SIMPLE CONSTRAINED OPTIMIZATION

1. INTUITIVE INTRODUCTION TO CONSTRAINED OPTIMIZATION

Consider the following function which has a maximum at the origin.

y = flan, a2) = 49 — ] — 3 (1)
The graph is contained in figure 1.

FIGURE 1. The function y = 49 — 27 — 23

The tangent plane to the graph at the origin is shown in figure 2. Now consider only values of x; and x
that satisfy the equation

x1 + 31y — 10 = 0 (2)
Above this line in the x;-x2 plane is an infinity of points. We can construct a plane above this line in R.
This plane is shown in figure 3.
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FIGURE 2. Tangent plane to the function y = 49 — 23 — 23

f(xq, X2)

Now consider maximizing the functiony = 49 — 2% — 23 subject to the condition that the values of x;
and x; chosen lie on the line 1 + 322 — 10 = 0. Graphically we want to pick points on the surface that
also lie on the plane above the line. Both the function and the plane on which we must pick the points are
shown in figure 4.

From inspection of the graph, it is clear that the maximum of the function that also lies in the plane is
less than the global maximum of the function. If we look at a closeup of the graph (Figure 5) in the vicinity
of what seems to be the constrained maximum, we can visually guess at corresponding values of x; and x».

The constrained maximum looks to be somewhere around x; = 1 and xg = 3. This of course is quite a
distance from the unconstrained maximum of (0, 0). As will be shown in section 2, the maximal value of
the function is at x; = 1 and x2 = 3 as can be seen in figure 6.

We can also graph the level curves of the function and the constraint as in figure 7. Level curves are
indicated at values of 14, 21, 28, 35, 42 and 49. The constraint is the straight darker line in the figure.

It seems clear that the constrained maximum must be between the level curves for 35 and 42. Adding a
level curve for y = 39, we can see the optimum in figure 8.

Thus we have found a constrained maxima for the function using graphical methods. A few things seem
to characterize the extreme point.

1: The extreme point lies on the surface but above a point in x;-x2 space that satisfies the constraint.
2: At the constrained extreme point, the constraint and the level surfaces of the function are tangent.
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FIGURE 3. Points in R? satisfying the equation 71 + 3z, — 10 = 0
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2. FORMAL ANALYSIS OF CONSTRAINED OPTIMIZATION PROBLEMS

2.1. Formal setup of the constrained optimization problem. Consider the problem defined by
max f(x1, x2) subject to g(x1, x2) = 0. ©)]

where g(x;, x2) = 0 denotes a constraint on the values of x; and x,.

2.2. Solution by substitution. One method that sometimes works is to solve the constraint equation for x;
in terms of x; and then substitute in f(x;, X2). For the problem at hand this would yield

r1 + 39 — 10 =0
4)

= z; =10 — 3x2

If we rewrite the function f using this substitution we obtain
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FIGURE 4. The function y = 49 — 2% — 232 and the constraint 1 + 3z2 — 10 =0
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y = f(x1,22) =49 — 23 — 23
=49 — (10 — 3x9)* — 23
) ) ()
=49 — (100 — 60z + 923) — x5

= —51 + 602y — 1023
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FIGURE 6. Maximum of y =49 — 27 — z3 subjecttor; + 3z — 10 = 0
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Now we can maximize this function by taking the derivative with respect to x3, setting this equation
equal to zero, and then solving for x; as follows

y =—51 + 60zy — 1023

dy
— =60 — 2023 = 0
iy " ©)
= 20wy =60
= 1o =3
Substituting in equation 4 we obtain
Tr = 10 — 3I2

—10 - (3)(3) %
=10-9=1
We can check to see that this is maximum by looking at the second derivative of y in equation 6. This
will give

Ay
dCL‘Q
&y
dxz3

=60 — 20z,

®)
=-20
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FIGURE 7. Level curves of the function y = 49 — 22 — 22 and constraint 1 + 3x5 — 10 = 0
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At the x5 = 3 this is negative, and so we have a maximum.

While the method of substitution will work in many cases it breaks down in a number of situations.
For example if there is no explicit way to solve the constraint for one of the variables, there is no easy
way to make the substitution in f. In some situations, if we choose the wrong variable to solve out of the
constraint we may end up with a point that maximizes or minimizes f but does not satisfy the constraint.
And extending the method of substitution to multiple variables is often difficult. We thus turn to another
method due to Lagrange and make use of the fact that the level curves of the function and the constraint
are tangent to one another.

