SAMPLE MOMENTS

1. POPULATION MOMENTS

1.1. Moments about the origin (raw moments). The rth moment about the origin of a random variable X,
denoted by u/., is the expected value of X”; symbolically,

p, =E(X")
- @ g
forr=0,1,2,...when Xis discrete and '
pr =E(X")
_ / T ) da @)

when X is continuous. The rth moment about the origin is only defined if E[ X" ] exists. A moment about
the origin is sometimes called a raw moment. Note that ;/f = E(X) = px, the mean of the distribution of
X, or simply the mean of X. The rth moment is sometimes written as function of § where 0 is a vector of
parameters that characterize the distribution of X.

If there is a sequence of random variables, X, X», . . . X;,, we will call the rth population moment of the
ith random variable y; ,. and define it as

i, = E(X]) 3)

1.2. Central moments. The rth moment about the mean of a random variable X, denoted by ., is the
expected value of ( X — px )" symbolically,

e =E[(X — px)"]
=Y (o—mx) (@) @
forr=0,1,2,...when Xis discrete and ’
e =E[(X — px)']
[ - i@ ©
when X is continuous. The r*"* moment ab_ooljt the mean is only defined if E[ (X - 1x)"] exists. The rth
moment about the mean of a random variable X is sometimes called the rth central moment of X. The rth

central moment of X about a is defined as E[ (X - a)" |. If a = ux, we have the rth central moment of X about
ux.

Note that
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i =BX = d = [ @ - ) s e = 0

0o (6)
uwww—wﬁ=/<wwﬁmm=vmm=ﬁ

— 00
Also note that all odd moments of X around its mean are zero for symmetrical distributions, provided
such moments exist.

If there is a sequence of random variables, Xi, Xa, ... Xn, we will call the rt" central population moment
of the ith random variable y; , and define it as

pir = E (XZT - M;,l)r @)
When the variables are identically distributed, we will drop the i subscript and write z//,. and 1. .

2. SAMPLE MOMENTS

2.1. Definitions. Assume there is a sequence of random variables, X;, Xa, . . . Xi,. The first sample moment,
usually called the average is defined by

_ 1 <&
X, =~ X, 8
n; 8)
Corresponding to this statistic is its numerical value, z,,, which is defined by

I I

i=1
where x; represents the observed value of Xj. The rth sample moment for any t is defined by

_ 1 —
X, =— X7 10
PR (10)
This too has a numerical counterpart given by

=23 an

2.2. Properties of Sample Moments.

2.2.1. Expected value of X,”. Taking the expected value of equation 10 we obtain

B B 1 n 1 n
E[X]] :EX;:£ZEX[ = ;Z“'m« (12)
=1 =1

If the X’s are identically distributed, then

E[X) = BX; =23 = 4 (13)
=1
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2.2.2. Variance of X! First consider the case where we have a sample Xi, Xz, ... Xp.

Var (XT Var< Z XT> = —2Va7’ <i Xf) (14)

i=1 i=1
If the X’s are independent, then

Var (X7) = Z Var (X)) (15)
=1
If the X’s are independent and identically distributed, then

Var (X)) = % Var (X") (16)

where X denotes any one of the random variables (because they are all identical). In the case where r =1,
we obtain

_ 1 2
Var (X,) = - Var(X )= . 17)

3. SAMPLE CENTRAL MOMENTS

3.1. Definitions. Assume there is a sequence of random variables, X;, Xo, ... ,X,,. We define the sample
central moments as

r —l - T -
Cn 77’L Z (X'L :u’i,l) = 172,3,...7

1=1
1 n
= C, = - Z (Xi — piq) (18)
i1
Npo:. —li(x-_ )
n = i M
i—1

These are only defined if 1/; ; is known.
3.2. Properties of Sample Central Moments.

3.2.1. Expected value of C),. The expected value of C7, is given by

:%ZE(XZ'_N;J)T = %Z i, 19)
=1

i=1
The last equality follows from equation 7.

