GENERAL ANALYSIS OF MAXIMA/MINIMA IN CONSTRAINED OPTIMIZATION

PROBLEMS

1. STATEMENT OF THE PROBLEM
Consider the problem defined by
maximize f(x)
X

subject to g(x) =0

where g(x) = 0 denotes an m x 1 vector of constraints, m < n. We can also write this as

Xl,Ian?.).(.Xn f(xll x2/ cery xi’l)

subject to
g1(x1, x2,...,x4) =0
go(xq, x2,...,x,) =0
gm(xlr x21"'l xn) = 0
The solution can be obtained using the Lagrangian function

L(x; A) = f(x) —ANg(x) where A = (Aq, Ay, ..o, Am)
= f(xy, x2,...) = Ag1(x) = Ax9(x) — -+ — Apgm(x)

Notice that the gradient of £ will involve a set of derivatives, i.e.

VoL = Vaf(x) - (%) A

where
dg1(x*)  9g2(x") Ogm(x*)
axl axl o axl
ag1(x*)  9g2(x") Ogm(x*)
a_g = dxo dxo o dxo
ox ) &
dg1(x*)  9ga(x") Ogm(x*)
0x, 0x, 0x,

M

2)

®)

There will be one equation for each x. There will also be equations involving the derivatives of

L with respect to each A.
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2. NECESSARY CONDITIONS FOR AN EXTREME POINT
The necessary conditions for an extremum of f with the equality constraints g(x) = 0 are that
VL(x*, A*) =0 4)
where it is implicit that the gradient in (3) is with respect to both x and A.

3. SUFFICIENT CONDITIONS FOR AN EXTREME POINT

3.1. Statement of Conditions. Let f, g1,...,9m be twice continuously differentiable real-valued
functions on R". If there exist vectors x* ¢ R", A* ¢ R™ such that

VL(x*, A*) =0 )
and for every non-zero vector z € R" satisfying
ZVgi(x*)=0, i=1,...,m (6)
it follows that
Z'V2L(x*, A*)z >0, @)

then f has a strict local minimum at x*, subject to g;(x) = 0,i = 1,..., m. If the inequality in
(7) is reversed, then f has strict local maximum at x*. The idea is that if equation 5 holds, then if
equation 7 holds for all vectors satisfying equation 6, f will have a strict local minimum at x*.

3.2. Checking the Sufficient Conditions. These conditions for a maximum or minimum can be
stated in terms of the Hessian of the Lagrangian function (or bordered Hessian). Let f, g1,...,9m
be twice continuously differentiable real valued functions. If there exist vectors x* e R", A* e R™,
such that

VL(x*, A*) =0 8)
and if
[02L(x*, A¥) 2L (x*, A*)  9g1(x*) ogm(x*) ]
0x10X1 o 0x10xp 0x1 o 0x1
2L (x*, A*) 2L (x*, A*)  9gy(x*) ogm(x*)
0xp0x] o 0xp0x, oxp o oxp
(—1)™ det >0 )
9g1(x*) 9g1(x*) 0 0
P ... ax, ...
ogm (x*) agm (x*) 0 0
o, . ax, . |

forp =m+1,..., n, then f has a strict local minimum at x*, such that
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gi(x*)=0, i=1,.. (10)
We check the determinants in (9) starting with the one that has m + 1 elements in each row and
column of the Hessian and m + 1 elements in each row or column of the derivative of a given
constraint with respect to x. Note that m does not change as we check the various determinants so
that they will all be of the same sign for a given m.
If there exist vectors x* ¢ R", A* ¢ R™, such that

., M.

VL(x*, A*) =0 (11)
and if
[02L(x*, A¥) 2L (x*, A*)  9gy(x*) Ogm(x*) |
dx10x1 dx10xp dx1 dx1
2L (x*, A¥) 2L (x*, A*)  9gy(x*) Agm(x*)
dxp0xq dxp0xp dxp dxp
(—1)" det >0 (12)
g1 (x*) 9g1(x") 0 0
dx1 dxp
agm(x*) agm(x*)
0 0
0x1 dxp ]
forp =m+1,..., nthen f has a strict local maximum at x*, such that
gi(x*)=0, i=1,...,m. (13)

We check the determinants in (12) starting with the one that has m + 1 elements in each row
and column of the Hessian and m 4 1 elements in each row or column of the derivative of a given
constraint with respect to x. Note that p changes as we check the various determinants so that they
will alternate in sign for a given m.

