PROFIT FUNCTIONS

1. REPRESENTATION OF TECHNOLOGY

1.1. Technology Sets. The technology set for a given production process is defined as

T = {(x,y): xeRY, ye R} x can produce y}

where x is a vector of inputs and y is a vector of outputs. The set consists of those combinations
of x and y such that y can be produced from the given x.

1.2. The Output Correspondence and the Output Set.

1.2.1.

Definitions. It is often convenient to define a production correspondence and the associated

output set.

1.2.2.

1.2.3.

1: The output correspondence P, maps inputs x € R’} into subsets of outputs, i.e., P: R} —
2R¥ . A correspondence is different from a function in that a given domain is mapped into
a set as compared to a single real variable (or number) as in a function.

2: The output set for a given technology, P(x), is the set of all output vectors y ¢ R that are
obtainable from the input vector x € R’. P(x) is then the set of all output vectors y € R
that are obtainable from the input vector x € R’} . We often write P(x) for both the set based
on a particular value of x, and the rule (correspondence) that assigns a set to each vector x.

Relationship between P(x) and T(x,y).
Px) =(y: (z,y)eT)
Properties of P(x).
P.1a: P.1 No Free Lunch. 0 e P(x) V x € R'}.
P.1b: y ¢ P(0),y > 0.
P.2: Input Disposability. V x € R} , P(x) C P(6x), § > 1.
P.2.S: Strong Input Disposability. V x, X" € R , x" > x = P(x) C P(x’).
P.3: Output Disposability. ¥ x ¢ R ,y e P(x) and 0 < XA <1 = Ay € P(x).
P.3.S: Strong Output Disposability. Vx e R" ,y e P(x) =y e P(x),0 <y’ <y.
P.4: Boundedness. P(x) is bounded for all x e R" ..
P.5: T(x) is a closed set P: R — 2F% is a closed correspondence, i.e., if [x* — x°, y* — y° and
vt e P(xY), V (] then y° € P(x°).
P.6: Attainability. If y e P(x), y > 0 and x > 0, then V § > 0, 3 Ay > 0 such that 0y ¢ P(\px).
P.7: P(x) is convex
P(x) is convex for all x € R} .
P.8: P is quasi-concave.
The correspondence P is quasi-concave on R’ whichmeansVx, x" e R} ,0< 60 <1, P(x)
N P(x") C P(Ox + (1-0)x")
P.9: Convexity of T(x). P is concave on R} which means V x, x" e R} ,0 <60 <1, §P(x)+(1-
)P(x’) C P(Ox + (1-0)x")
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1.2.4. Properties of T(x,y).

T.1a: Inaction and No Free Lunch. (0,y) ¢ TV x € R’} and y € R'. This implies that T(x,y) is a
non-empty subset of R

T.1b: 0y) ¢ T, y=20,y#0.

T.2: Input Disposability. If (x,y) e T and 6 > 1 then (6x,y) € T.

T.2.S: Strong Input Disposability. If (x,y) € T and x” = x, then (x’,y) ¢ T.

T.3: Output Disposability. V (x,y) € ™ if (x, y) e Tand 0 < A < 1 then (x, Ay) € T.

T.3.S: Strong Output Disposability. If (x,y) e Tand y’ =y, then (x,y’) € T.

T.4: Boundedness. For every finite input vector x 2 0, the set y € P(x) is bounded from above.
This implies that only finite amounts of output can be produced from finite amounts of
inputs.

T.5: T(x) is a closed set. The assumption that P(x) and V(y) are closed does not imply that T
is a closed set, so it is assumed. Specifically, if [x* — x°, y* — y%) and (x,y*) € T, V £] then
(x° y")eT.

T.9: T is a convex set. This is not implied by the convexity of P(x) and V(y). Specifically, a
technology could exhibit a diminishing rate of technical substitution, a diminishing rate of
product transformation and still exhibit increasing returns to scale.

2. PROFIT MAXIMIZATION AND THE PROFIT FUNCTION

2.1. Profit Maximization.

2.1.1. Setup of problem. The general firm-level maximization problem can be written in a number of
alternative ways.

7 = max | E Py — E w; x;], suchthat(x,y)eT. (1)
zy
j=1 i=1

where T is represents the graph of the technology or the technology set. The problem can also
be written as

T = max [Z DiY; — Z w; x;] such hat x € V(y) ] (2a)
Ty
j=1 i=1
T = max [Z DjY; — Z w; x;] such that y € P(x) ] (2b)
Ty
j=1 i=1

where the technology is represented by V(y), the input requirement set, or P(x),the output set.
Though T is non-empty, closed and convex, profit may not attain a maximum on T, i.e. profit can be
unbounded even when the technology set is well behaved if output price is higher than input price.
Consider for example the production function f(x)= x + x!/2. The production function is concave
but profit will go to infinity if p > w. Therefore we often write

T = sup [Z DY — Z w; x;), suchthat(x,y)eT. (3)
Y =1 i=1

where sup stands for supremum and could be infinity. We understand that in all practical prob-
lems the sup is a max.
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If we carry out the maximization in equation 1 or equation 3, we obtain a vector of optimal
outputs and a vector of optimal outputs such that y is producible given x and profits cannot be
increased. We denote these optimal input and output choices as y(p,w) and x(p,w) where it is
implicit that y and x are vectors.

2.1.2. One output and two input example. In the case of a single output (such that f(x) is defined) and
two inputs we obtain the following.

T = pf(r, v2) — w11 — W2 T2 4)

If we differentiate the expression in equation 4 with respect to each input we obtain

om of ($1, 5132)

PE T o o
57” _ of (z1, x2) _ -0
8.%‘2 b 81'2 w2 =

If we solve the equations in 5 for x; and x3, we obtain the optimal values of x for a given p and
w. As a function of w for a fixed p, this gives the vector of factor demands for x.

z* = ax(p, wi, w2) ©)
= (@1(p, w1, wa), T2(p, w1, w2))
The optimal output is given by
yo = f (21(p, w1, w2), z2(p, w1, w2)) @)

2.2. The Profit Function. If we substitute the optimal input demand from equation 6 into equation
1 or equation 4, we obtain the profit function. The profit function is usually designated by 7.

m n

m(pw) =Y piyilpw) — > wizi(p,w)
j=1 i=1 ®)

=p f(z1(p,w), z2(p,w)) — wiz1(p,w) — waw2(p,w)
Notice that 7 is a function of p and w, not x or y. The optimal x and optimal y have already been

chosen. The function tells us what profits will be (assuming the firm is maximizing profits) given a
set of output and input prices.

To help understand how 7(p,w) only depends on p and w, consider the profit function for the
case of two inputs.

m(p, w1, we) = pf(x1(p, w1, wa), x2(p, w1, wa)) — wix1(p, w1, we) — wax2(p, w2, w2) (9)

Consider the derivative of 7(p,w) with respect to p.

aﬂ-(p7w) _ af(l’l(p,w), ’I‘Q(p,U))) axl(paw) + 5‘f(x1(p,w), z?(paw)) 8%2(]),1[))
Op p ory Op p 0zs Jdp

(10)

+ f(z1(p,w), zo(p,w)) — wy azlgp];w» B w231:2g7];w))

P,w)
T

Now collect terms containing 8"’”152 ) and 63328(
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(%T(p7w) _ 81‘1(]7,10) [p 8f(x1(p,w)7 ;L‘Q(pﬂu)) _ w1:|

Op Op 0z
+ 8$2(p7w)) |:p 8f(ac1(p,w)7 xQ(p7w)> o ’ZU2:| (11)
op Oxo

+ f(xl(p7 ’LU), xQ(p7 ’U}))
But the first order conditions in equation 5 imply that

p%—wizo, i=1,2 12)
This means that the two bracketed terms in equation 11 are equal to zero so that

on(p,w

)~ s, w)s a(pw) 13)

which depends only on p and w.