2.3. The method of Lagrange.

2.3.1. The Lagrangian. The solution to a constrained optimization problem is obtained by finding the critical
values of the Lagrangian function

L(z1, 22, A) = f(z1, 22) — Ag(21, 72) ©)

Notice that the gradient of £ with respect to x; and x, will involve a set of derivatives that looks like this

o~ A
VL(21, w25 A) = of o9 (10)
83}2 - )\axz
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FIGURE 8. More level curves of the function y = 49 — m% — m% and constraint 7 + 322 — 10 =10
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2.3.2. Necessary first order conditions for an extreme point. The necessary conditions for an extremum of f(x;,
x2)with the equality constraints g(x;, x2) = 0 are

This, of course implies that
) )
8_3{1 - >\3£1 0
VL(x1, 72, \) = a%t - /\% =1{o0 (12)
0
_g(xlv 1‘2)

2.3.3. Simple example. For the example problem the Lagrangian is as follows

Lz, 22, A) = f(21, 22) — Ag(z1, 2) (13)
=49 — 23 — x5 — M(zy + 329 — 10)

Taking the partial derivatives with respect to x;, X2, and A we obtain
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oL
22 = 2w — A =0
8171 1
oL
= = 2, —3XA =0
31‘2 2
oL
m:—xl_?ﬂrg"‘lo:o
Equation 14a can be solved for A yielding
oL
— =—-2z1 — A =0
8.1‘1 1
= 2x1 = — A
= I = =
Similarly equation 14b can be solved A implying
oL
== = 2, —3XA =0
6.1‘2 2
= 2x9 = — 3\
o g, = T3
272
Substituting equations 15 and 16 into equation 14c will allow us to solve for A as follows
oL
5:7.@1731'24’10:0

- (3) - () -
- () (3)-n

10

—A=-1
¢2 0
= bA = —-10
= A =-2

Now substituting in equations 15 and 16 for x; and x, we obtain

(14a)

(14b)

(14¢)

(15)

(16)

17)
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1 2_7)\ = _(2_2) =1 o)
_=3N (-3)(-2) 6
T T 2 5 =3

Thus we obtain the same answer as with substitution.

2.4. Sufficient conditions for a constrained extremum problem. The sufficient conditions for the two vari-

able case with one constraint will be stated without proof at this time.

2.4.1. Sufficient conditions for a maximum.

FO2L(x*, A*)  92L(z*, A\*)  Og(a*)]
0x10x1 0x10x2 0x1
2 * * 2 * * *
det O*L(x*, N*)  0%L(z*, A*)  Jg(z*) <0 (19)
8x26‘z1 8:1:28:1:2 6:52
dg(z”) dg(z”) 0
L 0x1 O0xo ]
2.4.2. Sufficient conditions for a minimum.
FOPL(x*, \*)  0%2L(x*, \*)  dg(x*)]
6x18x1 8x18x2 8%1
det 02L(z*, N\*)  92L(x*, \*)  dg(z*) <0 (20)
8$261‘1 (93728332 8$2
9g(z") 9g(z~) 0
L 8%1 63:2 J

3. EXAMPLES OF CONSTRAINED OPTIMIZATION

3.1. Minimizing the cost of obtaining a fixed level of output.

3.1.1. Production function. Consider a production function given by
(1)

y = 20z; — a5 + 1529 — 73

3.1.2. Prices and constraint. Let the prices of x; and x3 be 10 and 5 respectively. Then minimize the cost of
producing 55 units of output given these prices. The objective function is 10x1 + 5z2. The constraint is

20x1 — 1‘% + 1529 — a:% = 55.
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3.1.3. Setting up the Lagrangian function and solving for the optimal values. The Lagrangian is given by

L =10z1 + 5z — A(20x1 — 27 + 1525 — 23 — 55)

oL
— =10 — A(20 — 227) = 22
1 0 (20 1) =0 (22a)
oL
— =5 — A15 — 2x3) =0 22b
0g ( 2) (22b)
oL 9 9
N =(-1)(20z1y — z7 + 1522 — 253 — 55) = 0 (22¢)
If we take the ratio of the first two first order conditions in equation 22 we obtain
0 _, _ 20 -2
5 7 15 — 2
= 30 — 4z =20 — 213
(23)
= 10 — 4a9 = — 214
= x1 =219 — 5
Now plug this result into the negative of equation 22c to obtain
202y — 5) — (229 — 5)% 4+ 15zy — 22 — 55 = 0 (24)
Multiplying out and solving for x, will give
40zy — 100 — (422 — 20z + 25) + 1525 — 25 — 55 =0
= 40xy — 100 — 423 + 20xy — 25 + 1529 — 22 — 55 =0
= —5z2 + T5zy — 180 =0 (25)
= 5% — T5ry + 180 =0
= 22 — 1525 + 36 =0
Now solve this quadratic equation for x; as follows
15 + /225 — 4(36)
Ty =
15 4+ VBL (26)
B 2
=3orl2

Given that we know the objective is to minimize cost we would likely choose 3. Therefore,
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T :2.132 -5
27)
=1

For x2=12, x; = 19. The minimum cost is obtained by substituting into the cost expression to obtain

C = 10(1) + 5(3) = 25 (28)

The Lagrangian multiplier A can be obtained by substituting for x; in equation 22a.