Consider the case where n = 2 and m = 1. Note that the first matrix we checkhas p = m+1 = 2.
Then the condition for a minimum is

[920(x*, A*)  92L(x*, A*)  9g(x*)
0x10x7 0x10xp oxq
2 * * 2 * * *
(—1) det 0°L(x*, A*)  9°L(x*, A*)  dg(x*) S0 (14)
dx0x7 0x20x> dxo
9g(x") 9g(x") 0
dxq ox d

This, of course, implies
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[?L(x*, A*)  92L(x*, A*)  9g(x*)

0x10x1 dx10x2 0x1
det | LG A PL(x, AT) ag(x) | _ (15)
8x28x1 axzaxz axz
ag(x*) 3g(x*) 0
L dxq dx2

The condition for a maximum is

[92L(x*, A*)  92L(x*, A*)  9g(x*)

dx10x71 dx10xo ox1
2 * * 2 * * *
(—1)? det o°L(x*, A*)  0°L(x*, A*)  odg(x*) S0 (16)
0x70x71 0x20x> oxp
og(x*) ag(x*) 0
8x1 8x2 |
This, of course, implies
[02L(x*, A*)  92L(x*, A*)  9g(x*)]
0x10x7 dx10x7 oxq
det 2L (x*, A*)  PL(x*, A*)  ag(x*) <0 (17)
0x20x1 0x20x2 x>
g (x*) g (x*) 0
oxq 0x i

Also consider the case where n = 3 and m = 1. We start with p = m + 1 = 2 and continue until
p = n. Then the condition for a minimum is
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[92L0(x*, A*)  92L(x*, Ax)  9g(x*)
8x18x1 axlaxz ax]
(—1) det 2L (x*, A*)  92L(x*, A*)  9g(x*)
axzaxl axzaxz axz
9g(x*) 9g(x") 0
8x1 8x2
[02L(x*, A*)  92L(x*, A*)  @2L(x*, A*)  9g(x*)]
8x18x1 axlaxz 8x18x3 8x1
2L (x*, A*)  92L(x*, A*)  92L(x*, A*)  ag(x*)
0x20x1 0x20x> dx70x3 x>
(—1) det
2L (x*, A*)  2L(x*, A*)  92L(x*, A*)  ag(x*)
0x30x1 dx30x7 dx30x3 dx3
9g(x") 9g(x") 9g(x") 0
L axl aX2 aX3
The condition for a maximum is
[02L(x*, A*)  92L(x*, A*)  9g(x*)]
0x10x1 dx10x7 oxq
(—1)2 det 2L (x*, A*)  *L(x*, A*)  ag(x*)
0x20x1 0x20x> x>
9g(x™) 9g(x") 0
L 8x1 aX2
[020(x*, A*)  92L(x*, A*)  92L(x*, A*)  9g(x¥)
ax18x1 axlaxz aX1aX3 axl
2L (x*, A*)  PL(x*, A*)  92L(x*, A*)  9g(x*)
ax28x1 aX2aXQ aXan:J, aX2
(—1)3 det
2L (x*, A*)  PL(x*, A*)  92L(x*, A*)  9g(x*)
8x18x1 axlaxz 8x18x3 8x3
9g(x") 9g(x") ag(x") 0
L 0x1 dxo dx3

>0

>0

>0

>0

(18)

(19)
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3.3. Sufficient Condition for a Maximum and Minimum and Positive and Negative Definite
Quadratic Forms. Note that at the optimum, equation 6 is just linear in the sense that the deriva-
tives

agi(x*)
an

are fixed numbers at the point x* and we can write equation 6 as

Z'Jg=0
9g1(x*)  9g2(x") ogm(x”)
8x1 8x1 o 8x1
* * " 0
9g1(x") 9g(x")  Igm(x?) 0
(z122...21) ox; dxa ox7 =1. (20)
: : : : 0
9g1(x*)  9g2(x") ogm(x”)
0x;, 0x, 0x,

where [, is the matrix {%} and where there is a column of the ] for each constraint and
]

a row for each x variable we are considering. This then implies that the sufficient condition for a
strict local maximum of the function f is that |[Hg| has the same sign as (—1)?, that is the last n — m
leading principal minors of Hp alternate in sign on the constraint set denoted by equation 6. This
is the same as the condition that the quadratic form z'Hpz be negative definite on the constraint
set

ZVgi(x*) =0, i=1,...,m (21)

If |Hg| and these last n — m leading principal minors all have the same sign as (—1)", then z’ Hgz
is positive definite on the constraint set z’Vg;(x*) = 0, i =1,..., m and the function has strict
local minimum at the point x*.

If both of conditions are violated by non-zero leading principal minors, then z' Hgz is indefinite
on the constraint set and we cannot determine whether the function has a maximum or a minimum.

