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The Effects of Variable and Constant Rupture Velocity on the Generation of High-Frequency
Radiation from Earthquakes

IGoR A. BERESNEV!

Abstract—A viewpoint exists that generation of seismic high
frequencies results from sudden movements of ruptures, experi-
encing episodes of acceleration/deceleration. We investigated this
effect theoretically for (1) the far field of a small near-line source
and (2) the near field of a large fault computed exactly from the
representation integral. The results indicate that, in both cases, the
strength of the high-frequency radiation and the spectral fall-off for
ruptures moving with constant positive or negative acceleration, as
well as with regularly changing acceleration, are variable:
depending on the parameters, they can exceed, be similar to, or fall
below the levels produced by constant-velocity propagation. The
directivity spectral levels for the scenarios of constant (positive or
negative) acceleration, acceleration modulated by an orderly
function, or constant velocity are fully controlled by regular
interference: a particular high-frequency slope seen is an artifact of
the case-specific interference. Randomization of rupture speed
suppresses regular interference and creates an appearance of high-
frequency generation by irregularity in the velocity, while in reality
it is due to the elimination of artifacts. Realistic ruptures will
always have a random component in their travel times, depending
on fault and material properties, and will always exhibit elevated
high-frequency content with respect to an idealized constant-ve-
locity scenario. The conclusion is that interpreting this
phenomenon as high-frequency generation by rupture irregularity
would be incorrect. The additional ™! spectral roll-off, typically
attributed to fault finiteness, is a consequence of the constant-ve-
locity assumption. Removing the latter flattens the spectrum, even
for a finite fault.

Keywords: Earthquake radiation, ground motions, represen-
tation theorem, rupture propagation.

1. Introduction

An opinion can be found in the literature that
enrichment of seismic radiation in high frequencies is
a result of acceleration or deceleration of ruptures
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(Madariaga 1977, 1983; Somerville et al. 1999, p. 60;
Shi and Day 2013). One can turn to the representation
theorem of elasticity to evaluate the theoretical basis
for this viewpoint. The representation integral pre-
scribes the exact wave field radiated by a
displacement discontinuity across a fault surface in
an elastic space (Aki and Richards 1980, their
Eq. 14.37). For a slip (“source time”) function in the
form of a radially propagating rupture,

Au(g, 1) = U(8)Au(t —r/v), (1)

where U(§) is the distribution of final-slip values
over the fault plane, r is the distance from the
hypocenter, and v is the rupture-propagation speed,
the Fourier transform of the ith component of the
radiated displacement field u;(x,?) is
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(Beresnev 2017a, Egs. 4, 5). Here x and § are the
coordinates of the observation point and the point on
the fault surface, respectively, n is the unit vector in
the direction of slip, v is the unit normal pointing
from the side £~ of the fault to £*, R=|x —§|,
v = (x—§&)/R, a.and f§ are the P- and S-wave speeds,
and p and p are the shear modulus and density of the
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medium. Also, Au(w) is the Fourier transform of
Au(t). The double integration is carried over the fault
plane X(&).

Equation (2) assumes that the temporal shape of
the source time function Au(t) is the same at all
points on the fault. It shows that the spectrum of the
seismic field is that of the source time function Au(w)
modified by a frequency- and station-azimuth
dependent integral I(x, w) over the fault plane rep-
resenting the fault’s directivity pattern,

u(x, ) = Au(w)I(x, ). (4)

We will refer to I(x,w) as the directivity spec-
trum. The presence of I(x, w) as the surface integral
in (2) is purely due to the fault finiteness. When the
source dimensions shrink to a point, all distance-de-
pendent factors are taken out of the integral, and
u;(x, ) converges to the classic expression for the
radiation from a point shear dislocation (Aki and
Richards 1980, their Eq. 4.32).

The classic “w-squared” far-field spectral shape
comes from the spectrum of the source time function
Au(w) (Beresnev and Atkinson 1997, their Eq. 11;
Beresnev 2019a, his Eq. 6). Any modification to the
high-frequency roll-off in the w-squared model is due
to the I(x, w) term as the finite-fault effect.