3. PROPERTIES OF, OR CONDITIONS ON, THE PROFIT FUNCTION

3.1. w.1. w(p, w)is an extended real valued function (it can take on the value of +co for finite prices)
defined for all (p, w) = (0,,, 0,,)) and w(p, w) > pa - wb for a fixed vector (a, b) > (0,,,, 0,,). This
implies that 7(p, w) = 0if (0,,, 0,,) € T(x,y),which we normally assume.

3.2. m.2. mis nonincreasing in w

3.3. m.3. mis nondecreasing in p

3.4. w.4. misa convex function

3.5. m.5. mis homogeneous of degree 1 in p and w.

3.6. 7.6 Hotelling’s Lemma.

awg;_w) = y;(p, ) (14a)
j
871-6()];1'1”) = —z;i(p, w) (14b)

4. DISCUSSION OF PROPERTIES OF THE PROFIT FUNCTION

For ease of exposition, consider the case where there is a single output. This is easily generalized
by replacing f(x(p,w)) with y(p,w) and letting p be a vector.

4.1. m.1. m(p, w)is an extended real valued function (it can take on the value of +oo for finite prices)
defined for all (p, w) = (0,,, 0,,)) and ©(p, w) > pa - wb for a fixed vector (a, b) > (0, 0,,). This
implies that 7(p, w) = 0.

The profit function can be infinity due to the fact that maximum profits may be infinity as dis-
cussed in section 2.1.1. 7(p, w) > pa - wb for a fixed vector (a, b) because 7(p, w) is the maximum
profit at output prices p and input prices w. Any other input combination is bounded by = (p, w).



PROFIT FUNCTIONS

4.2. m.2. misnonincreasing in w

Let optimal input be Z(p,w) with prices p and @ and Z(p,w) with prices p and @w. Now assume
that @ > w. Itis clear that pf(z(p,w) ) - w £(p,w) < pf(Z(p,w)) - @ Z(p,w) because the optimal x with
w is Z. However, pf(Z) - w & < pf(Z ) - @ 2 because w0 > w by assumption. So we obtain

= pf(E(p,w)) — wi(p,w) < pf(Z(p,w)) —WZ(p,w)

4.3. 7.3. 7is nondecreasing in p
Let profit be 7 (p,w) with prices p and w and 7(p,w) with prices p and w. Now assume that p >

p. Itis clear that
(16)

pf(E(p,w)) — wi(p,w) < pf(Epw) — wi(p,w)
because Z(p, w) is optimal for prices p. However,
17)

ﬁf(“%(paw)> - wi(paw) < ]ﬁf(:fj(p,w)) - wi:(p,w)

because p > p by assumption. So we obtain,

ﬁf(i'(pﬂl))) - U)j(pvw)

4.4. 7.4. 7isa convex function

Consider the definition of a convex function. A function f: R™*"” — R! is said to be convex if
F(hz + (1= Na2) < Af(z1) + (1 — X\)f (22) for each vector x1, xo € R™*™ and for each A\ €

[0, 1]. In the case of the profit function 7 maps an n+m vector containing output and input prices

into the real line. Alternatively, a differentiable function 7 is convex in R if and only if

m(pw) = 7(p, @) + Vpr (p, @) (p —p) + Vur(p, @) (w —w),
(19)

for each distinct (p,w), (p, w) € RTJrn.

Let (y,x) be the profit maximizing choices of y and x when prices are(p, w) and let (y’,x") be
profit maximizing maximizing choices of y and x when prices are(p’, w’). Let (p” w”) be a linear

combination of the price vectors (p,w) and (p’,w’), i.e.
(p”7 w”) =A x (p,w) +(1-A) x (plvw/)
=[Ap+ Q=Np Aw + (1-Nuw']

(20)

Then let (y”,x”) be the profit maximizing choices of y and x when prices are(p”, w”). This then

implies that
/e w// (IJN (21)

7_[_(29/1’ w/l) — p y

Now substitute the definition of p” and w” from equation 20 into 21
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7_[_(2:)//710/1) — p// y// _ w// l'//
=D+ 0A=Np]y" = [Aw + T =Nw']a"
(22)
:)\pyll_wa/I_i_(l_)\)ply/l_(1_)\)/“}/1_//
:)\[py//_wxll}+(1—A) [p/y//_w/xll]

Be the definition of profit maximization, we know that when prices are (p,w) any output input
combination other than (y,x) will yield lower profits. Similarly when prices are (p’, w’). We then
can write

Apy" — wa"] < Xpy — wa] = A7 (p, w)

(23)
Q=N [Py —wa"1<Q-XN[py — ] =0-XN)r@, o)
Now write equation 23 without the middle terms
Apy" — wa"] < Aw(p, w)
(24)
=2 [Py = w'a"l < (1=X)m (p, ')
Now add the two inequalities in equation 24 to obtain
Apy" —wa"l+ (1 =2) [p'y" —w'2"] < Am(p, w) + (1= XM)7 (pf, w') (25)
Now substitute for the left hand side of equation 25 from equation 22 to obtain
ﬂ-(p//a ’lUH) < Am (pa 'UJ) + (1 - A)ﬂ- (p,7 w/) (26)

Becauuse 7(p,w) is convex, we know that its Hessian matrix is positive semidefinite. This means

that the diagonals of the Hessian matrix are all positive or zero, i.e., ‘92%’;"’” >0and % > 0.

We can visualize convexity if we hold all input prices fixed and only consider a firm with a single
output, or hold all but one output price fixed. In figure Iwe can see that the tangent lies below the
curve. At prices (p*, w*), profits are at the level 7(p*, w*). If we hold the output and input levels
fixed at (y*, x*) and change p, we move along the tangent line denoted by II(p*, w). Profits are less
along this line than along the profit function because we are not adjusting x and y to account for
the change in p.

i

4.5. m.5. 7 is homogeneous of degree 1 in p and w.