3.4. Example 1: Minimizing Cost Subject to an Output Constraint. Consider a production func-
tion given by
y = 20x1 — x} + 15x7 — 23 (22)

Let the prices of x1 and x; be 10 and 5 respectively with an output constraint of 55. Then to min-
imize the cost of producing 55 units of output given this prices we set up the following Lagrangian
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£ = 10x; + 5x7 — A(20x; — x3 + 15x, — x5 — 55)

9L

9L

35 =0 M15-2xm) =0

oL

53 = (-1)(20x1 — 27 + 152, — 13 — 55) = 0

If we take the ratio of the first two first order conditions we obtain

o_,_20-2x
5 15— 2x,
= 30 — 4xy = 20 — 2x;
=10 —4x, = —2xq
=x1=2x,—5

Now plug this into the negative of the last first order condition to obtain

20(2x; —5) — (2xp — 5)% +15xp — x5 —55 =0
Multiplying out and solving for x, will give

40x, — 100 — (4x3 — 20x5 +25) + 15x, — x3 — 55 = 0
= 40xp — 100 — 4x3 + 20x, — 25+ 15x7 — x5 — 55 = 0
= —5x3 +75x, — 180 = 0

= 5x3 — 75x, + 180 = 0

= x} — 152, +36 =0

Now solve this quadratic equation for x; as follows

15 + /225 — 4(36)
2

15+ /81
2

=12o0r3

Therefore,

x1:2x2—5
=19or1

(23)

(24)

(25)

(26)

27)

(28)
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The Lagrangian multiplier A can be obtained by solving the first equation that was obtained by
differentiating £ with respect to xq

10— A(20— (19)) =0

:>/\:—g
29
10—-A(20—-2(1)) =0 (29)
5
:>/\_§

To check for a maximum or minimum we set up the bordered Hessian as in
equations 14-17. The bordered Hessian in this case is

(920 (x*, A*)  22L(x*, A*)  dg(x*)
8x18x1 8x18x2 8x1
Hy — |PA07 A7) PL(, A7) ag(x7) (30)
axzaxl 8x28x2 axz
9g(x") 9g(x*) 0
L 8x1 axz |

We only need to compute one determinant. We compute the various elements of the bordered
Hessian as follows

£ =10x1 + 5x — A(20x1 — x7 + 15x — x5 — 55)

dL
5x, = 10— A(20—2x)
dL
02L
=2A
axlaxl
2o, (31)
axlaxz -
02L
22 o
aX2aXQ
98 _
E =20— Z.X'1
98
E =15-— 2x2

Consider first the point (19, 12, -5/9). The bordered Hessian is given by
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21 0 20 — 2x;
Hgp = 0 20 15— 2x,

20 —2x; 15—2xp 0

X1:19, XZ:12, )L:—g
9 (32)
- 10 -
- ~1
9 0 8
Hp = _o
0 9 9
| —-18 -9 0 |
The determinant of the bordered Hessian is
10 10 10
~ g 0 9 0o -
10 9 9 9
el = (-1 (5 ) +(-170) +(-1)4(-18)
-9 0 -9 0 -18 -9

- (—%) (—81) +0 + (—18)(—20) (33)

=90+ 360 = 450

Here p = 2 so the condition for a maximum is that (—1)?|Hp| > 0, so this point is a relative
maximum.

Now consider the other point, (1, 3,5/9). The bordered Hessian is given by
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21 0 20 — 2x;
Hgp = 0 20 15— 2x,

20 —2x; 15 —2xp 0

5
x1=1 x =3 A= —
1 2 9 (34)
10 -
— 1
9 0 8
Hp = E
0 5 9
18 9 0]
The determinant of the bordered Hessian is
10 10 10
> 9 > 9 0
10 9 9 9
=12 ()| |+l | tas)
9 0 9 0 18 9

10 (35)
_ (3) (—81) +0 + (18)(—20)
= —90 — 360 = —450
The condition for a minimum is that (—1)|Hg| > 0, so this point is a relative minimum.
The minimum cost is obtained by substituting into the cost expression to obtain
C=10(1)+5(3) =25 (36)

3.5. Example 2: Maximizing Output Subject to a Cost Constraint. Consider a production func-
tion given by

y = 30x1 4 12x7 — x5 + X120 — X3 (37)

Let the prices of x; and x, be 10 and 4 respectively with an cost constraint of $260. Then to
maximize output with a cost of $260 given these prices we set up the following Lagrangian

£ = 30x; +12x5 — 27 4+ x1xp — x5 — A(10x; + 4x; — 260)

a—L:3O—Zx1+xz—1OA:O
8x1
(38)
8—52124-3(1—23(2—4)\:0
8x2
oL

ﬁ = —1OX1 —4XZ+260 =0
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If we take the ratio of the first two first order conditions we obtain

