
VARIOUS TOOLS FOR COMPARATIVE STATICS

(ROUGH)

1. THE CHAIN RULE (OR TOTAL DERIVATIVE) FOR COMPOSITE FUNCTIONS OF SEVERAL
VARIABLES

1.1. Chain rule for functions of two variables. When y = f (x1, x2) with x1 = g(t) and x2 = h(t), then

d y
d t = ∂ f

∂x1

d x1
dt + ∂ f

∂x2

d x2
dt

= ∂ f
∂ x1

d g (t)
dt + ∂ f

∂x2

d h (t)
dt

(1)

This is usually called the total derivative of y with respect to t.

1.2. Example. Let the function be given by

y = f (x1, x2 ) = x21 + x32
with

x1 (t) = t2 + 2 t + 1
x2 (t) = 3 t

Then

∂ f
∂x1

= 2 x1 ,
∂ f
∂x2

= 3 x22
d x1
dt = 2 t + 2 , d x2dt = 3

⇒ d y
d t = (2 x1) (2 t + 2) + (3x22) (3)

= (2 t2 + 4 t + 2) (2 t + 2) + (27 t2) (3)
= 4 t3 + 4 t2 + 8 t2 + 8 t + 4 t + 4 + 81 t2

= 4 t3 + 93 t2 + 12 t + 4

(2)
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If we multiply if out we obtain

y = f (x1, x2 ) = x21 + x32
= (t2 + 2 t + 1)2 + (3 t)3

= t4 + 2 t3 + t2 + 2 t3 + 4 t2 + 2 t + t2 + 2 t + 1 + 27 t3
d f
dt = 4 t3 + 6 t2 + 2 t + 6 t2 + 8 t + 2 + 2 t + 2 + 81t2

= 4 t3 + 93 t2 + 12 t + 4

(3)

In-class exercises
Find the total derivative of each of the following with respect to t.

1.
y = f (x1, x2 ) = x21 + x32

x1 (t) = t2

x2 (t) = 2 t

2.
y = f (x1, x2 ) = x21 + x22

x1 (t) = t2 + 2 t
x2 (t) = 2 t + 1

3.
y = f (x1, x2 ) = x21 − x1 x2 + x22

x1 (t) = t2 + 2 t + 3
x2 (t) = 2 t − t2

4.

y = f (x1, x2, x3 ) = x21 + x22 + 2 x23
x1 (t) = t2 + 2 t
x2 (t) = 2 t
x3 (t) = t2 − 5 t

5.
y = f (x1, x2 ) =

x21 + x22
x1 + x2

x1 (t) = t2 + 2 t
x2 (t) = 2 t + 1

2. DIRECTIONAL DERIVATIVES

2.1. Idea. If y = f(x1, x2), the partial derivatives,
∂ f
∂x1

∂ f
∂x2
measure the rates of change of f(x1, x2), in

the directions of the x1 - axis and the x2 - axis, respectively. We can also measure the rate of change
of the function in other directions. Consider a particular point in the domain of f and denote it
( x01 , x

0
2 ) . Any non-zero vector (h, k) is then a direction in which we move away from the point

( x01 , x
0
2 ) in a straight line to points of the form

( x1 , x2 ) = ( x1(t) , x2(t)) = ( x01 + t h , x02 + t k ) (4)

Given any initial point ( x01 , x
0
2 ) and any direction (h, k), define the directional function g by

g (t) = f ( x01 + t h , x02 + t k ) (5)

The derivative of this function is
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d g
d t = ∂ f

∂x1

d x1
dt + ∂ f

∂x2

d x2
dt

= ∂ f
∂x1

(x01 + t h , x02 + t k) h + ∂ f
∂x2

(x01 + t h , x02 + t k) k
(6)

Now let t = 0 so that we are at the point ( x01 , x
0
2 ) . Then we obtain

d g
d t (0) = ∂ f

∂x1
(x01 , x

0
2) h + ∂ f

∂x2
(x01 , x

0
2 ) k (7)

If the vector (h, k) has length 1, the derivative of f in the direction (h, k) is called the directional
derivative of f in the direction of (h, k) at ( x01 , x