Consider the profit maximization problem,

m(p,w) = max [y pjy; — w; x;], such that (x,y) € T. (27)
na; ; J Y ;

Now multiply all prices by A and denote the new profit mximization problem as
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FIGURE 1. The Profit Function is Convex
Profits

7 (p, W)

I (p*, W) =py*-Wx*

T (p*, Wf-----------

*7 = Api Yy — )\ii> htht, cT
™ (p, w) rrwla;x[z Dj Yj Z w; x;], such that (x, y)

j=1 i=1
=Amax [y pjy; — ) wiwi]
R i=1
= 7 (p,w) =Am(p,w)
4.6. 7.6 Hotelling’s Lemma.
o (p, w) _
Tﬁ =y;(p, w) (29a)
or(p, w)
“au = s w) (29b)

We have already shown part a of equation 29 in equation 13 for the case of a single output. We
can derive part b of f equation 29 in a similar manner. Consider the derivative of 7(p,w1, ws) with
respect to w;. The profit function is given by

7(p, w1, we) = pf(x1(p,wi, wa), x2(p, w1, wz)) — wi x1(p, w1, we) — w2 x2(p, w2, W) (30)

Taking the derivative with respect to w; we obtain

87r(p,w) =p 8f(a?1(p, ’LU), $2(p7 w)) aml(pv ’LU) +p af(xl(paw)’ l‘g(p, w)) 8x2(p,w)

8w1 8%1 8w1 3952 8w1

dz1(p, w)) 92 (p, w))
owy owl

(31)

— w - ml(p,w) — W2

9z (p,w) and Oz2(p,w) ]
Ow1 owq

Now collect terms containing
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aﬂ'(p,’w) _ 8$1(p,w) |:p 8f(:v1(p,w)7 asg(p,w)) _ U)1:|

811)1 8w1 8171
+ 8:1:2(]0,111)) |:p af(xl(paw)7 .’I,‘Q(p,’UJ)) _ w2:| (32)
own Oz

- xl(p7 wi, ’U}Q)

But the first order conditions in equation 5 imply that

P Of (1 x2)
8951-
This means that the two braketed terms in equation 32 are equal to zero so that

—w; =0, i=1,2 (33)

o (p,w)

owl
We can show this in a more general manner as follows. Define a function g(p,w) as follows

= —x1(p, wy,ws) (34)

9(p,w) = w(p,w) = [py" — wz”] (35)

where (y*, x*) is some production plan that is not necessarily optimal at prices (p,w). At prices

(p*, w*), (y*, x*) will be the profit maximizing production. The first term in equation 35 will always

be greater than or equal to the second term. Thus g(p,w) will reach its minimum when prices are
(p*, w*). Consider then the conditions for minimizing g(p,w).

a * * a * *
g(p7w) — ﬂ-(p’w) _y"f = 0, j:l,Q,...,m

op; Op; !
j j (36)
dgp* w*) _ On(ptwt) | -
ow; - ow; T =0, i=12...n
Rearranging equation 36 we obtain
or(p*, w*) .
- * == 0, - 1727 ’
Op; Y ’ "
or(p*, w*
:M:y} i=12,...,m
Op;
(37)
or(p*,w*
ﬂgle})+x;:07 i=L2...,n
on(p*, w*
Lot e o m
8wi )

A number of important implications come from equation 37.

1: We can obtain output supply and input demand equations by differentiating the profit
function.

2: If we have an expression (equation) for the profit function, we can obtain output supply
and input demand equations or functional forms for such equations by differentiating the
profit function as compared to solving a maximization problem. This would allow one to
find functional forms for estimating supply and demand without solving maximization
problems.
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3: Given that the output supply and input demand functions are derivatives of the profit
function, we can determine many of the properties of these response functions by under-
standing the properties of the profit function. For example, because the profit function is
homogeneous of degree one in p and w, its derivatives are homogeneous of degree zero.
This means that output supply and input demand equations are homogeneous of degree
zero, i.e., multiplying all prices by the same constant will not change output supply or
input demand.

4: The second derivatives of the profit function are the first derivatives of the output supply
and input demand functions. Properties of the second derivatives of the profit function
are properties of the first derivatives of the output supply and input demand functions.

5: The symmetry of second order cross partial derivatives leads to symmetry of first cross
price derivatives of the output supply and input demand functions.

5. NUMERIC EXAMPLE

5.1. Production function. Consider the following production function.

y = f(z1, 72)
(38)

=24x1 + ldzy — x% + x129 — x%
The first and second partial derivatives are given by
Of (w1, x2)
8;101

Of (w1, w2)
3x2

O f(x1, x2) o
oz? B (39)
82f(.%'17 xQ)
(95818332

an(xh .'172)
03

=24 — 21‘1 + X9

=14 + 1 — 2x9

=1

= -2

The Hessian is

, (-2 1
V? f(@1, 22) = (40)

The determinant of the Hessian is given by
-2 1
1 -2

The rate of technical substitution is given by

=4-1=3 (41)

Oxa(y, x1) 24 + 227 — Z9
RTS = —————+~ = — —— % 42
81'1 14 + Ty — 21’2 ( )

The elasticity substitution is given by
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—f1 fo(z1 f1 + x2 f2)
z1 2 (f11 f2 — 2f12 f1 fa + fo2 f3)

—(14 + 1 — 222)(24 — 231 + z2) (23 — 1221 — Tz — 2172 + T3)

012 =

z1 @z (1108 + 3z2 — T2z — 4232 — 3w1m2 + 322))

5.2. Profit maximization. Profitis given by

T =pf(z1, x2) — w1 T — Wa T

=p [24:171 + 14x9 — Zz% + x1 29 72x§] — w1T1 — WXy

(43)

(44)

We maximize profit by taking the derivatives of 44 setting them equal to zero and solving for x;

and x».

0
a—; =p[24 — 221 + 23] —wy =0
% =p[ld + 21 — 223] — wy =0

Rearranging 45 we obtain

24—2:E1—|—332:ﬂ
p
14 + 2, — 219 = 2
p

Now solve equation 46a for x; as follows

24p — w1 + pao
2p

r =

Then substitute x; from equation 47 into equation 46b as follows

(45)

(46a)

(46b)

(47)
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14 + (24p . +px2> ~ oy =2
2p p
N (28p + 24p — wy + pro — 4px2) _wy
2p P
N (52p — wy — 3px2> _wy
p

< 3p$2> wy (52p — wl)

o 2p (48)
_ (ng — 52p + w1>
2p

= —3pry =2wy — 52p + wy
—2wy + 52p — wy
3p
_ 52p — w1 — 2we
= 3

= To =

If we substitute the last expression in equation 48 for x, in equation 47 we obtain

24p — wy + px2

r1 =

2p
24p —

_Up—w b

2p 2p
_ 24p — un n 1 /382p — w1 — 2w
B 2p 2 3p

(49)

. 2p — 3wy + 52p — wy — 2w,
= o
o 124p — 4w1 — 211/2
= o
- 62]) — 2’LU1 — W2
= 3

5.3. Necessary and sufficient conditions for a maximum. Consider the Hessian of the profit equa-

tion.
-2 1 -2
V2 (a1, 72) = p< ) - ( per ) (50)
1 -2 P —2p

For a maximum we need the diagonal elements to be negative and the determinant to be positive.
The diagonal elements are negative. The determinant of the Hessian is 4p*-p, = 3p?, which is
positive.
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5.4. Optimal output. We can obtain optimal output as a function of p, w; and w; by substituting
the optimal values of x; and x; into the production function.

ZJ(I% w17w2) = f(a:1(p,w2,w2), Jiz(p, wl,’wz))

_ o 62p — 2w; — wo 41 52p — w1 — 2ws
3p 3p

62p — 2wy — wo 2 62p — 2wy — wo 52p — w1 — 2ws (61)
— +
3p 3p 3p

52p — w1 — 2ws 2
3p

Now put everything over a common denominator and multiply out as follows

(72p) (62p — 2wy — wo) . 42p (52p — wy — 2wo)

y(p, w1, w2) = 9p? 9p?
(62p — 2wy — wy)® | (62p — 2wy — wy) (52p — wi — 2wy)
_ +
9p? 9p?
~ (52p —wn — 2w,)”
9p2
4464p* — 144 - 72
_ 4464p pwi — T2pws (52a)
9p?
2184p% — 42 — 84
N D pwy pws (52b)
9p2
| 3844p% — 248pwi + 4w] — 124pwy + dwywy + w3 (52¢)
9p2
N 3224p° — 166pw1 + 2w — 176pwy + Swiwy + 2wj (52d)
9p?
| 2704p> — 104pwl + w} — 208pwy + dwiwy + 4w (52¢)
9p?