E 05— 30 — 2x1 + xp
4 7T 124 x—2x
=30+ 2.5x1 —5xp = 30 — 2x1 + x> (39)
= 4.5x1 = 6xp
= x; = 1.33x,
Now plug this value for x; into the negative of the last first order condition to obtain
10x; +4x; —260 =0
= (10)(1.33x7) +4x; —260 =0
= 13.33x; + 4x; = 260
= 17.33x, = 260 (40)
=xp =15
4
=x =7 (§> (15) =20
We can also find the maximum y by substituting in for x; and x».
y = 30x; + 12xp — x3 + x1xp — ¥3
= (30)(20) + (12)(15) — (20)% — (20)(15) — (15)? (a1

= 600 + 180 — 400 + 300 — 225
= 455

The Lagrangian multiplier A can be obtained by solving the first equation that was obtained by
differentiating L with respect to x;

30 — 2x1 +xp — 10A = 0
= 30 —2(20) + (15) — 10A =0
= 30—40+15—10A =0

(42)
—5=10A
1
=1
= A=3

To check for a maximum or minimum we set up the bordered Hessian as in equations 14-17
where p = 2 and m = 1. The bordered Hessian in this case is
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[920(x*, A*)  92L(x*, A*)  9g(x*)
8x18x1 8x18x2 8x1
Hp = 2L (x*, A*)  9*L(x*, A*)  ag(x*) (43)
axzaxl axzaxz axz
9g(x") 9g(x”) 0
L axl axz |
We compute the various elements of the bordered Hessian as follows
£ =30x; + 12x5 — x7 4+ x1xp — x5 — A(10x; + 4x5 — 260)
a—L =30 —2x1 +xp —10A
axl
9%k _ 124+ x1 —2xp — 47
axz
2
L _ 5
8x18x1
=1
axlaxz
2
L _ 5
axzaxz
98
23 1
axl 0
98
23 4
aX2
The derivatives are all constants. The bordered Hessian is given by
-2 1 10
Hp=|1 -2 4 (45)
10 4 0
The determinant of the bordered Hessian is
-2 4 1 4 1 -2
Hal = (12-2) | g+ (0P ol + 0t |
(46)

= (=2)(—16) — (—40) + (10)(24)

= 32+40+ 240 = 312

The condition for a maximum is that (—1)?|Hp| > 0, so this point is a relative maximum.
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3.6. Example 3: Maximizing Utility Subject to an Income Constraint. Consider a utility function
given by
u = xy'x3?

Now maximize this function subject to the constraint that

W1X1 + WXy = Co

Set up the Lagrangian problem:

£ = x]"x5% — Awyxy + wpxp — ¢

The first order conditions are

— = vclxi‘lflxgz —Aw; =0
8x1
_ ay ap—1 _
=apx]'xy" T —Awy =0
8x2
oL + 0
— = —Wy X1 — Wy Xy + cog=
A 1X1 2X2 1+ Co

Taking the ratio of the 1%t and 2™¥ equations we obtain

w1 kX2

wy B XrX1

We can now solve the equation for the 2"? quantity as a function of the 1%t input quantity and
the prices. Doing so we obtain

QX1 wWn

X2
X1wy

Now substituting in the income equation we obtain

wW1X1 + WXz = Co

KpX1W1
= wWiX1+wy | ——| =g
X1Wr
Ny W
= w1x1 + 2717 X1 = Cg
x1W2

Ny W1
= wix1 + T X1 = Cp
1

Ko w1y } o

= x1 w1+
1[1 o
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o
= X1 [1 + —2:| =g
&1
o+ o
:> xlwl |:¥:| = CO
&1

Co X
=>x=—|—
! w1 LlﬂLD&J

We can now get x, by substitution

Ao W
X =1 2W1
X1Wr

O X Xpwq
w1 | &+ ap a1Wo

__ O X2
wy |1 +an

We can find the value of the optimal u by substitution

— L K1,.82
u = xl x2
(<o aq M /e a 2
wy | &1 +ap wy &1+ &

K1t+op  —wp —&p K K] —np

_ X -
=, wy wy ey an? (ag + ap)
This can also be written

00
u = xl x2
€o a M T e o 2
w1 \ a1 +ap wy \ &1+ ap
o 1 wy ap o (5} o 115}
a1+ ap a1+ ap w1 Wy

For future reference note that the derivative of the optimal u with respect to ¢y is given by

_ mtap—ag —ap oy oy —a1—ay
u =y Pw Mwy Paglag? (an +ap) M

ou "
_ 1tap—=1_ —ay_—ap a1 ap —u
E = (nq +062)C0 Wy Wy Ty (g +ap)™™

—ay

wtap—1_ —wq_ —ar & iy —
Col+2 w ™ 2 K1 1—a1—ap

1wy et e (g + a)
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We obtain A by substituting in either the first or second equation as follows

oclxi‘rlxgz —Aw; =0

al—l 1%}
ax T x
A=l "2
w1
zxzxi‘lxgrl —Awp; =0
o7 0(2—1
Kox7'x
S A=-_—1"2
wy

If we now substitute for x; and x,, we obtain

X1 = —

2l
2T 2 L&+

o) Glasl)
w1y | a1+ wy | &+ ap

wq

a+ar—1_ 1—ay  —ar a1—1 « 1—aq—
alcol+2 wy My el ap? (e +ap)T T

w1

o tap—1_ —ay —ap Ky ap 1—a—ay
= wy w, eyt ag® (ag +ap)

Thus A is equal to the derivative of the optimal u with respect to cg.