If the X; are identically distributed, then

E ( Cﬁ) =
B (G = (20)
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3.2.2. Variance of C'};. First consider the case where we have a sample Xy, X, ... ,X,.

n

Yy 1 L Y
Var(Cl)=Var <n; (Xl Mz‘,l) ) = Var <; M“ ) (21)
If the X’s are independently distributed, then

Var( Z Var M;ﬁl)’”} (22)

If the X’s are independent and identically dlstrlbuted, then

Var(C;;):%Var[(X—,u’l)T] (23)

where X denotes any one of the random variables (because they are all identical). In the case where r =1,
we obtain

Var ( Cp) :% Var[ X — iy ]

1
=—Var[ X — u]
" (24)
=—0?-2Cow[X, p]+Var|p]
n
1
= —0'2
n
4. SAMPLE ABOUT THE AVERAGE
4.1. Definitions. Assume there is a sequence of random variables, X, Xs, . . . X,. Define the rth sample
moment about the average as
1 — oo
MK = — X, —X,) , =1,2,3,..., 25
i n;;( ). (25)

This is clearly a statistic of which we can compute a numerical value. We denote the numerical value by,
m, , and define it as

=S (=) (26)

In the special case where r = 1 we have

- 27)

=X, - X, =0

4.2. Properties of Sample Moments about the Average when r = 2.
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4.2.1. Alternative ways to write M. We can write M? in an alternative useful way by expanding the squared
term and then simplifying as follows

(28)

- EB[X7]

:%Z E[X2] - (E[X.])? - Var(X,) (29)
1 1« ’ >
= Z ,U/z',2_ <EZ Mli,1> — Var(Xy)

The second line follows from the alternative definition of variance

Var (X )=E(X?)—-[E(X)]
S E(X2)=[E(X)]+Var(X) (30)

= E(X2)=[E(X,) ]+ Var(X,)

and the third line follows from equation 12. If the X; are independent and identically distributed, then



6 SAMPLE MOMENTS

B (M) = 1B |3 X2 - B[X]]
=1
1 « 1 — ’
= " Z :LL;,Q - (EZ M;;) - V‘”’(Xn)
=1 =1
31
- o? (31)
= H2 H1 "
=% — l02
n
_n- 1 2
n

where pf and 5 are the first and second population moments, and p» is the second central population
moment for the identically distributed variables. Note that this obviously implies

BN (X —X)ﬂ —nE (M2)
=1
(n - 1) 5 (32)
=N g
n
=(n—-1)0?
4.2.3. Variance of M?. By definition,
Var (M2) = E[(M2)°] - (EM2)? (33)

The second term on the right on equation 33 is easily obtained by squaring the result in equation 31.

3

n — 172 o
S (B 08)) = (B =

n2

Now consider the first term on the right hand side of equation 33. Write it as

B[(2)] =& {(% i (X, _anﬂ (35)

Now consider writing £ 37| (X, — X,,)” as follows
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S (=X =2 S (K - (K - p)?
2% e

Obviously,

Z (Xi_X)2:Z (Yi—}_/)Q,whereYi:Xi—u,Y:)_(—,u
i=1 i=1

(36)

(37)

Now consider the properties of the random variable Y; which is a transformation of X;. First the expected

value.

YVi=Xi—u
E(Y;) =E(X;)-E (p)
=n—p
=0

The variance of Y; is

Y, =Xi—p
Var (Y;) =Var (X;)

=0?if X; are independently and identically distributed

Also consider E(Y;*). We can write this as

B(Y') = /Oo Y f (z) da

— 00

Now write equation 35 as follows

(38)

(39)

(40)
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<% ﬁ:(xi_xnf)Q] (41a)
-F (% nl (XZ-X)2>2] (41b)
(

Yy —?)2> ] (419)

1
n?