Notice that we have terms in the following p?, pw; pwz, w3, wiws and w3. Now rearrange
terms in equation 52 combining like terms.
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4464p% + 2184p? — 3844p% + 3224p? — 2704p>

y(p,wi,w2) = op2 (53a)
—144pw, — 42pwy + 248pw; — 166pw; + 104pw
+ pw1 pwy ]92 1 pwi pwi (53b)
9p
—T2pwe — 84pwy + 124pws — 176pwy + 208pw
+ pw2 pws2 p2 2 PW2 PW2 (53¢)
9p
—dwi + 2;1)% — w? (53d)
9p
—dwiwe 4+ Bwiwe — dwiwsg (53¢)
9p?
2 2 2
—w; + 2w; — 4w;
53f
o (536)
Now combine terms
3324p? Opw; Opws —3w? —3wiws —3w?3
y(p, w1, wy) = o T or T o T e T T T o
1108p2 _ wff _wiwy wf% (54)
3p? 3p? 3p? 3p?
_1108 _ui_ wiwy Wiy
3 3p2 3p2 3p2

5.5. The example numerical profit function. We obtain the profit function by substituting the op-
timal values of x; and x; into the profit equation

W(p7w17w2) :Pf(fl?l(p,wz,’wz), 962(17, wl,’lUQ)) - wlxl(p,wz,’wz) - wzzz(p, w27w2)

62p — 2wy — wo 52p — w1 — 2we
—w —w
! 3p 2 3p (55)
_ 1108p? — w% —wiwg — w% — 62pwy + Qw% + wiwe — 52pwo + wiwo + 2w§
= 3
_1108p? + wi 4 w3 4+ wiwy — 62pwy — H52pws
= 3

5.6. Optimal input demands via Hotelling’s lemma. We can find the optimal input demands by
taking the derivative of equation 86 with respect to w; and w. First with respect to w;
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1108p2 + w% + w% + wiwe — 62pw; — H2pws

Tr(pvwla w2) =

3p
or(p, w1, ws) _ 2wy + wo — 62p (56)
owq 3p
2 — 62 62p — 2wy —
= z1(p, w1, wy) = — Wi P 2P
3p 3p
Then with respect to wo
om(p,wy, we) 2w +wy — 52p
ow o 3
2 P (57)

2wy +wy — 52p 52p — wy — 2w
= xZ(pawluwQ) = - 3p = 3p

5.7. Optimal output via Hotelling’s lemma. Take the derivative of the profit function with respect
to p using the quotient rule

1108p2 + w% + w% + wiws — 62pw; — H2pws

7T(p7w1,w2) = 3p
om(p,wi,wa)  3p(2216p — 62wy — 52ws) — 3 (1108p? + wi + w3 + wiwy — 62pwy — 52pwy)
dp B 9p?
_ 6648p? — 186pw; — 156pwy — 3324p* — 3w} — 3w3 — 3wyw;y + 186pw; + 156pw,

9p?

_ 3324p? — 3w? — 3w3 — 3w ws
= o2

1108p? — w? — w2 — wiwe

= y(p,wi,ws) =

3p?
(58)
6. ALGEBRAIC EXAMPLE
6.1. Production function. Consider the following production function.
Yy = f(wlv 182)
(59)

2 2
=T + T2 + By + Biaxi T2 + Paaxs

The first and second partial derivatives are given by
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M = + 20uz1 + Pror:
6ZE1
@1 22) _ ) 4 Broey + 2
3.232
an(xla 56‘2)
o =201 (€0
0% f (w1, m2) _3
0x10%2 .
0 f(mla xQ)
0x3 =20

The Hessian is

2011 b2
V2 [z, x3) = (61)
Bz 202
The determinant of the Hessian is given by
2611 P2
=4 — B2 62
By 260 Bi1B22 — Biy (62)
The rate of technical substitution is given by
RTS — dz2(y, x1) _ o+ 201121 + fiaws (63)

Oy az + froz1 + 202222
The elasticity substitution is given by

—f1 fo(z1 f1 + x2 f2)
zy 22 (f11 f2 — 2f12 f1 f2a + foo f3)

—(a1 + 271811 + @2B12)(a2 + T1f12 + 232P22) (222511 + mi(a1 + 2w2B12) + T2(02 + 272622))
z1 22 (2 (01 + 2x1 611 + 22012)? Bo2 — 2612 (o1 + 221611 + 22512) (a2 + 21812 + 222822) + 2611 (a2 + z1612 + 2x2622)?))
(64)

012 =

6.2. Profit maximization. Profitis given by

T =pf(x1, 12) — w11 — W2k
=p [alxl + aozy + Pual + Brzize + 52213] - Wi1T1 — W22

We maximize profit by taking the derivatives of 65 setting them equal to zero and solving for x;
and Xs.

(65)

or
D =ploq + 2Bnz1 + Prexz] — wy =0
1 (66)
or
s =plag + B2z + 202x2] — wy =0
€2

Rearranging 66 we obtain
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wy
o1 + 201121 + Biezre = W

w
oy + P2z + 20212 = ?2

Now solve equation 67a for x; as follows

w1 — poy — prafiz
2pfn
Then substitute x; from equation 68 into equation 67b as follows

r1 =

wy — pay — P w
a2+ﬁ12< 1 — pay p2ﬁ12>+2622x2=;

2pBi1
- 2panfin + wifiz — parfiz — pxzﬁ%z + 4px2 11 P22 _ w2
2pf11 D
2ponfin + wiPz — parfiz | Aprafuifer — prafil,  wa
2pBi1 2pBi1 D
N 2pazBii + wiBiz — paiPiz z2 (4611822 — B%,) _ w2
2pBi1 2011 p

Now isolate x5 on the left hand side of equation 69 as follows.

w2 (4B11B22 — Bh)  wy  2pasfu + wifra — paifia

2011 p 2pfB11
Sy = 2011wz _(2B11) 2Zpazfii + wiBi2 — poufiz)
2 p(4B11Pas — $1,) 2pB11 (461162 — By)
_ 2011wz _ (2pazfu + wifiz — poufiz)
p(4511ﬂ22 - 5%2) p(4611ﬁ22 - ﬂ%z)

_ 2B11we — 2pasfin — wifiz + paifiz
p (4511522 — %)

_ 2011w — wifr2 + plarfiz — 200611)
p (4611622 — %)

If we substitute the last expression in equation 70 for x; in equation 68 we obtain

wy — pay — praPia

rT =

2pBi1
_ w1 —p pBi12 "
= - 2
2pf11 2pf11

2pBii 2pBi1 p (4511522 — %)

Now put both terms in equation 71 over a common denominator and simplify

_ w1 —p P12 (251111/2 — 2panfn — wifi2 + pa1ﬂ12>

(67a)

(67b)

(68)

(69)

(70)