15

To check for a maximum or minimum we set up the bordered Hessian as in equations 14-17

where p = 2 and m = 1. The bordered Hessian in this case is

[92L0(x*, A*)  92L(x*, A*)  9g(x*)
8x18x1 8x18x2 8x1
He — 2L (x*, A*)  9*L(x*, A*)  ag(x*)
B axzaxl 8x28x2 8x2
9g(x") 9g(x") 0
L 8x1 axz |

We need compute the various elements of the bordered Hessian as follows

(47)



16

GENERAL ANALYSIS OF MAXIMA /MINIMA IN CONSTRAINED OPTIMIZATION PROBLEMS

L

a
axl

Rl
aX2
e
ox3
92
axl aX2

14 (14
= x7"x5% — Awixq + waxy — co)
= le*l 1%) _/\
= &1Xq Xy w1
= oczxi‘lxgrl — Awy

2
= (@) (g = 1)af" "2y

= leazxi‘l_lxgrl

— = (az) (a2 — 1)34195;272

:wl

:w2

The derivatives of the constraints are constants. The bordered Hessian is given by

(ar) (g — )28 2x2 Xyt

-1 062—1
)

w1
Hp = alazxi”_lxgrl (ap)(apy — 1)xi‘1x§272 wy (48)
w1 wo 0

To find the determinant of the bordered Hessian, expand by the third row as follows

|Hp|

1 Dézfl

() (g — 1)1 2x82

N —
K1 X X w1
= (—1)4ZU1 1 j ) + (—1)571}2 w1 g1 +0
(a2) (a2 — 1)x7"x57 wy apxy' Xy’ wy
a—1_ar—1 a1—2_ap
" wpaoxy' Xy w1 " (a1) (a1 —1)xy' "x5% wy
= 1w — W2
(o) (2 — 12125272 wy ot g (0 (49)

_ ﬂél—l ap—1 _
= W1Wak102Xq Xy

wi(ap) (ap — 1)xy' x5

Dézfz

-1 a2-1

— w3 () (g — 1) x5 4 wywpagapxt xd

-1 0(271

0(272 o -2 %)

= 2wiwpmya2xy' 32— wi(ap) (g — 1)xf1 x>0 — w(ag) (g — 1)xf' )
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For a maximum we want this expression to be positive. Rewriting it we obtain

a—1_ap—1 2 wq . wp—2 2 w1 —2 0
2uwayapxy' Xyt —wi(an) (e — 1) a7 —wi(aq) (g — 1)x]" x> >0
We can also write it in the following convenient way

w1 —1_ap—1
2wiwaa Xt Xy
2,.00,.0—2 2,2 0q,02—2
Fopwix] X0 T — apwix, X,

2,012 0y 2.2 a1—2_a
Faqwaxyt Txyt —aqwaxyt Txy? >0

To eliminate the prices we can substitute from the first-order conditions.

vclxi‘lflxgz
w1 =
! A
azxi”xgrl
Wy = ——=—
A
This then gives
al—1_ a2 ay ap—1
Pl s XXy Xy a;—1 ar—1
3 3 apxy' Xy
2 2
le*l 1%) le*l 1%)
KX, X ay,0p—2 2 [ %X X ay =2
S St B S e wl B
2 2
o] 062—1 o] 062—1
ApX1 Xy -2 2 [ X2X) Xy a1—2_wo

Multiply both sides by A? and combine terms to obtain

2 2 3a1—2 3ar—2
20705x7 0 Xy

2 3a1—2, 3ap—2 2.2 3012, 3a;—2

Faqaoxyt Txy T —wpayxyt X
2.301—2_ 3ap—2 2 2 3u1—2_ 3ar—2

+aqasx]t Ty —agayx)t X >0
Now factor out 17"~ ?x3*2 "2 to obtain
3a1—2 3ap—2
Xy (20(%&22 + 0y — adad + was — vc%zx%) >0

30,-2, 302
= x0Ty (zx%vcz+vclzx§) >0

17

(50)

(61)

(52)

(53)

(54)

With positive values for x; and x; the whole expression will be positive if the last term in paren-

theses is positive. Then rewrite this expression as

(zx%zxz + ala%) >0

Now divide both sides by a3a (which is positive) to obtain

(55)
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<l + l) >0 (56)