The integral can be generalized to the case of
rupture propagation with variable velocity by
replacing the time delay r/v in Eq. (1) by a fault-
position dependent Az(r) of arbitrary form. The
exp(—iwr/v) multiplier before the brackets in the
integrand of (2) will then become exp|[—iwAt(r)].
Modified this way, the directivity integral I(x, @) can
be analyzed for the effect of accelerating/decelerating
rupture on radiation, relative to the constant-velocity
case. To verify if variable velocity will consistently
produce enhanced high-frequency content in seismic
waves, we will consider the following scenarios: (1) a
rupture traveling with constant acceleration, (2) rup-
ture with constant deceleration, (3) the velocity
changing periodically, and (4) the velocity containing
a random component. We will analyze the full inte-
gral in (2), as well as its simplified asymptotic form
allowing analytical solution.

Kinematic characterization of extended-source
properties involving both constant and variable
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rupture-speed scenarios is an important component of
modern large-scale numerical simulations of earth-
quake hazards (Graves and Pitarka 2010, their Figs. 2
and 9; Infantino et al. 2020, pp. 2563-2564; Rodgers
et al. 2020, their Fig. 2). Understanding the physical
causes of the differences in the radiated high-fre-
quency energy between the two scenarios is acquiring
substantial practical relevance.

2. Far Field of Unidirectional Near-Line Source

In the limits of (1) a near-line source with small
width W, extending to the length L along the coor-
dinate &;, (2) small source dimensions, and (3) the far
field, for the rupture traveling along &; with constant
velocity, the modulus of the directivity spectrum
[I(x, w)| reduces to

L
b4
I(x,w)| = oW /exp [lm(é —m)}dél
v c
0
= oW|L (x, )],

(5)

where c is either the P- or S-wave propagation speed,
and ¥ is the angle between the direction to the
receiver and the axis £; (Aki and Richards 1980, their
Eq. 14.18) [Aki and Richards omit the dimensional
multiplier s/ (4mpcR) in their equation, which is also
omitted from (5)].

For a variable rupture velocity, the time delay
&, /v in the integrand of (5) should be replaced by a
spatially variable Az(&), leading to the integral

L (x,0) = /Lexp{iw {At(fl) & CZ’S T] }dil.
0

(6)

2.1. Accelerating/Decelerating Rupture

The time for a rupture, starting with the velocity
vo and accelerating/decelerating with constant accel-
eration a, to reach a distance ¢, is
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=V + /g + 2a¢,

At(&y)

(7

~—

Substitution of Eq. (7) into (6) yields the direc-
tivity spectrum of the unidirectional near-line source
for an accelerating/decelerating rupture. The integral
can be evaluated analytically, with the result (for
a>0)
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where three characteristic frequencies,

a c a 9)
Wo1 = —, W2 =7, W3 = (/7
c’ L’ L

have been introduced. Here erfi(z) is the imaginary

error function, erfi(z) = erf(iz) /i, and erf(z) is the
error function, erf(z) = (2/y/7) [ exp(—1*)dt. For the
compactness of the expressions’ vy = 0 (rupture ini-
tially at rest) has been assumed.

As an example, the modulus of Eq. (8) for ¥ =0

is
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=a, + ib,.

For comparison, the directivity spectrum for a
rupture traveling with constant velocity, obtained as
the integral in (5), is

sin X
X

|II(X,(JJ)| =L ’ (12)

where X = (wL/2)[1/v— (cos¥)/c] (Aki and
Richards 1980, their Eq. 14.18).

One can see that Eq. (10) (accelerating rupture) is
much more complex in form than Eq. (12) (constant
speed) and allows a wide variety of frequency
behaviors, depending on the interplay between the
three frequency scales (9). In the following example,
the rupture starts at & = 0 with zero velocity and
reaches a terminal velocity v, at £; = L. The accel-
eration consequently is a= (v’ —v})/(2L) =
v?/(2L). Equation (10) was evaluated for the shear-
wave radiation (¢ = f) for a fault with the length
L = 3400 m, corresponding approximately to an
M,, =5 earthquake (Wells and Coppersmith 1994,
table 2A). The shear-wave velocity was chosen as
B = 5000//3 mis.