1)
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_ p (4611822 — B%,) (w1 —par) — pPiz (2Br1we — 2pasfin — wifrz + paifiz)
2pP11p (4611522 — Biy)
(4511522 - ﬂ%z) (w1 —par) — Pz (2B11we — 2pazBi1 — w1 Bi2 + pai Bi2)
2pPi1 (4611022 — By)

_ 4w 11 P22 — w1 B3 — Apas Br1 B2z + pai By — 2811 B12ws + 2pasBii Biz + w1, — pai B,
2pBi1 (4511822 — B2,)

_ 4w B11 622 — 4pai B11 P22 — 2611 B12w2 + 2poBi1 Sz
2pB11 (4/611522 - 5122)

_ 2w fBa2 — 2pa Baz — PBiawe + pazfiz
p (4511022 — Ps)

_ 2wy 2 — Prawe + p(a2fr2 — 2a122)
p (4611822 — B%)

T

(72)

6.3. Necessary and sufficient conditions for a maximum. Consider the Hessian of the profit equa-
tion.

2611 Pr2 2pBi1 phr2
\V& , = = 73
o ez) = v ( P2 2522) < P2 227522) &

For a maximum we need the diagonal elements to be negative and the determinant to be positive.
The diagonal elements will negative if 8;; and B2 are negative. The determinant of the Hessian is
given by

2pB11 pBi2

pbiz 2pPas = W*Bubn — P’Bh = P’ (40ufn — Bh) (74)

So the solution will be a maximum if 511 and 22 are both less than zero and 431320 > [3%,.
Notice that if 4311822 = [3%,, the test fails.

6.4. Optimal output. We can obtain optimal output as a function of p, w; and w; by substituting
the optimal values of x; and x; into the production function.
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y(pa w17w2) = f(xl(pv w27w2)7 I’Q([),U}l,’wz))

<2w1ﬁ22 — 2pay Bag — Brows + pa2512)
! P(4511522 - ﬂ%z)

<2511w2 — 2pasfin — wiPi2 + palﬁm)
+ (65) 3
p(4ﬁ11522 - ﬁu)

+8 <2w1522 — 2pa1 Bag — Prows + pa2ﬁ12>2
H p(4ﬁ11ﬂ22 - ﬂ%g)

+ Br <<2w1522 — 2pai Bag — Prawa + Pazﬁm) (25111112 — 2panfin — wifiz + poifPiz
1

p(4511622 - 5%2)

211wy — 2pagfin — wifia + Pa1ﬂ12>2
p (4511522 — %)

p(4ﬂ11ﬂ22 - ﬁfz)

+ ﬂzz(

(75)
We can simplify equation 75 by simplifying the squared and cross product terms. First consider

2w fBag — 2pan fBag — Prawe + pasfiz (2w1ﬂ22 — 2pan fBag — Prawa + pazﬂm)
p (461102 — Pi2)’ p (4811522 — Biy)

4“’1522 4pw1041622 — 2wiwaf12022 + QPU)1042512522>
p? (4ﬂ11/322 - 512)

n < —dpwra1 B3, + 4p*ai B3, + 2pwaa frofan — 2]92041012512522)

P (4811 s — 2)° (76)

—2wwaB12822 + 2paiwaBi2B22 +w2512 - pw2a2ﬁ12>
P2 (4611522 — ﬁ12)

2pwi iz B12B22 — 217 a1 12322 —pw2042512 + p Olgﬁu)
p (4511522 - 512)

We can simplify equation 76 as follows

))
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4w? B3, — Bpwia Bay — dwiwafr2f22 + dpwiasBiafBen
p? (4611522 — ﬁ%2)2

4p i B33, + dpwocy Brofe — 4p 041062612522>
p? (4611822 — 512)

<
-
<

p? 4511ﬂ22 - 512)

P 042 12 )
P2 (4511522 — 512)

Simplifying again we obtain

2 <4p ! 622 — 4p?arazfiafae + p 012512)
! 2 (4011522 — B)°
. <4pw1a2512ﬁ22 — 8pwiay B35 + 4pw2a1612522 - 220042102512)
p? (4611022 — ﬁ12)
N <4wlﬂz2 dwwafi2faz + wzﬂm)
(411502 — B,)°
_ (p 40(1522 — dorazfi2f22 + 042512))
2 (4011 P2z — B)°
n <4pw (02512ﬂ22 - 2041522))
p? (4511 P22 — 512)
N <2pw 2 (201 512022 — 042512))
p? (4811522 — %)’
N <4w1622 dwiwa 12522 + w2/612>
(4611522 — B)°

Similarly for x,

19

77)

(78)
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dw3 Y — Spwaana 3y + 4p* a3 BY — 4w1w2611ﬂ12>
2
(4ﬁ11ﬂ22 - ﬁ%Q)

dpaywa 1 P12 + dpwiazBi1Bi2 — 4p 041042511512)
(4511522 - 512)

512 - 2pw1a1512 )
p? (4P11022 — 512)

(79)

p 4a2ﬁ11 darazfiifiz + 041512))
4ﬁ11/622 - 612)

2pw, 2042ﬁ11ﬂ12—041512)>
P2 (4611622 — 0%)°

4pws (201 411512 — 20&2ﬂ11)>

2 (4611522 — 511)

w37y — dwiwafi1 P2 + 4w2611>
2 (411622 — B3)°

+

(
(
(
)
S
<
(s
(5,

And for x;*xo

e — <2w1522 — Braws + p(a2fr2 — 2a1622)> (2511102 — wifiz + plogfrz — 2042ﬂ11)>
' 2 4511522 - 512) p(4ﬁ11522 - ﬁfz)
_ <4w1w2ﬁ11ﬂ22 — 2w} 1512822 + 2pw1 fa2 (061512 - 20&2511))
p? (4511522 - 5%2)2
+ ( 2w3 11612 + wiwe By — pwaBia (a1 P12 — 20¢2ﬂ11)>
P2 (4811 — B2,)

n <2pw2511 (212 — 201 B22) — pw1 P12 (a2fr12 — 201 Ba2) + p? (a1 B12 — 22311) (2 B12 — 20!1522))

p? (4611622 — B%)

(80)
Now collect terms in equation 80



PROFIT FUNCTIONS 21

oy kg = (P (a1 B2 — 202 011) (212 — 2011 Ba2) + 2pwi Pag (a1 P12 — 2a2511) — pwafiz (1 Bi2 — 20&2511))
p? (4511522 - ﬂ%zf
n (21%02511 (a2B12 — 201 B22) — pw1 P2 (2 f12 — 2041ﬂ22)>
p? (4611522 — 5%2)2
n ( 2w3 G222 + wiweB7, + 4w1w2611ﬁ22 - 2w2ﬁ11512>
P2 (4611522 — 512)
_ (p (1812 — 20211) (212 — 20%1522))
2 (4611022 — 312)
+ (pwl 2022 (1812 — 2a2311) — B2 (a2 12 — 201522)))
P2 (4811 fae — )
n (sz 2611 (aafr2 — 2001 B22) — Pra (a1 B2 — 2011511)))
p? (4611522 — 5122)2

+ <_2w%ﬁ12522 + wiwe (4511522 + ﬂ%z) - 210%511512)
p? (4811022 — ﬁ%zf

(81)
Now substitute the results from equations 70, 72 78 , 79 and 81 into equation 75
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y(p, w1, w2) = f(z1(p, w2, w2), z2(p, w1, w2))