Ay N7

3.7. Some More Example Problems.
(1) opt[xixa] s.t.
X1,%2
X1 +x =6
(2) opt[x1xy +2x1] st

X1,X2
4xq + 2% = 60
(3) opt[x? +x3] st
X1,X2
x1 4+ 2x, =20
(4) optlxixp] s.t.
X1, X2
x% + 4x% =1
11
(5) opt[x{x7] s.t.
X1, X2

2x1+ 8xp =60

4. THE IMPLICIT FUNCTION THEOREM

4.1. Statement of Theorem. We are often interested in solving implicit systems of equations for m

variables, say X1, Xp, . . ., X;; in terms of m+p variables where there are a minimum of m equations in

the system. We typically label the variables X, 11, X 42, - - -, Xm+p, Y1, Y2, - - -, Yp- We are frequently

interested in the derivatives % where it is implicit that all other x; and all y, are held constant. The
]

conditions guaranteeing that we can solve for m of the variables in terms of p variables along with
a formula for computing derivatives is given by the implicit function theorem.

Theorem 1 (Implicit Function Theorem). Suppose that ¢; are real-valued functions defined on a domain
D and continuously differentiable on an open set D' C D C R™*P, where p > 0 and

¢, 23, - X Y1 Y2 - W) =i, y7) = 0,

(57)
i=1,2,...,m, and(xo, yo) e DL

i (x°, yo)}
aX]'
an open set D*> C RP containing y° and real valued functions Wy, k=1, 2, ..., m, continuously differentiable

on D?, such that the following conditions are satisfied:

Assume the Jacobian matrix | has rank m. Then there exists a neighborhood N(;(xo, yo) c DY,

Q= w0 k=12..,m (58)

For every y € D?, we have

¢i(1(y), 2(v), - (W), Y1, Y2, - yp) =0, i=12,...,m.
or (59)
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We also have that for all (x,y) € Ns(x°, y°), the Jacobian matrix [W] has rank m. Furthermore for y
]

€ D?, the partial derivatives of Y (y) are the solutions of the set of linear equations

moapi(y()y) dkly) _ —apip(y)y . _
k:Z:l axk ay] B ay] 1= ]-, 2, oo, (60)

4.2. Example with one equation and three variables. Consider one implicit equation with three
variables.

(1, 3, %) = 0 (61)
The implicit function theorem says that we can solve equation 61 for x{ as a function of xJ and
yO, ie.,
3 = iy (62)
and that
¢(1(x2, y), x2, ) = 0 (63)

The theorem then says that

Ip(P1(x2, y), X2, y) 01 _ —0p(Y1(x2, Y), X2, Y)

axl axz axz
_ (2 y), 3, y) () 9p(yi(x2, ) X2, y)
oxq 0xp 9%y o
| mlny) - e
9% 3010, 32.1)
oxq

Consider the following example.

p(x), x5, ¥°) = 0

0 0,0 (65
y = flx, ) =0
The theorem says that we can solve the equation for x.
3 = i(x y) (66)
It is also true that
P(1(x2, y), x2,y) =0
(67)
y — f(1(x2, ¥),x%2) =0
Now compute the relevant derivatives
0p(Y1(x2, y), x2,y) _  9f (Pr1(x2, y), x2)
axl axl
(68)
o0p(Y1(x2, y), x2,y) _  9f (Y1(x2, y), x2)
aX2 aX2

The theorem then says that
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oxi(x2,y) _

axz

sz

0P (1(x2, ), X2, y)
axl

M}

aJQ

_ 9f(pr1(x2,y),%2)

Bxl

_ 9f (1 (x2, ), %0) ]

of (¥1(x2,y),x2)

BXQ

A (pr(xy)xa)

axl

(69)

4.3. Example with two equations and three variables. Consider the following system of equations

$1(x1, x2,y) =3x7 + 2x, + 4y = 0

2 (x1, %2, y) =4x1 + x20 + y =0

a9
S N
9 9 | T |4 1

dx;  0xp

The Jacobian is given by

(70)

71)

We can solve system 70 for x; and x; as functions of y. Move y to the right hand side in each

equation.