I
=
/

> (v Y)2> ] (41d)

1=1

Ignoring - for now, expand equation 41 as follows

E [(i (my)2>2] =FE [(i (Yi22YiY+Y2)>T (42a)

n n n 2
—E ( Y22V ) Yi+ > Y2>] (42b)
=1 =1 1=1
- ,
=F <{Z Yf} —2n§72+n§72> ] (42¢)
1=1
- ,
=F ({Z Yf} - ny2> ] (42d)
1=1
i n 2 n
=F ( Yf> —2nY? > Y? +n2Y4] (42e)
i=1 i=1
i n 2 n
= <Z Yf) ] —2nE Y2 ) Y2 | +n*E (YY) (42f)
i=1 i=1

Now consider the first term on the right of 42 which we can write as
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CRIRESE

i=1
—-E YA o+ Y2 y? 43b
PIRIRDIPIIPE ¢ (43b)
=) EY'+ EY? EY} 43¢
2 EYEED D, EYEEY (43¢)
“nptn(n — 1) (43d)
=nps+n(n — 1)o* (43e)
Now consider the second term on the right of 42 (ignoring 2n for now) which we can write as
_ n 1 n n n
V2N vy =—E R DI DI G (44a)
i=1 j=1 k=1 i=1

o E”HZZ#ﬂQYJ‘”ZZWWk >, ¥ (44b)
- i #j
i £k

1 n
=z |2 B, VB D BYEY ; EY?| (440
- =
i £k

1
== [nps+n(n — 1)p3+0] (44d)

:% i+ (n — 1)0] (44e)

The last term on the penultimate line is zero because E(Y;) = E(Yx) = E(Y;) =0.
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Now consider the third term on the right side of 42 (ignoring n? for now) which we can write as

E[Y‘*]:%E IR DIR IR IR (45a)
[i=1 j=1 k=1 L=1
:%E Z WJFZZ#kYiQYkQJFZZ#jEQYJ‘Q‘LZ Y2 YJ,2_|_... (45b)
=1 it

where for the first double sum (i =j # k = ¢), for the second (i =k #j = (), and for the last (= ¢ #j =
k) and ... indicates that all other terms include Y; in a non-squared form, the expected value of which will
be zero. Given that the Y; are independently and identically distributed, the expected value of each of the
double sums is the same, which gives

i=1 i

=— E EY!+3 E E oy Y? Y7 + terms containing EX; (46b)

n T J
i=1

1 n

=— EY! Y2 YE
nt ; l+3zzi¢j v (46c)
1 2

=1 [npa+3n(n — 1) (p2)?] (46d)
1

=3 (nps+3n(n — 1) o (46e)
1

== [pa+3(n — 1) 04] (46f)

Now combining the information in equations 44, 45, and 46 we obtain
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E{(i (Yi}_/)2>2] E{(é(}@22}2}7+}72)>2] (47a)

<[]

=npia +n(n—1)u5 —2n [%[/M +(n — 1)/@]} + n? {n—lg[m +3(n — 1) 3]
(47¢)

n

}722}/1_2

i=1

+n*E (V) (47Db)

=npa + n(n — 1)py —2[ua + (n — 1) p3] + H (s + 3(n — 1)#3]]

(47d)
n? 2n 1 n?(n—1) 2n(n—1 3(n—1)
= 2y gy T Dy 2 ) e B g
n n n n n n
n?—2n+1 n—1)n*-2n+3
- o + 4 ) ( ) 2 (47f)
n n
n?—2n+1 n—1)n*-2n+3
E— pa+ 4 )(n gt (47g)

Now rewrite equation 41 including - as follows

B[(a2)] %E{(Z (YiY)2>2} (482)

1 (n*-2n+1 n — 1) (n>—2n+3
n?—-2n+1 n—1)n*-2n+3
= 3 Ha + ( ) (ns ) 04 (48C)
n—1)>2 n—1)n*-2n+3
_nolP o ) ) usd)
Now substitute equations 34 and 48 into equation 33 to obtain
Var (M2) =E[(M2)" ]| - (B M2)*
49
(-1 - 1) (-2043) , (0 - 12 )
=T Mt 3 g - n2 g