2wy B22 — Brawz + p(a2fi2 — 20 B22)
p (4811822 — B%,)

2011w2 — wifi2 + p(a1fi2 — 2a2611)
4ﬁ11,322 - /312)

+511

(P (40282, — 4o Bi2fB22 + 3 87,) + dpwi (a2 Bi2f22 — 2a1522)>
p? (4611622 — 5%,)°

<2pw2 201812022 — a28%,) + 4w? B2, — dwiweBi2B22 + w%ﬁfg)
p? (4811622 — 512)2

+ i <P2 (a1B812 — 2a2611) (2B12 — 2a1 B22) + pwi (2622 (1812 — 2a2811) — P12 (a2 P12 — 20&1ﬁ22))>
p? (4611822 — 5%2)2 p? (4811822 — ﬁ%2)2
4 Bia ( wa (2611 (a2f12 — 2a1822) — Bi2 (@1 P12 — 21 611)) n —2w?B12822 + wiwz (4811822 + %) — 2w%ﬁ11512>
p? (4811822 — 5?2)2 p? (4811822 — /8%2)2
p? (40362, — danazBriPiz + o2B%,)  2pwi (2a2B11P812 — a1 B3,)
+ 22 5 RV + 72
p? (4811822 — B2,) p? (4611822 — B%,)
dpws (201811812 — 2026%)) | w¥BE, — dwiwaB11Biz + 4wipE
+ B2 72 72
p? (4811822 — B3) p? (4811822 — B3,)
(82)

To start simplifying, we need to put everything over a common denominator
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(p7w17w2) f(zl p7w27w2) x?(pvwly'U)Q))

<2pw1a1,@22 (4811822 — B%,) — pwaa1 B2 (46811822 — BZ,) + p2a1 (48116822 — BL) (a2B12 — 2&1/322))
p? (4811822 — 5%2)2
<2pw2a2611 4811822 — Biy) — pwicnPiz (4811822 — B%5) + pPas (4811822 — B%,) (112 — 2a2ﬂ11)>

+
p? (4811622 — ﬁfg)z

+

p?B11 (40263, — dananBrafez + a383,) + dpwi P11 (a2Bi2822 — 2041/352))
P (4611622 — §2,)°

+

2pwaB11 (201812822 — a282,) + 4w?B1183, — dwiwaBr1P12822 + wgﬁllﬂm)
(4ﬁ11ﬂ22 - 512)

( p2B12 (011,312 —2a211) (a2B12 — 2001 B22) " pw1 2 (2022 (a1812 — 2a2611) — Bi2 (P12 — 2041522)))

+

2 (4811822 — B3 ) p? (4811822 — 5%2)2

pw2 P12 (2011 (2fi2 — 201 B22) — P12 (a1f12 — 2041511)))
p? (4811822 — ﬂ%2)2

—2w? B3, B0 + wiwa B2 (4811822 + Bis) — 2“’2511/312)
p? (4811622 — 512)

L (P2522 (40363 — daranPiifia + o3fB7,) + 2pwi Ba2 (2002811812 — 0415%2))

_I_

+

p? (4811822 — ﬁf2)2 p? (4811822 — ﬂfz)z
n (4pw2522 (201811812 — 20028%,) n wiB3, 822 — dwiwaB11P12822 + 4w§,3f1/322>
p? (4811822 — ﬁf1)2 p? (4811822 — /3%2)2

(83)
Notice that we have terms in the following p2, PwWi1 pwa, w?, wiwy and w2, Now rearrange
terms in equation 83 combining like terms. After some manipulations we obtain

w3 P11 — wiwzPrz + wife — p? (043511 — a1z + 04%522)

84
p? (4511522 - 5%2) (84)

y(p7w1,w2) =

6.5. The example profit function. We obtain the profit function by substituting the optimal values
of x; and X3 into the profit equation

Tr(p)wlan) :pf(-rl(p,UJQ7UJ2)7 .132(]7,11]1711)2)) - wlxl(p7w27w2) - w2x2(p7w27w2)

— w3 P11 — wiwzPrz + wifaa — p? (3611 — arazfiz + o B22)
p? (4611022 — Biy)

W (2w1ﬁ22 — Praws + p (o212 — 2041ﬁ22)) Cw (2511102 — w12+ p (P2 — 2042511))
' p (4611822 — fi) ? p(4B11622 — 6%2()85)

We can simplify equation 85 as follows
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D (4ﬁ11ﬁ22 - 5122)

Cw (2?111522 — Brawz + p (2fr2 — 2011522)) Cw (251171)2 — w1 Sz + p (a1 b2 — 2042511))
' p(4B11B22 — B2,) ? p (4811 B2 — )

w3611 — wiwefra + w3l — p (a%ﬂn — a1z + 04%522)
W(p, wi, wQ) =

_ w311 — wiwzfr2 + wifay — p (05511 —arazfiz + 04%522)
p (4611022 — fy)
n ( 2wi Bao + wiwefi2 — pwr (a2Bi2 — 2041522))
p (4511022 — %)
n ( 2w3 11 + wiwe Bz — pws (a1 fra — 20&2511))
p (45110822 — f%)
—w3 i1 + wiwefiz — wifay — P (043511 —arjazfia + a%/@m)
p (4611022 — Biy)
n ( —pwi (212 — 20!1522))
(4511622 — B%5)

(—sz (o1 B2 — 2042511))
+ 2
p(4B11622 — Bi2)
(86)
We can write equation 86 in the following useful fashion

7(p, w1, w2) = ( p (4811822 — B3,)

—wB11 + wiwa B2 — wiBa2 — pw1 (a2B12 — 201 822) — pwa (1 P12 — 2a2611) — p? (3811 — aroaBi2 + o B2) )

87)

6.6. Optimal input demands. We can find the optimal input demands by taking the derivative of
equation 86 with respect to w; and wy. First with respect to w

on(p,wy,w2) (ﬂ12w2 — 22wy — p(a2fia — 2041522))

ow; p (4ﬂ11522 - ﬂ%z) (88)
oo = (—ﬁmwz + 2020w1 + p (a2f12 — 2a1ﬁ22)>
p (4511522 - 5%2)
Then with respect to wo
om(p, wi,ws) _ (—2102511 + w1 P12 — p(a1fi2 — 2042ﬂ11)>
ows D (4511522 - 5122) (89)

=

S (21112511 — w1 f12 + p (a1 b2 — 2042511))
2 p (4611522 — B%,)

6.7. Optimal output. Take the derivative of equation 87 with respect to p
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—w2B11 + wiwaPiz — wiBas — pwi (a2fi2 — 2a1 Ba2) — pwa (a1 B12 — 2a2811) — P2 (agﬁn —ajazfBi2 + a%ﬁn)
p (4811822 — B%,)

ﬂ(p7w17w2):<

Om(p, w1, wa) (P (4ﬁ11522 - Bfg)) (*wl (a2B12 — 2001 B22) — wa (a1B12 — 2a2811) — 2p (agﬂu —arazfiz + afﬁzz))
op B P2 (48110822 — 52,)°

(—wgﬁn + wiwa P12 — wiBaz — pwy (a2fiz — 201 B22) — pwa (a1B12 — 202P11) — p* (agﬁn —ajazBi2 + a?ﬁm)) (4ﬁ11522 - ﬁfz)
p2 (4811822 — B2,)>

(—pwl (a2B12 — 2a1B822) — pwa (a1 812 — 2a20811) — 2p? (04%,4311 —ajasfiaz + a%ﬁzz)) (4611[322 - sz)
p? (48116822 — B2,)?2

N (wgﬁn — wiwz B2 + wifaz + pwy (a2fi2 — 2a1B22) + pwa (a1f12 — 202611) + P2 (agﬁn —arjazBi2 + 04%522)) (4511522 — 5%2)
P2 (4811822 — 62,)?