3x1 + 2xp = —4y
4x1 + xp = —y
Now solve equation 72b for x;
Xo = —y —4n
Substitute the solution to equation 73 into equation 72a and simplify
3x1 + 2(—y —4x1) = —4y
= 3x; — 2y — 8x1 = —4y

= —5X1 = —2y

2
=X =gy = P1(y)

Substitute the solution to equation 74 into equation 73 and simplify

2
ae i3]

5 8

(72a)
(72b)

(73)

(74)

(75)
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If we substitute these expressions for x; ad x; into equation 70 we obtain

2 13 2 13
¢1(5y,—€y,y> —3[53/} +2{—€y} + 4y

6 26 . 20
=y - Tyt Ty

5 5 5
_ 2.0
and
20 13 Y a2l B
8, 13 .5
~5 5/ 7 5Y
13 13
=5V v =0
Furthermore
9 _ 2
dy 5
9 13
dy 5

We can solve for these partial derivatives using equation 60 as follows

d¢y Yy 34’1 9 _ —IPy

x; 9y E)xz ay ay
02 W1 92 W2 _ —9¢n

ox1 9y axz ay ay

Now substitute in the derivatives of ¢ and ¢, with respect to x1, x, and y.

allJl 5 92

Sy T2y T

PRl o _

ay +1 3y 1
Solve equation 80b for alpz

9pa _ 9P

dy 14 Ay

Now substitute the answer from equation 81 into equation 80a

21

(76)

77)

(78)

(79a)

(79b)

(80a)

(80b)

(81)
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3aﬂ+2<—1—4aﬂ> =4

%y %y
L R S L
%y 9y
5 (82)
dy
oYy 2
T T
If we substitute equation 82 into equation 81 we obtain
oY, o oYy
72
oY, 2
02— 1 — z 83
= %y 1—4 <5) (83)
> _8_ B
5 5 5

5. FORMAL ANALYSIS OF LAGRANGIAN MULTIPLIERS AND EQUALITY CONSTRAINED PROBLEMS

5.1. Definition of the Lagrangian. Consider a function on #n variables denoted
f(x) = f(x1, x2,..., xu). Suppose x* minimizes f(x) for all x e Ns(x*) that satisfy

gilx)=0 i=1,...,m

Assume the Jacobian matrix (]) of the constraint equations g;(x*) has rank m. Then:

Vf(ix*) = EA;‘Vgi(x*) (84)
i=1

In other words the gradient of f at x* is a linear combination of the gradients of g; at x* with
weights A}. For later reference note that the Jacobian can be written

dg1(x*)  9g2(x") ogm(x*)
8x1 8x1 o 8x1
dg1(x*)  9g2(x*) Ogm(x*)
ox ox o ox
]g - . 2 . 2 . . 2 (85)
og1(x*) 9g2(x") 9gm (x*)
9xy, Xy, o Xy,

Proof:
By suitable rearrangement of the rows we can always assume the m X m matrix formed from the
(x7)

first m rows of the Jacobian (agé—x,) is non-singular. Therefore the set of linear equations:
]
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iagi(X*)/\.: 9f (x*) j=1,...,m (86)

Y :
i1 9% 0x;j

will have a unique solution A*. In matrix notation we can write equation 86 as

JA=Vf

If ] is invertible, we can solve the system for A. Therefore (84) is true for the first m elements of
Vf(x*).

We must show (84) is also true for the last n — m elements. Let ¥ = (x,,,41, X2, --., Xn). Then
by using the implicit function theorem we can solve for the first m xs in terms of the remaining xs
orx.

xi = hi(%") j=1,...,m (87)

We can define f(x*) as

fF) = f(F), o (Z7) o b (), Xy - X) (88)
Since we are at a minimum, we know that the first partial derivatives of f with respect to
Xma1, Xma2, ..., Xp must vanish at x*, i.e.

() _,

ax]-

j=m+1,...,n

Totally differentiating (88) we obtain

If (x*) i of (x") o (x%) | 9f(x") _

ax]- =1 axk ax] ax] (89)

j=m+1,...,n

by the implicit function theorem. We can also use the implicit function theorem to find the deriva-
tive of the ith constraint with respect to the jth variable where the jth variable goes from m + 1 to
n. Applying the theorem to

Si(x") = gi(m (&%), ho (%) .. . hy (%), X g ... %) =0

we obtain

m . * Sk . *
yo B MlF) 9l gy, (90)
— axk ax] ax]

Now multiply each side of (90) by A and add them up.

U — - 7

axk ax] i aX]

s <imagz-<x*>ahk<f*> . A*agxx*)) -
i=1

i=1 \k=1 (91)

j=m+1,...,n
Now subtract (91) from (89) to obtain:
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i ohp(x*) | of (x*) B i/\l* agi(x*) Z)‘* agl

=1 ax] 8xk i— axk (92)
j=m+1,...,n
The bracket term is zero from (86) so that
ZA*agl —0  j=m+1,...,n (93)

Since (86) implies this is true, for j=1,..., mwe know itis true for j = 1,2,..., n and we are
finished.
The A; are called Lagrange multipliers and the expression

L(x, ) Z Aigix (94)
is called the Lagrangian function.

5.2. Proof of Necessary Conditions. The necessary conditions for an extreme point are

VL(x*, A*) = Vf(x*) = Jo(x")A =0

* 95

L) L ami(x) )
I ' 0y

This is obvious from (84) and (94).