Figure 1 compares the directivity spectra of shear-
wave radiation |I;(w)| between a constant-velocity

(0] (0]

c T 8sinf; |2sin0 .
L (w)| = X /w)ol ! L (a1 — a2)sin0y — (by — by) cos 05 | + (a1 — a)*+(by — by)?, (10)

w— m—
@01 o1

where the following notation has been used:

o \/E w 1 o
0, = 22 w5 g, - 0
=T Ty =+ 01,

(1—i)erﬁK%—§) Dl =g by, (11)

o1

(black line) and accelerating (gray lines) ruptures.
The former was calculated from Eq. (12) (for ¥ = 0:
radiation in the direction of rupture propagation) with
v = 0.5f. The latter were computed from Egs. (10),
(11) for three values of terminal velocities, v, =
0.5, 0.8f, and f as labeled. The conclusion drawn
from this example is that the frequency fall-off in the
radiation produced by an accelerating rupture is
variable, leading to the strength of high frequencies
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Figure 1
Comparison of the directivity spectra of shear-wave radiation from
a near-line source between a constant-velocity (black line) and
accelerating (gray lines) ruptures. Three terminal velocities are
considered for the acceleration case, as labeled; the initial velocity
is always zero

that can be above, similar to, or below the level
produced by constant-velocity propagation, depend-
ing on the parameters.

The reverse scenario of a decelerating rupture, in
which the starting and terminal velocities switched,
the acceleration keeping the same absolute value but
acquiring the negative sign, led to the amplitude
spectra identical to those for the respective acceler-
ation case, for any V.

It would therefore be erroneous to conclude that
rupture acceleration/deceleration always produces
high-frequency content that is stronger than that for
a constant velocity.

2.2. Rupture with Randomized Speed

The envelope of the directivity spectrum (12) of
constant-velocity rupture, representing a sinc func-
tion, always has the w~! spectral roll-off. Aki and
Richards (1980, p. 808) attributed the first discussion
of this result to Ben-Menahem (1961) as the classic
effect of fault finiteness on the radiated amplitude
spectrum. One can argue that the condition of
constant rupture speed is idealized and probably
never materializes in reality: it would therefore be
worth asking the question whether the same phe-
nomenon holds if the velocity is slightly disturbed.
To this end, Beresnev (2019b) produced a spatially
variable travel time A#(¢;) in (6) to contain a
normally distributed random variable # with zero
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Figure 2
Rupture-propagation times along the near-line fault for the constant
and randomized velocities
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Figure 3

a Comparison of the directivity spectra of shear-wave radiation

from a near-line source for the cases of constant and randomly

perturbed rupture velocities (black and gray lines, respectively).
b The ratio between the gray and black lines in a

mean and standard deviation of 0.3, modulating the
constant velocity v as v(1 + 7). The value of v was
chosen as 0.8f5. The fault length and f still were
L=3400m and f= 5000/\/§ m/s. Both the
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constant-velocity and randomized travel-time curves
are shown in Fig. 2. The integral (6) was then
evaluated numerically.

Figure 3a compares the directivity spectra of
shear-wave radiation |I; ()| for the cases of constant
(black line) and randomized (gray line) rupture
speeds and ¥ = 0 (Beresnev 2019b). The constant-
velocity scenario was calculated from Eq. (12).
Figure 3b is the ratio between the gray and black
lines. A notable difference is that, while the constant-
speed spectrum is the sinc function, the one for the
randomized velocity is nearly flat and has the level of
high frequencies that is about an order of magnitude
stronger on average. A similar result was obtained by
Boore and Joyner (1978, their Fig. 7).

One could be tempted to conclude that the
apparent high-frequency generation in the case of
randomized velocity is a consequence of the “jerk-
iness” in the rupture process, resulting in uneven
velocity as seen in Fig. 2. In reality, the steeper fall-
off is the result of the assumption of constant v,
producing an artifact of regular pattern of destructive
interference with the shape of a sinc function (Boore
and Joyner 1978; Aki and Richards 1980, p. 810).
Randomness in the timing of rupture at different parts
of the fault suppresses the regular interference, nearly
eliminating the additional slope. The resulting appar-
ent enhancement in the high-frequency content is not
the consequence of suddenly accelerating or deceler-
ating rupture, but is the result of the elimination of
the artifact. The conclusion again is that it is not the
variable rupture speed that produces the elevated
high-frequency content, but rather that the idealized
assumption of constant speed artificially suppresses
the high frequencies. The classic notion that fault
finiteness necessarily leads to the additional ™!
high-frequency slope is not true, once the constant-
velocity condition is removed.

