was applied (gray lines) and the unfiltered w>> spectrum
(black line). Bottom charts in (a—d) show the ratio of the f,,, filter
to its equivalent  filter (black line) and the ratio of the k-filtered o?
spectrum to the pure w>> spectrum (gray line).

The spectra were computed for n = 1 as w>Air, (w)P(f), in
which A, (w) and P(f) are defined by equations (6) and (3),
respectively, and @ = 2zf. The factor U in equation (6) was
omitted in the calculation, giving the unit on the vertical axes
of Hz?. The corner frequency in each case was calculated
from equation (8). The black line on the top chart in each
panel is the unfiltered omega-2.5 acceleration spectrum cal-
culated from equation (6) with n = 1.5 in the same manner
but without P(f) applied.

To evaluate the differences between the pure omega-2.5
and the filtered omega-square spectra on the top graphs in
each panel, the ambiguity in choosing the particular type of
the high-frequency filter, applied to the omega-square spec-
trum, should be taken into account. In the practical world of
ground-motion simulations, it has often been a matter of
choice whether to use the f,,, or k shapes to suppress the
high frequencies. The black line on the bottom chart in each
panel quantifies this ambiguity by presenting the ratio of the
Sfmax filter (equation 2) to its equivalent « filter (equation 3),
for k = 0.035 and its equivalent f. determined from
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equation (9). The gray line on the bottom charts is the ratio
between the omega-square spectrum, to which the « filter
was applied, and the pure omega-2.5 spectrum (that is,
the ratio of the light gray to the black lines in the respective
top graph in the panel). In the bottom chart, the black line
thus characterizes the general uncertainty arising from using
the f..c versus the « filters, and the gray one illustrates the
uncertainty stemming from applying the « filter versus the
unfiltered omega-2.5 spectrum in WNA.

Discussion and Conclusions

Although the curves in Figure 2 were extended to 50 Hz
on the horizontal axis, it should be remembered that the two
representative values of x used are strictly valid to 20 Hz
only. The inspection of the bottom charts in each panel in
Figure 2 shows that the black and the gray lines are no differ-
ent in the magnitude of their deviation from one, on average,
to the frequency of 20 Hz. This means that representing the
k-filtered omega-square spectrum by the unfiltered omega-
2.5 spectrum is no more uncertain than using the omega-
square spectrum filtered in two different but still acceptable
ways. In other words, using the omega-2.5 spectrum, as the
source effect, is equally plausible in simulating the strong
ground motions as invoking a formal frequency filter with
unclear physical origin. The conceptual advantage of the for-
mer approach is clear: it attributes the high-frequency rolloff
of the ground motions to a well-defined form of slip on the
earthquake fault (equation 4), rather than introducing the
high-frequency decay in an artificial manner in the form
of an ad hoc filter.

According to equation (8), for given n and v,,,,, the cor-
ner frequency increases with decreasing magnitude (the
parameter U), which explains the relatively higher level of
the omega-2.5 spectrum for M, 6 (Fig. 2ab) versus
M., 7 (the respective plots in Fig. 2c,d). This effect appears
as if x decreased with decreasing magnitude. The values of
for western (x = 0.035 s) and eastern/central (x = 0.006 s)
North America are distinctly different. At the same time, the
observational base used to determine this parameter for ENA
is notoriously lacking data in the large magnitude range. The
dependence of k on magnitude still remains an open question
(Boore, 2003, p. 650).

In reality, the parameter n in the specific form of the
fault dislocation rise (4) can be variable. There is no reason
to believe that nature favors a particular value from the avail-
able continuum, within certain limits. In the respective  (or
fmax) Space, this variability corresponds to the cloud of data
points that can be fit with a region-specific value of x only
provisionally, with large ambiguity (Boore and Joyner, 1997,
their fig. 10). For recordings of earthquakes at a given sta-
tion, the natural scatter in n for different events will map into
the variability around the station-specific mean «. It should
also be remembered that factors such as rupture directivity,
wave propagation through stacks of layers, and site transfer
function may disturb the high-frequency slope as well,
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causing the variations in the fall-off among different stations
recording the same event. Natural variability in v,,,, in model
(4) further contributes to the uncertainty in the ground
motion that can follow.

Bindi er al. (2019) recently reported that residuals in
ground-motion prediction equations are reduced at high
frequencies by allowing deviations in the source spectra from
the omega-square form. We find this conclusion consonant
with the results of our study.

There is also a purely theoretical advantage of using a
source time function (4) with n = 1.5 (radiating the
omega-2.5 spectrum) over that with n = 1 (the omega-square
spectrum) in numerical simulations of ground-motion radia-
tion. The function (4) with n = 1 has a discontinuous second
derivative, corresponding to ground velocity in the far field
and leading to a theoretically infinite acceleration at t = 0.
This is a difficulty, causing, for example, slow convergence
of integrals over the fault plane in the simulation of earthquake
radiation through the representation theorem, which modelers
have experienced (Anderson and Richards, 1975, p. 349;
Beresnev, 2017b, p. 4024). With n = 1.5, the second deriva-
tive (ground velocity) is continuous and the discontinuity is
moved to the third derivative (ground acceleration), whereas
the acceleration itself at = O is finite.

Data and Resources

No data were used in the article. All inferences were
made through the analyses of the respective equations and
literature sources as indicated.
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