We can simplify this as
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Var (M2) =B [ (M2 )*] = (B M2)? (502)
:(H;BI)Q M4+(n7 1)(227%&3)”4 771(71”7*31)204 (50b)
_ma(n = 1%+ [(n — 1)047]13(712 —2n43-n(n - 1) (50¢)
_m(n - 1)+ [(n—l)j;} (n* —2n + 3-n’+n) (50d)
_ma(n — 12+ [(2 ~1o'] B=n)

_m(n - 1)? - [(7;*”04] (n—3) (50€)
_(n fn;)Qm _(n - 1)75273)04 (50f)

5. SAMPLE VARIANCE

5.1. Definition of sample variance. The sample variance is defined as

S2 = L zn:(xi—)‘(n)Q (51)

(52)

5.2. Expected value of S?. We can compute the expected value of S? by substituting in from equation 31 as
follows

n — 1

n n—1 4 (53)

5.3. Variance of S?. We can compute the variance of S? by substituting in from equation 50 as follows
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7’L2

Var (Sn) = m Var (Mn)
B n? (n71)2u47(n—1)(n73)04
T ) o

n3 n3

s (n— 3)ot

n  n(n-—1)

5.4. Definition of 62. One possible estimate of the population variance is 6% which is given by

i=1 (55)
= M?

5.5. Expected value of 62. We can compute the expected value of 6% by substituting in from equation 31 as
follows

£ (%) =B (112)

n — 1 (56)
= 0’2
n
5.6. Variance of 6°. We can compute the variance of 62 by substituting in from equation 50 as follows
Var (&2) =Var (M,QL)
-V (n=1)(n—3)o
N n3 B n3 (57)
Copa = p3 o 2(pa—2p3) | pa — 3u3
= - -
n n? n3
We can also write this in an alternative fashion
Var ([72) =Var ( Mi)
(=12 (n—1)(n=3) 0!
N n3 ; n3
_(n=1)%p (n—1)(n-3)43
N n3 B n3
P pa—2npatps nPpd — 4npd 4343 (58)
N n3 B n3

n® (pa —pi5) =20 (pa —2p3) + pa — 3 413
7’L3

g — 43 2(pa — 2p3) | pa — 343
- o 2 + 3
n n n
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6. NORMAL POPULATIONS

6.1. Central moments of the normal distribution. For a normal population we can obtain the central mo-
ments by differentiating the moment generating function. The moment generating function for the central
moments is as follows

Mx(t)=¢e = . (59)

B =) =2 () o
=to® (¢F) lizo (60)
=0

The second central moment is

dt?
= (6 () o (61)
() o ()
iO.Q

The third central moment is

20t () w0t () ) s (62)

The fourth central moment is
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BOC— )t = (57 sy

d t2<72 t2<72
=7 <t306 <€T)+3t0'4 (e 2 )) lt=0
tz (72 t2 a‘2 t2 (72 t2 (72
:(t4o8 (eT)+3t206 (e 2 )+3t206 (e 2 ) +30? (e 2 )) lt =0 (63)
tza'z t2a'2 t2a'2
:<t408 (e 2 )+6t206 (e 2 )+3o4 (ET)) le=o
=30*

6.2. Variance of S2. Let Xy, X3, . . . X, be a random sample from a normal population with mean p and

variance 02 < .

We know from equation 54 that

2

Var (S?l):(n?zil)2 Var(Mg)
n? n — 1)2 n — 1) (n—23) o*
A (( ng) pa )n(3 ) ) 64)

Ha (n—3) ot

n n(n —1)

If we substitute in for ju4 from equation 63 we obtain

Var (S,QI ) :% — 77(7(” 3_) (17)

73_04 (n—3) ot

n n(n —1)
(30— 1)-(n-3)) *
n(n — 1)

(3n—3-n+3)) ot
n(n — 1)

(65)

6.3. Variance of 62. It is easy to show that

Var (62) = 20% (n — 1) (66)