0
2 ) . Specifically, the directional derivative of f(x1,

x2) at ( x
0
1 , x

0
2 ) in the direction of the unit vector (h, k) is

Dh , k f (x
0
1 , x

0
2 ) =

∂ f

∂x1
(x01 , x

0
2) h +

∂ f

∂x2
(x01 , x

0
2 ) k (8)

Note that when the length of (h, k) is one, a move away from ( x01 , x
0
2 ) in the direction (h, k)

changes the value of f by approximatelyDh , k f (x
0
1 , x

0
2 ) . Also notice that the directional derivative

is the product of the gradient of f and the vector (h, k).
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2.2. Example. Consider the function f(x1, x2 ) with the following direction and initial point.

f (x1, x2 ) = x21 + 3 x22
Direction = (2, 5)
Point = (1, 1)

First normalize the direction vector. Because the length of the vector is
√
29 we can normalize it

as
(

2√
29
, 5√
29

)

. Then find the gradient of f as

f (x1, x2 ) = x21 + 3 x22
∂ f
∂x1

= 2 x1
∂ f
∂x2

= 6 x2

Evaluated at (1,1) we obtain

∂ f
∂x1

= 2
∂ f
∂x2

= 6

The directional derivative is then given by

( 2, 6 )

(

2√
29
,

5√
29

)

=
34√
29



VARIOUS TOOLS FOR COMPARATIVE STATICS (ROUGH) 5

3. MORE GENERAL CHAIN RULES

3.1. General form of the chain rule. Let y = f(x1, x2, ... xn) and let x1 = g1 (t1, t2, ..., tm), x2 = g2 (t1,
t2, ..., tm), ... , xn= gn (t1, t2, ..., tm) where t is an m-vector of other variables upon which the x vector
depends. Then the following holds

∂y

∂tj
=

∂y

∂x1

∂x1
∂tj

+
∂y

∂x2

∂x2
∂tj

+ · · · +
∂y

∂xn

∂xn
∂tj
, j = 1, 2, · · · , n (9)

3.2. Example. Consider the function y = f(x1, x2) along with the auxiliary functions x1(z, w) and x2
(z, w)

y = f (x1, x2) = 3x1 + 2x1 x
2
2

x1 (z, w) = 5z + 2z w
x2 (z, w) = z w2 + 3w

where t 1 = z and t2 = w from equation 9 . We can find the partial derivative of y with respect to
z using equation 9 as follows.

∂ y
∂ z =

∂ f (x1, x2)
∂ x1

∂ x1
∂ z +

∂ f (x1, x2)
∂ x2

∂ x2
∂ z

= (3 + 2 x22 ) (5 + 2w) + (4 x1 x2) (w2)
= (3 + 2 (z2 w4 + 6 z w3 + 9w2) ) (5 + 2w) + 4 (5z + 2z w) (z w2 + 3w )w2

= (3 + 2 z2 w4 + 12 z w3 + 18w2) (5 + 2w) + (20 z w2 + 8z w3) (z w2 + 3w )
= 15 + 6w + 10 z2w4 + 4 z2 w5 + 60 z w3 + 24 z w4 + 90w2 + 36w3

+ 20 z2w4 + 60 z w3 + 8 z2 w5 + 24 zw4

= 15 + 6w + 90w2 + 36w3 + 120 z w3 + 48 z w4 + 30 z2w4 + 12 z2 w5

We can also find the partial of y with respect to w as

∂ y
∂w = ∂ f (x1, x2)

∂ x1

∂ x1
∂w + ∂ f (x1, x2)

∂ x2

∂ x2
∂w

= (3 + 2 x22 ) (2 z) + (4 x1 x2) (2 z w + 3)
= (3 + 2 (z2w4 + 6 z w3 + 9w2) ) (2 z) + 4 (5z + 2z w) (z w2 + 3w ) (2 z w + 3)
= (3 + 2 z2w4 + 12 z w3 + 18w2) (2 z) + (20 z + 8z w) (z w2 + 3w ) (2 z w + 3)
= (6z + 4 z3 w4 + 24 z2w3 + 36 z w2) + (20 z2w2 + 60 z w + 8z2 w3 + 24 z w2) (2 z w + 3)
= 6z + 4 z3 w4 + 24 z2w3 + 36 z w2 + 40 z3w3 + 120 z2w2 + 16z3w4 + 48 z2 w3