10 — AM(20 — 2(1)) = 0

ﬁA—E—§—o5S )
18 9

3.1.4. Sufficient conditions. In order to check which pair of x values is a minimum and which is a maximum,
we need to form the bordered Hessian matrix. Remember that the Lagrangian for this problem is given by

L = 10z, + 5o — A20x; — 22 + 1525 — 22 — 55) (30)

The relevant derivatives are

OLlrvza N g \20 — 20) (31a)
81171
¥
OLlrL22 ) o 515 — o) (31b)
851,‘2
¥ A
% = (=1)(2021 — af + 1525 — x5 — 55) (31e)
32&(1,1,:172’/\) 62,5(1'1 ) )\)
011011 )\7 0x2011 0 (31d)
822($1,$27)\) 822(1‘1,.%2,)\)
T , i A (31e)
9g(z1,z2) =20 — 2z, 9g(x1,22) = 15 — 2%, (31f)
Oz Oz
This gives for the bordered Hessian matrix
2\ 0 20 — 224
0 2\ 15 — 2z (32)
20 — 2z 15 — 2ao 0

At the root x = (1,3), this gives
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1C

L2 0 18

0 W 9 (33)
18 9 0

The determinant is
(5) () o o (9 () o + o0 + ()0
=040+ 0 — (360 + 0 + 90)
= —450

Given that this is negative, the values x; = 1 and x3 = 3 then minimize cost.

Now consider the other two roots, x; =19 and x5 =12, A = -g. The bordered Hessian is

2X 0 20 — 2z -2 0 -18
0 2\ 15 -2z = | 0 -2 -9 (34)
20 — 227 15 — 2xy 0 -18 -9 0

This has determinant

(,;;]) (*%) (0) + (0)(=9)(~18) + (~18)(0)(—9) — ((718) <—1§0) (=18) + (0)(0)(0) + (*%) (*9>(*9)>

=0+ 0+ 0 — (=360 + 0 + —90)
=450

Given that this is positive, the values x; = 19 and x» = 12 then maximize cost.

3.1.5. Graphical analysis. The objective function is a plane as shown in figure 9. It is clearly minimized in
the positive orthant at the point (0, 0). The level curves are shown in figure 10. If we plot these level curves
along with the value of the constraint we obtain a representation as in figure 11. The optimum looks to be
somewhere around 1 and 3. We can then refine the diagram as in figure 12.

3.2. Maximizing a utility function subject to a budget constraint.
3.2.1. The utility function. Consider a utility function given by
u =zt xg? (35)

3.2.2. Prices, income and the budget constraint. Consider a general problem with prices w; and ws and income
level cy. The budget constraint is then

wi1T1 + Wy = Co (36)
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FIGURE 9. Plane in R? representing the equation 10z + 5x»

(X1, X2)

FIGURE 10. Level curves of 10x; + 5z9

3.2.3. Setting up the Lagrangian function and solving for the optimal values. To maximize utility subject to the
budget constraint we set up the Lagrangian problem

L= o 23? — A|wizy + waze — ¢ 37)

The first order conditions are
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FIGURE 11. Level curves of 10x; + 5z2 and production function constraint

oL a1

pr =ap T 25? — dwy = 0 (38a)
oL oy o

67372 =02 X1 Ty - )\wg =0 (38b)
oL

87)\ = —wix1 — wery + ¢cg = 0 (38C)

Taking the ratio of the first and second equations in equation 38 we obtain

wq Q12
— = . (39)
wo (e DY)
We can now solve this equation for x5 as a function of z; and prices. Doing so we obtain
Q21 W1
Ty = ——. (40)
Q1W2

Substituting in the cost equation (38c) we obtain
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FIGURE 12. Level curves of 10z, + 5z2 and optimum input levels