(*102 (agﬁu —aiazBiz + a%ﬁzz) + (wg‘ﬂu —wiwzfi2 + w%ﬂzz)) (4ﬂ11522 - 5%2)
p2 (4811822 — B3,)°

(*Pz (agﬁu —arazfiz + a%ﬁzz) + (wgﬁu —wiwzPB12 + wfﬁzz))
p2 (4811822 — BZ,)

wgﬁn —wiwzf12 + w%ﬁn - p? (045511 —ajazfiz + a%ﬁm)
p2 (4811822 — B3y)

(90)

7. SINGULARITY OF THE HESSIAN MATRIX

We can show that the Hessian matrix of the profit function is singular. This is a direct implication
of linear homogeneity. To show this first write the identity

w(tp, tw) = tw(p, w), where tisa scaler greater than zero 91)

Differentiate equation 91 with respect to t. This will yield

i ~ on
Z PJ + Z sz = 7(p, w) (92)

Differentiate equation 92 with respect to t again. Each term in equation 92 will yield a sum of
derivatives so the result will be a double sum as follows

m m m n

Z Z pkpg + Z Z We Py
;1k1atpk 31516“1}2 )
(93)
+ z”: i w; + . z”: 827”11) w; = 0
= = tpk A(tpr) 0(twy) F 1 = O(twe) Ot w;) e
We can factor t out of each terms in equation 93 because
1
0f@) _ 10f() o)

d(tr) t Ox
This will give



26 PROFIT FUNCTIONS

—1 k=1 -1 =1
! ! (95)

o K2 1 T O
+t2225‘pk5 ~Pr W +t2z 5w£5wlwew

i=1 k=1 i=1 (=1
This then implies that
f: m 82 m n 627'('
A PkDj T Wy Pj
J=1 k=1 Opr 9p; j=1 =1 Owy Op;
(96)

+
]
3
S
=
g
+
]
]
Q@
g
Q
g
g
g
\
o

; k %
i=1 k=1 i=1 =1
The last expression in equation 96 is actually a quadratic form involving the Hessian of 7 (p,w).
To see this write out the Hessian and then pre and post multiply by a vector containing output and
input prices.

r 8%« 8% r 8% 82w 2x 1 - -
op? dp2dp1 T Opm p1 dw1dp1 co Own dp1 p1
82w 8% % 8% 82 D2

0 p10p2 ap2 T Opm Op2 Owidpz 77 Owr, Op2
82w 8% % 8% EEES Pn
[pr P2 oo P wr o wn] | G Bp20pm " op2, Wi Opm T Dwndpm w1
82w 8% % 2 82
9p10wy Op2 Owy "7 OpmOwy ow? o Owpn dwy w2
92 2 r 32r 92 32 Wn
L Op10wn Opa Own e Opm Own, Owq dwy, e 611)% 4

©7)
Equation 96 implies that this quadratic form is zero for this particular vector (p,w). This means
that the Hessian matrix is singular. The profit function is convex so we know that its Hessian
is positive semi-definite. This implies that it is positive semidefinite only and cannot be positive
definite.

8. SENSITIVITY ANALYSIS FOR THE PROFIT MAXIMIZATION PROBLEM

The Hessian of the profit function is positive semidefinite so all its diagonal elements are non-
negative (Hadley [9, p. 117]).

8.1. Response of Output Supply. Consider first the response of any output to its own price.

_ 2
9y; _ 877; >0 (98)
op; op j
Supply curves derived from profit maximization will always slope upwards because this deriv-
ative is on the diagonal of the Hessian. Now consider the response of an output to another product

price.

%_ 0

S 99
0 pr 0 pi, Op; )
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This element is not on the diagonal of the Hessian of the profit function and so we cannot deter-
mine its sign.
Similarly we cannot sign the response of an output to an input price.

0 Yj (92 ™
= 1
0 w; 0 Ww; 8pj ( 00)
8.2. Response of Input Supply. Consider first the response of any input to its own price.
8 Z; (92 ™
o om
dw; ow? — 0 (101)

Demand curves derived from profit maximization will always slope downwards because this
derivative is on the diagonal of the Hessian and input demand is the negative of the derivative of
the profit function with respect to input price. Now consider the response of an input to another
input price.

2
o wy 0wy Ow;

This element is not on the diagonal of the Hessian of the profit function and so we cannot deter-
mine its sign.

Similarly we cannot sign the response of an input to an output price.

Ox; B EE
opr  Oppow;

(103)

8.3. Homogeneity. Because output supply and input demand are derivatives of a function which
is homogeneous of degree one, they are homogeneous of degree zero.

Yi(Ap, Aw) =y;(p, w)ri(Ap, Aw) = z(p, w) (104)

8.4. Symmetry of response. If 7(p, w) is twice differentiable then Young’s theorem on second cross
partial derivatives implies

0 B 0
OpiOp;  Op;0p;
2 2
o°r _ o0 (105)
OprOw;  Ow;Opy
0 B o
8101‘(910]' a 8wJ8wl
This then implies
3yj _ y;
Op;  Op;
ow; Oy
_ - 1
Opr,.  Ow; (106)
(')xi o 633]-

aw]— o 8wi
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The response of any output to a different output price is symmetric, i.e. cross price derivatives
are equal. Similarly with input demand response. The way an output responds to a particular
input price is the same as the response of that input to the output’s price.

8.5. Own and cross price response. Because any principal submatrix of a positive semi-definite
matrix is also positive semidefinite (Hadley [9, p. 262]), we also have the following results.

8.131' ) % > 81,3 ) 81‘3'
ow; (9wj - 5‘wj ow;
To see this note that if the submatrix above is positive semi-definite then the determinant must
be non-negative which means that (the product of the diagonal elements) - (the product of the off
diagonal elements) must be greater than or equal to zero.
We also have

(107)

dp;  Opr — Opr  Opj
The product of own price responses is larger than the product in cross price responses.
We also have

(108)

Oy; Oy Oy; Oy

- — - -— 1
Op; Owy — Owy Op; (109)

9. SUBSTITUTES AND COMPLEMENTS

9.1. Gross substitutes. We say that inputs are gross substitutes if

8%1' (pa ’LU) axj (pa ’LU)
= >
S o 20 (110)

9.2. Gross complements. We say that inputs are gross complements if

axi (pa ’lU) 8'1:_7 (p7 UJ)
= < 111
8wj ow; =0 ( )

10. RECOVERING PRODUCTION RELATIONSHIPS FROM THE PROFIT FUNCTION

10.1. Marginal Products. We can find marginal products from the first order conditions for profit
maximization. The easiest way to see this is when technology is represented by an asymmetric
transformation function.

o= max [pyf(g, @) + > Py - Y wiw (112a)
2=1 i=1
= max [p1 f(J, ) + py — wz| where
Yy

ﬁ = (p27p37"'7pm)7 g = (y27y37"'7ym)7
w = (wy, wa, ..., w,) « = (L1, T2, ..., Pn)

If f(g,x) is differentiable, then the first order conditions for maximizing profit are as follows.
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om _  Of(y, x) _ -
B =p1 z, - w;, =0, 1=1,2,...,n
5 of (4. ) (113)
m Y, x .
— —_— . = :2 o
ayj P1 ayJ + Dj 07 J 537 , M

We can then obtain marginal products by rearranging the first order conditions. We can find the
impact on y; of an increase in any of the inputs as

O =) _wi iy, ., (114)

dr;  pr
We can find the impact on y; of an increase in any of the other outputs as
af (i ,
ofw.z) _ _pi j=23,....m (115)
9y; P
We can find other marginal products by solving the profit maximization problem with a different
normalization than the one on y;.