+ 60 z2 w2 + 180 z w + 24 z2w3 + 72 z w2

= 6z + 180 z w + 108 z w2 + 180 z2w2 + 96 z2w3 + 40 z3w3 + 20 z3w4
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4. DERIVATIVES OF IMPLICIT FUNCTIONS

4.1. A two-variable implicit function theorem.

4.1.1. statement of the theorem. Consider the function defined implicitly by f( x1, x2 ) = c where c is a

constant. If
∂ f
∂x2

6= 0 , then

∂x2
∂x1

= −
∂ f
∂x1
∂ f
∂x2

(10)

4.1.2. examples.

a: Example 1

y0 = f (x1, x2 ) = x21 − 2x1 x2 + x1 x
3
2

To find the partial derivative of x2 with respect to x1 we find the two partials of f as
follows

∂x2
∂x1

= −
∂ f
∂x1
∂ f
∂x2

= − 2 x1 − 2 x2 + x32
3 x1 x

2
2 − 2 x1

=
2 x2 − 2 x1 − x32
3 x1 x

2
2 − 2 x1

b: Example 2

u0 = U (x1, x2 )

To find the partial derivative of x2 with respect to x1 we find the two partials of U as
follows

∂x2
∂x1

= −
∂U
∂x1
∂U
∂x2

4.2. A more general form of the implicit function theorem with p independent variables and 1
implicit equation.

4.2.1. Statement of the theorem. Suppose x1 is defined implicitly as a differentiable function of the p
variables y1, y2, ... ,yp by the equation f (x1, y1, y2, . . . yp ) = 0 or f (x1, y1, y2, . . . yp ) = c where c is
a constant. Then

∂ x1
∂ yi

= −
∂ f
∂ yi
∂ f
∂ x1

, i = 1, 2, · · · , p (11)
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4.2.2. Example. Consider a utility function given by

u = x
1
4
1 x

1
3
2 x

1
6
3

This can be written implicitly as

f (u, x1, x2, x3 ) = u − x
1
4
1 x

1
3
2 x

1
6
3 = 0

Now consider some of the partial derivatives arising from this implicit function. First consider
the marginal rate of substitution of x1 for x2

∂ x1
∂ x2

=
−∂ f
∂ x2
∂ f

∂ x1

=
− (− 13 ) x

1
4
1 x

− 23
2 x

1
6
3

(− 14 ) x
− 34
1 x

1
3
2 x

1
6
3

= − 4
3
x1
x2

Now consider the marginal rate of substitution of x2 for x3.

∂ x2
∂ x3

=
−∂ f
∂ x3
∂ f

∂ x2

=
− (− 16 ) x

1
4
1 x

1
3
2 x

− 56
3

(− 13 ) x
1
4
1 x

− 23
2 x

1
6
3

= − 1
2
x2
x3

Now consider the marginal utility of x2.

∂ u
∂ x2

=
−∂ f
∂ x2
∂ f
∂ u

=
− (− 13 ) x

1
4
1 x

− 23
2 x

1
6
3

1

= 1
3 x

1
4
1 x

− 23
2 x

1
6
3
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4.3. A more general form of the implicit function theorem with p independent variables and m
implicit equations.

4.3.1. One motivation for implicit function theorem. Assuming the conditions of the implicit function
theorem as discussed below hold, we can eliminate m variables from the constrained optimiza-
tion problem using the constraint equations. In this way the constrained problem is converted to
an unconstrained problem and we can use the results on unconstrained problems to determine a
solution..

4.3.2. description of the system of equations. Suppose that we have m equations depending on m + p
variables (parameters) written in implicit form as follows

φ1 (x1, x2, · · · , xm, y1, y2, · · · , yp ) = 0
φ2 (x1, x2, · · · , xm, y1, y2, · · · , yp ) = 0

· · · = 0
...
...
... =
...