5L

W1 T1 + WrTo = Co

Qg T1 Wy
= W11 + we |—| =
Q1 W2
Qo W1 W3
= w1r1 + |—| 1 =
Q1 w2

Qg W1
= w11 + r1 =Co
aq

g wy |

= T |wg + —| =¢g
(6751 ]
042_

= ziw |1 + —| =¢o
oy |
041—|-042_

= w | —| =¢o
a1 ]

Co

= 1 = —

w1

|

aq

ay + az

|

15

(41)
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We can now obtain x, by substitution

)

Tog = T

Qa1 W2

- o) ] @)
wy [ + a2 Q1 W

- Co (%)
wy | a1 + Qo
The utility level is obtained by substituting x; and x; in the utility function

u =zt x5?
- EER)] mGEE)]
N w1 o] + Qo Wa a1 + ao (43)
@ a2 @y a2
aq Qg Co Co
(Oq +a2> (al +Oé2) <w1> (w2>

3.3. Numerical example of maximizing a utility function subject to a budget constraint.

3.3.1. The utility function. Consider a utility function given by

u = 10237 2}/° (44)

The utility function is shown in figure 13.

FIGURE 13. Utility Function
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3.3.2. Prices, income and the budget constraint. For this problem w; = 8 and wy =2 and the income level ¢ =
96. The budget constraint is then

8r1 + 229 = 96 (45)
The utility function and the constraint are shown in figure 14. A set of level sets (indifference curves)
and the budget constraint are shown in figure 15.

FIGURE 14. Utility Function and Constraint

60

40

u(X1 ’ x2) 20

3.3.3. Setting up the Lagrangian function and solving for the optimal values. To maximize utility subject to the
budget constraint we set up the Lagrangian problem

L= 1022 23> — X[8z1 + 235 — 96] (46)
The first order conditions are

oL ~3/5 1/5

e =4 PPt/ — 8\ =0 (47a)
oL 2/5 —4/5

oL

x = 8w = 2m 496 =0 (47¢c)

Taking the ratio of the first and second equations in equation 47 we obtain

4x1_3/5:r§/5 _8 4
2m§/5 m2_4/5 2 (48)

= 27 ey =4



18 SIMPLE CONSTRAINED OPTIMIZATION

FIGURE 15. Budget Constraint and Indifference Curves
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We can now solve this equation for x5 as a function of z; and prices. Doing so we obtain

To = 211 (49)
Substituting in the cost equation (47c) we obtain

8r1 + 229 =96

= 81 + 2 [2131] =96

= 8z1 + 4z =96 (50)
= 122, =96
= 11 =8
We can now obtain x, by substitution
i) =2$1
(1)
=(2)(8) = 16

The utility level is obtained by substituting x; and x; in the utility function
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U = 10$?/5 .13;/5

= (10) (8 (16)"/°

= (2)(5)(2*)*° (21)'/°

= (2)(5)(2)°/° (2)"° )
= (2)(B)()"°

=(2)(5)(2)

3.3.4. Sufficient conditions. In order to check if the x values we obtained lead to a maximum, we need to
form the bordered Hessian matrix. Remember that the Lagrangian for this problem is given by

L= 102" 22/° — A[8z1 + 225 — 96] (53)
The relevant derivatives are
oL —3/5 1/5
e =4 /52" — 8\ (54a)
oL 2/5 —4/5
o =222 25" — 2 (54b)
oL
w —8x; — 2x9 + 96 (54¢)
82L(.’L‘1 T9 /\) 12 —8/5 1/5 82L(1‘1 To )\) 4 —3/5 —4/5
gL E A 22 gL A 2 54d
971021 501 T2 D290, IR (54d)
O*L(x1,2,N) 4 _3/5 _ass O L(x1, w2, \) 8 2/5 _9/5
— " = — = —— 54
a$16$2 5£E1 T2 ’ 83;28:1;2 5(E1 Lo ( e)
0 0
9(33171‘2) -8, g(xl,xz) — 9 (54f)
o1 O0x2
This gives for the bordered Hessian matrix
_%x;8/5$5/5 %x;3/5m54/5 8
%xl—3/5x2—4/5 7%:1:?/5:172—9/5 9 (55)
8 2 0

At the root x = (8,16), this gives



20 SIMPLE CONSTRAINED OPTIMIZATION

_128V-8/5(16)1/5  4(8)~3/5(16)~4/5 8§ -3 1 g
5 5 20 40
HORKIORAIES ORIORANF IS I IS T (56)
8 2 0 8 2 0

The determinant is

() (Bo (Beaww(Ee- (a0 (2w (5)@o
2
5

Given that this is positive, the values x; = 8 and x; = 16 maximize utility.