In the case of a single output we obtain

Of@) _wi 4y ., (116)
ox; p

This is clear from figure 2. The isoprofit line is given by

T = py — wWx

Solving for y we obtain

= A
i)

FIGURE 2. Marginal Product is Equal to Price Ratio
y

f (x)
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10.2. Output elasticity. We normally think of output elasticity in terms of one output and many
inputs so define it as follows.

¢ = @)z (117)
ox; vy

If we substitute for %—g‘) from equation 116 we obtain

w; ;

Py

10.3. Elasticity of scale. Elasticity of scale is given by the sum of the output elasticities,i.e.,

€ =

(118)

- Py (119)

Z?:l W; Tq
Py
_ Cost

"~ Revenue
A profit maximizing firm will never produce in a region of the production function with in-
creasing returns to scale assuming the technology eventually becomes locally concave and remains
concave. As the result for a profit maximizing firm, returns to scale is just the ratio of cost to rev-
enue.

11. DUALITY BETWEEN THE PROFIT FUNCTION AND THE TECHNOLOGY

We can show that if we have an arbitrarily specified profit function that satisfies the conditions in
section 3, we can construct from it a reasonable technology that satisfies the conditions we specified
in section 1.2.4 and that would generate the specified profit function. A general discussion of this
duality is contained in Diewert [2]

11.1. Constructing a technology from the profit function. Let T* be defined as

T ={(z,y) : py —wz = 7(p,w), ¥(p,w) Z (0,0)} (120)
To see the intuition of why we can construct T this way consider the case of one input and one
output as in figure 3
If we pick a particular set of prices then T* consists of all points below the line that is tangent
to T(x,y) at the optimal input output combination. The equation {(x,y) : py — wz < 7(p,w) for
a particular set of prices defines a line in R? or a hyperplane in R"*™. Points below the line are
considered to be in T*. Now pick a different set of prices with w lower and construct a different
line as in figure 4. The number of points in T* is now less than before. If we add a third set of
prices with w higher than in the original case as in figure 5, we can reduce the size of T* even more.
Continuing in this fashion we can recover T(x,y). This is an application of what is often called
Minkowski’s theorem.

To show that T is in fact equal to T*, we need to show that T* C T. We do this by assuming that
some particular input output combination (x%, y°) € T* but (x%, y°) ¢ T. If (x°, y°) ¢ T, then (x°,
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FIGURE 3. Half-Spaces and Technology Set
y

T(X,y)

FIGURE 4. Two Half-Spaces and Technology Set
y

T(X,y)

y?) can be separated from T by a hyperplane (py° - wx®). But T* consists of points lying below the
hyperplane defined by the maximal profits with prices p and w. This means that the point (x", y°)
cannot be in T*. We can show this in figure 6. Consider point a in figure 6 which is not in T(x,y). It
is in T* if we only consider the half spaces defined by the hyperplanes intersecting T(x,y) at points
cand d. But at the prices defined by a hyperplane with ”slope” as the one passing through b, point
a is not in T*. If we consider any other point not in T, there exists a hyperplane that also excludes
it from T*. This implies than that T* C T and so T* = T. For more on this topic consult McFadden
[12] or Fare and Primont [6].

11.2. Using the properties of the profit function to recover properties of the technology. We
repeat here for convenience the properties of T(x,y) and 7 (p,w).

11.2.1. Properties of the technology.
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FIGURE 5. Three Half-Spaces and Technology Set
y

T(X,y)

FIGURE 6. Separating Hyperplanes and the Technology Set
y

T.1a: Inaction and No Free Lunch. (0,y) e TV x € R"} and y € RT". This implies that T(x,y) is a
non-empty subset of R+

T.db: 0,y)¢T, y=20,y #0.

T.2: Input Disposability. If (x,y) e T and 6 > 1 then (6x,y) e T.

T.2.S: Strong Input Disposability. If (x,y) e T and x” 2 x, then (x’,y) € T.

T.3: Output Disposability. V (x,y) € R} ,if (x,y) e Tand 0 < A < 1 then (x, Ay) € T.

T.3.S: Strong Output Disposability. If (x,y) e T and y’ <y, then (x,y") € T.

T.4: Boundedness. For every finite input vector x 2 0, the set y € P(x) is bounded from above.
This implies that only finite amounts of output can be produced from finite amounts of
inputs.

T.5: T(x) is a closed set. The assumption that P(x) and V(y) are closed does not imply that T
is a closed set, so it is assumed. Specifically, if [x* — x%, y* — y°) and (x*,y*) € T, V £] then
x° y?)eT.
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T.9: T is a convex set. This is not implied by the convexity of P(x) and V(y). Specifically, a
technology could exhibit a diminishing rate of technical substitution, a diminishing rate of
product transformation and still exhibit increasing returns to scale.

11.2.2. Properties of the profit function.

m.1: w(p, w) is an extended real valued function (it can take on the value of +oo for finite
prices) defined for all (p, w) 2 (0,,,, 0,,)) and 7(p, w) > pa - wb for a fixed vector (a, b) >
(01, 0,). This implies that w(p, w) 2 0 if (0,,, 0,,) € T(x,y),which we normally assume.

m.2: 7 is nonincreasing in w

m.3: mis nondecreasing in p

m.4: wis a convex function

m.5: wis homogeneous of degree 1 in p and w.

We will consider only a few of the properties of T(x,y)

11.2.3. T(xy) is non-empty. By w.1, m(p, w) > pa - wb for a fixed vector (a, b) > (0,,, 0,) or 7(p, w)
> 01if (0, 0,) € T(x,y). Given that 7(p, w) > 0, with x zero, there are obviously values of y (for
example 0) which make (py - wx) less than 7(p, w). So T*(x,y) is not empty and (0,y) € T*(x,y).

11.2.4. Strong Input Disposability. If (x,y) e T and X" 2 x, then (X, y) € T. .

Suppose that (x, y) e T*, 0 < x < x"and V (p, w) 2 0. Then py - wx’ < py - wx < w(p, w) V (p, w)
2= 0. Thus (y, x) e T*.

11.2.5. Strong Output Disposability. If (x,y) e Tand y’ <y, then (x,y") € T..

Suppose (y, x) e T* and 0 <y’ <y then py’ - wx < py - wx < 7(p, w) V (p, w) = 0. Thus (y’, x) €
T

11.2.6. T(x) is a closed and convex set. From the definition, T* is the intersection of a family of closed
half-spaces because we have a hyperplane in n+m space dividing the space. Thus T is a closed
convex set (Rockafellar [13, p. 10].
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