φm (x1, x2, · · · , xm, y1, y2, · · · , yp ) = 0

(12)

For example with m = 2 and p = 3, we might have

φ1 (x1, x2, p, w1, w2) = (0.4) p x−0.61 x0.22 − w1 = 0
φ2 (x1, x2, p, w1, w2 ) = (0.2) p x0.41 x

− 0.8
2 − w2 = 0

(13)

4.3.3. Jacobian matrix of the system. The Jacobian matrix of the system in (12) defined as matrix of
first partials as follows

J =















∂ φ1
∂ x1

∂ φ1
∂ x2

· · · ∂ φ1
∂ xm

∂ φ2
∂ x1

∂ φ2
∂ x2

· · · ∂ φ2
∂ xm

...
...

...
...

∂ φm
∂ x1

∂ φm
∂ x2

· · · ∂ φm
∂ xm















(14)

This matrix will be of rank m if its determinant is not zero.

4.4. Statement of implicit function theorem. Suppose φi are real valued functions defined on a

domain D and are continuously differentiable on an open set D1 ⊂ D ⊂ Rm+p, p ¿ 0 and φi(x
0, y0)

= 0 for i=1, 2, ..., m and (x0, y0) ǫ D1, i.e., the equation system is satisfied at the point (x0, y0). Let x
be of dimension m and y of dimension p. Assume the Jacobian matrix

[

∂Œi(x
0, y0)

∂xj

]

has rank m. Then there exists a neighborhood of (x0, y0) (Nffi(x
0, y0)) ǫ D1, an open set D2 ⊂ Rp

containing y0, and real valued functions ψk k=1,...,m continuously differentiable on D
2 such that

the following conditions are satisfied

x0k = gk ( y
0) k = 1, ...,m . (15)

This means we can solve the system of m implicit equations for all m of the x variables as func-
tions of the p independent or y variables. In the example system (13), we could solve the two
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equations for x1 and x2 as functions of p, w1, and w2, i.e., x1 = g1(p, w1, w2 ) and x2 = g2(p, w1, w2
).
For every y ǫ D2, we have

φi (g1 (y), g2 (y) · · · , gm (y) , y) = 0 i = 1 , ... , m
⇒ φi ( g ( y) , y) = 0 i = 1 , ... , m

(16)

where g(y) = [g1(y), g2(y) . . . gm(y)] and for all (x, y) ǫ Nffi (x
0, y0) the Jacobian matrix

∂φi(x, y)

∂xj
has rank m (17)

This means that if we plug the x’s that we obtain from (16) into the implicit equations (equation
12), the left hand side of the equations will be zero, or the equations will be satisfied.
Furthermore for y ǫ D2, we can compute the partial derivatives of ψk(y) as solutions to the set of

equations

m

∑
k=1

∂φi(g (y), y)

∂xk

∂gk (y)

∂yj
= − ∂φi(g (y), y)

∂yj
, i = 1, 2, · · · , m (18)

Here the derivative
∂φi( g (y) , y)

∂xk
is just the derivative of φi with respect to its kth argument.

In equation 12 this is xk, while in equation 16, it is gk(y). For the example in (13) we can find
∂ x1
∂ p

∂ x2
∂ p , that is

(

∂ gi
∂ p

)

, from the following two equations derived from equation 13, which is re-

peated here.

φ1 (x1, x2, p, w1, w2) = (0.4) p x−0.61 x0.22 − w1 = 0
φ2 (x1, x2, p, w1, w2 ) = (0.2) p x0.41 x

− 0.8
2 − w2 = 0

[

(− 0.24) p x−1.61 x0.22

]

∂ x1
∂ p +

[

( 0.08) p x−0.61 x− 0.82

]

∂ x2
∂ p = − (0.4) x−0.61 x0.22

[

( 0.08) p x−0.61 x−0.82

]

∂ x1
∂ p +

[

(− 0.16) p x0.41 x
− 1.8
2

]

∂ x2
∂ p = − (0.2) x0.41 x

− 0.8
2

(19)