3. Near Field of a Finite Fault

The conclusions so far have been drawn from a
simplified model of a small near-line source radiating
into the far field. The directivity spectrum I(x, ®) in
Eq. (4) then allows analytical solution. We now wish
to verify whether the same inferences hold for the full
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seismic field described by Eqgs. (2), (3). This general
case will not involve any limiting assumptions on the
source size or the distance to the observation point.
To this end, the full surface integral I(x,w), as
defined in (2)-(4), was evaluated numerically for the
fault-normal component of the seismic displacement
with the precision of three digits. The exp(—iwr/v)
multiplier before the brackets in the integrand of (2)
was replaced with the distance-dependent
exp[—iwAt(r)] as applicable to the particular scenario
considered. Calculations were performed for a
3400 x 3400 m vertical right-lateral strike-slip fault,
for which the geometric coefficients y;1,7,7,V4
vinyy,, and n;y,v, in (2) reduce to simple analytical
forms (Beresnev 2017b, Eqgs. 7). The observation
point was 200 m above the upper corner of the fault
and offset by 200 m in the direction perpendicular to
the fault plane, as shown in Fig. 1 of Beresnev
(2017a). The hypocenter was placed in the center of
the fault. A constant final slip U(&) = U, over the
fault plane was assumed. The value of Uy = 0.14 m
was derived from the magnitude (M,, = 5) by com-
bining the definitions of the seismic moment,
My = pUgA, where A is the fault area, and of the
moment magnitude, M,, = (2/3)logM, — 10.7. The
o= 5000 m/s, f=5000/v/3 mis,
p = 2700 kg/m>, and p = f*p were used.

Five scenarios of variable-velocity function were
considered. In the first two, the rupture travels with a
constant positive or negative acceleration. The func-
tion Af(r) is then described by Eq. (7), where &; is
replaced by r. As in the example of Fig. 1, the rupture
starts at r = 0 (the hypocenter) with zero velocity and
travels with constant acceleration to reach a terminal
velocity at the corners of the fault. The terminal
velocity was 8. For the deceleration case, the terminal
and starting velocities reversed positions.

The third case involved the velocity spatially
modulated by a sinusoidal function, representing
periods of faster and slower movement with variable
acceleration,

values of

v(r) =V 4 v, sinkr, (13)

where the value of the constant v was 0.5f, the
amplitude v, was 0.75v, and the spatial period 27 /k
was 100 m. The travel time to distance r under this
velocity law is found as
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r dr r dr
AMir)y= [ = [ —F
(r) /V r) /i—i—vasinkr
0 0
2 Vg + Vtan % Va
= —— | arctan ———= — arctan ——| .
ky /¥ — 2 /P =2 /PP =2
(14)
The  function (14)  oscillates  between

[2/ (/7 = 32)] [-#/2 — arctan v/ 7 —2)
and {2/ (k\/vzfvz)} {n/2 — arctan (va/ - vg)]

with the full swing of 2m/(ky/v* —12) and the

period of kr/2 = m. The periodicity is the required
mathematical behavior to keep the arctangent a
unique function of r. Physically, the travel time
cannot oscillate and can only increase with distance.
To achieve the required physical behavior, the func-
tion (14) should be corrected: every time tan(kr/2)
enters the new period, other than first, the value of

2n/ k\/;zc—‘\% should be added to the travel time.
Such corrected behavior is achieved by adding a term
to Eq. (14):

Ateorr(r) = At(r) er round o (15)
where round (x) is the rounding function, giving the
integer closest to x. In the term round[(kr/2)/x],
therefore, the values of kr/2 below n/2 are rounded
to zero, the values between 7/2 and 37/2 to one, the
values between 37/2 and 57/2 to two, etc.

In the fourth scenario, the rupture travels with a
constant velocity of 0.8 with a random component
added to At(r). The randomization was performed in
the same way as in the example of Fig. 2. Finally, the
fifth and sixth scenarios were for the constant travel
speeds, v = 0.5/ and 0.8f.

The travel-time curves for all six cases are
depicted in Fig. 4a, where r extends from zero to the
distance from the center to the corners of the fault.
Equation (15) was used for the term Az(r) in the third
scenario.