=0 j=m+1,.

5.3. Proof of Sufficient Conditions. The sufficient conditions are repeated here for convenience.
Let f, g1,..., gm be twice continuously differentiable real-valued functions on R". If there exist
vectors x* € R", A* eR™ such that

VL(x*A) =0 (©)
and for every non-zero vector z € R” satisfying
ZVgi(x*)=0,...i=1,...,m (6)
it follows that
ZV2L(x*, Az >0 @)

then f has a strict local minimum at x*, subject to ¢;(x) = 0,i = 1,..., ,m. If the inequality in
(7) is reversed, then f has strict local maximum at x*.

Proof:

Assume x* is not a strict local minimum. Then there exists a neighborhood Nj(x*) and a se-
quence {zF}, z; € N5(x*), zF # x* converging to x* such that for every z* ¢ {z*}.

gi(zk):O i=1,...,m (96)

f(x*) > f(z5) 97)
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This simply says that since x* is not the minimum value subject to the constraints there exists
a sequence of values in the neighborhood of x* that satisfies the constraints and has an objective
function value less than or equal to f(*).

The proof will require the mean value theorem which is repeated here for completeness.

Mean Value Theorem

Theorem 2. Let f be defined on an open subset (Q) of R" and have values in R'. Suppose the set Q) contains
the points a,b and the line segment S joining them, and that f is differentiable at every point of this segment.
Then there exists a point c on S such that

f(b) = f(a) = Vf(c)'(b—a)

_ 9f(c) af(c) af(c) ©8)
= “ony (by —ay) + o, (bp—a2) +---+ o, (by —an)

where b is the vector (by, by, ..., b") and a is the vector (ay, ao, ..., a).

Now let y¥ and z* be vectors in R” and let z€ = x* + 6Xy* where ¥ > 0 and || v* || = 1 so that

zF — x* = 6Fyk. The sequence {#*, y*} has a subsequence that converges to (0, 7) where || 7 ||= 1.
Now if we use the mean value theorem we obtain for each k in this subsequence

gi(z") — gi(x") = 8y Vgi(x" + ey ) =0, i=1...,m (99)
where 7 is a number between 0 and 1 and g; is the ith constraint. The expression is equal to
zero because we assume that the constraint is satisfied at the optimal point and at the point z* by
equation 98.
Expression 99 follows from the mean value theorem because z¥ — x* = %y and with ¥ between
zero and one, 'yf-‘(?kyk is between zk = x* + 6F and x*.
If we use the mean value theorem to evaluate f(z;) we obtain

fE) = f(&) = 09 V(x4 y'0y") <0 (100)
where 0 < 7, < 1. This is less than zero by our assumption in equation 97.
If we divide (99) and (100) by 6 and take the limit as k — oo we obtain

kh_{n [yk/Vgi(x* + nkekyk)} =7Vg(x)=0 i=12,...,m (101)
lim [V f(x + 14655 | =7V A(x) <0 (102)

Now remember from Taylor’s theorem that we can write the Lagrangian in (95) as

£(25, A7) = L(x*, A*) + (25 — x*)/ Vo L(x*, AY)
1 2 * * * *
+ 505 (2 — ") VRL (" + PR, A7) (F — 1) (103)
_ L(x*,A*) _i_gkyk/vxL(x*, /\*) + %gkzyk/via(x* —|—ﬁk6kyk, /\*)yk

where 0 < gk < 1.
Now note that
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(e, A7) = F(2) - i»‘gi(zﬂ

L, A7) = f(x") - im-gi(m

and that at the optimum or at the assumed point z¥, g;(-) = 0.
Also VL(x*, A*) = 0 at the optimum so the second term on the right hand side of (103) is zero.

Move the first term to the left hand side to obtain

1
L(ZF, A*) = £(x*, A*) = Eekzyk’viz(x* + BROFyE, A% )y (104)
Because we assumed f(x*) > f(z¥) in (97) and that g(-) is zero at either x* or z*, it is clear that
LK, A7) = £(x*, A*) <0 (105)
Therefore,
1
SOCYIVRL (T 4 B AT < 0 (106)

Divide both sides by %sz to obtain

YK V2L (x* + BEOFYE, A Yk <0 (107)
Now take the limit as k — co to obtain
7V2L(x*, A7 <0 (108)
We are finished since 7 # 0, and by equation 101,
7Vgi(x*)=0, i=1,2,...,m

That is, if x* is not a minimum then we have a non-zero vector y satisfying

7Vgi(x*)=0, i=1,2,...,m (109)
where 7'V2L(x*, A*)7 < 0. But if x* is a minimum then equation 6 rather than (108) will hold.
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