Figure 4b presents the moduli of the directivity
spectra [I(x, )|, evaluated numerically from the full
integral defined in (2)—(4) for all six rupture-propa-
gation cases. The first conclusion drawn from
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Figure 4
a Rupture-propagation times along the finite fault for various
constant and variable rupture-velocity scenarios. b The near-field
directivity spectra corresponding to each scenario

examining the curves is similar to what one previ-
ously learnt from the model of the line source: the
strength of the high-frequency radiation and the high-
frequency slope are primarily dictated by the inter-
ference pattern for the particular velocity law. The
variable-velocity cases, in which rupture is acceler-
ating, decelerating, or undergoing both, are not
necessarily causing an elevated high-frequency con-
tent with respect to the constant-velocity cases. For
example, the deceleration case (red line) and that of
the constant v = 0.8 (blue line) produce nearly same
high-frequency levels. The spectrum for the modu-
lated velocity (purple line) is low except for the
pronounced peaks that are equally spaced and are a
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product of the periodic velocity law (13). Also, the
cases of the constant acceleration that has the same
modulus but different sign (green and red lines)
produce different spectra, whereas the latter were the
same for the line source. The identical spectra for the
line source are a consequence of the simplifications
made in deriving the approximate far-field expression
(5), in which the angle ¥ is assumed constant for any
point along the length of the fault, causing the source
to effectively collapse to a point. This is no longer
true for the fault of finite dimensions.

Similarly to the line source, a notable exception is
the randomized-velocity scenario, in which the
directivity spectrum (orange line) is conspicuously
stronger than any other curve in Fig. 4b. Its ratio to
the respective constant-velocity curve (the ratio
between the orange and blue lines) is presented in
Fig. 5. The effect of randomization on boosting the
high-frequency content has the same order of mag-
nitude as for the line source (cf. Fig. 3b), on average.
As for the line source, the high-frequency slope for
any other case is an artifact of the particular case-
specific interference pattern. Once the artifacts due to
the regularity in the velocity law are removed, the
radiation becomes uniformly stronger. As in the case
of the line source, this phenomenon is not a conse-
quence of the sudden movements of rupture, but
rather of the elimination of the artificially imposed
restriction. Attributing it to rupture acceleration/de-
celeration would be incorrect.

10

Ratio

0 10 20 30 40 50
Frequency(Hz)
Figure 5

The ratio between the directivity spectra for the randomized
velocity and constant v = 0.8 (orange to blue lines) in Fig. 4b
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Small-scale oscillations are seen in the spectra in
Fig. 4b, except in the random case. These are the
product of orderly interference due to a regularity in
the velocity law. As expected, the oscillations dis-
appear when randomness suppresses interference, as
in the analogous comparison between the constant-
and randomized-velocity cases for the line source in
Fig. 3a.

4. Conclusions

Variable velocity (rupture acceleration/decelera-
tion) in itself is not a sustaining source of high
frequencies in the radiated seismic spectra, compared
to constant velocity, as is frequently thought. If an
ordered (regularly changing with distance) velocity
function is used, the emitted spectra are controlled by
the interference effects. The effect on the spectral
slope is variable, depending on the parameters, but a
gradual spectral decay at high frequencies is typically
preserved as an artifact. If the velocity function
becomes disordered, with a stochastic component
superimposed, the regular interference is suppressed,
creating an appearance of high-frequency generation,
while in reality this is caused by the elimination of
artifacts. A realistic rupture can be expected to
always have a random component in its velocity,
depending on natural variations in fault and rock
properties along its way. It will therefore radiate a
greater high-frequency content than an idealized
model with a regular change in velocity. This con-
clusion has been drawn for both an asymptotic small
near-line source observed in the far field and a gen-
eral source of finite dimensions without any
restrictions on the size of the fault plane or distance to
the receiver.

The effect of fault finiteness does not necessarily
lead to the extra negative power in the spectral decay
with frequency, as also is often assumed, as long as
there is a random component in the rupture velocity.

While the directivity effects on fault’s radiation
can be variable, the spectrum of the source-time
function Au(w) is always present as a multiplier in
the full spectrum of the emitted field (Eq. 4) and is
thus the main controlling factor in determining the
strength of the high-frequency content. As was



1164 I. A. Beresnev and K. Roxby

directly verified by Beresnev (2017a) by the numer-
ical integration of Egs. (2), (3), the fault-slip
heterogeneity is not a significant factor either.
Specifically, randomly disturbing the uniform slip
and the maximum slip rate or introducing asperities
did not lead to any appreciable differences in the
shape of radiated Fourier spectra.
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