While the system is non-linear, we can (in principle and in practice) solve for the two derivatives
in question.
To see the intuition of equation 18, take the total derivative of φi in (16) with respect to yj as

follows

φi (g1 (y) , g2 (y) , · · · , gm (y) , y) = 0
∂ φi
∂ g1

∂ g1
∂ y j

+ ∂ φi
∂ g2

∂ g2
∂ y j

+ · · · + ∂ φi
∂ gm

∂ gm
∂ y j

+ ∂ φi
∂ y j

= 0
(20)

and then move
∂ φi
∂ y j
to the right hand side of the equation. Then perform a similar task for the

other equations to obtain m equations in the m partial derivatives, ∂ xi
∂ y j

= ∂ gi
∂ y j

For the case of only one implicit equation (18) reduces to

m

∑
k=1

∂φi(g (y), y)

∂xk

∂gk (y)

∂yj
= − ∂φ(ψ(y), y)

∂yj
(21)

With only one implicit equation m = 1 and we obtain
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∂φ(g (y), y)

∂xk

∂gk (y)

∂yj
= − ∂φ (g (y), y)

∂yj
(22)

which can be rewritten as

∂gk (y)

∂yj
=

− ∂φ(g (y), y)
∂y j

∂φ(g (y), y)
∂xk

(23)

This is then the same as equation 11.
If there are only two variables, x1 and x2 where x2 is now like y1, we obtain

∂φ(g(x2), x2)
∂x1

∂g1(x2)
∂x2

= − ∂φ (g (x2), x2)
∂x2

⇒ ∂x1
∂x2

=
∂g1(x2)

∂x2
=

− ∂φ (g (x2), x2)
∂x2

∂φ(g (x2), x2)
∂x1

(24)

which is the same as the two variable case in equation 10 where φ takes the place of f.

4.4.1. examples of implicit function theorem.

a: example 1

φ1(x1, x2, y) = 3x1 + 2x2 + 4y = 0

φ2 (x1, x2, y) = 4x1 + x2 + y = 0

The Jacobian is given by

[

3 2
4 1

]

Since this Jacobian is of full rank, we can solve these equations for x1 and x2 as functions
of y. Move y to the rhs in each equation.

3x1 + 2x2 = −4 y

4x1 + x2 = −y

Now solve the second equation for x2, and plug in the first equation
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x2 = −y − 4x1

3x1 + 2(−y − 4x1) = −4y

3x1 − 2y − 8x1 = −4y

−5x1 = −2y

⇒ x1 = 2/5 y = ψ1 (y)

Now plug this answer into the equation for y2 and solve

x2 = −y − 4(2/5y)

= −y − 8/5y

= −13/5 y = ψ2 (y)

We can check to see that equation 16 is satisfied

φ1 (2/5y, −13/5y, y) = 3 (2/5 y) + 2 (−13/5) + 4y
= 6/5y − 26/5y + 4y = 0

φ2 (2/5y, −13/5y, y) = 4 (2/5 y) + (−13/5) + y
= 8/5 y − 13/5y + y = 0

Furthermore

∂x1
∂y

=
∂g1(y)

∂y
=
2

5

∂x2
∂y

=
∂g2(y)

∂y
=

−13
5
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Rather than solving the system for x1 and x2 as functions of y, we can solve for the partial

derivatives
(

∂x1
∂y

∂x2
∂y

) (

∂g1
∂y

∂g2
∂y

)

using the formula in (18) as:

∂φ1
∂x1

∂g1
∂y

+
∂φ1
∂x2

∂g2
∂y

=
−∂φ1

∂y

∂φ2
∂x1

∂g1
∂y

+
∂φ2
∂x2

∂g2
∂y

=
−∂φ2

∂y

3
∂g1
∂y

+ 2
∂g2
2y

= −4

4
∂g1
∂y

+
∂g2
∂y

= −1

=>
∂g2
∂y

= −1 − 4 ∂g1
∂y

=> 3
∂g1
∂y

+ 2 (−1 − 4 ∂g1
∂y

) = −4

=> 3
∂g1
∂y

− 2 − 8 ∂g1
∂y

= −4

⇒ − 5 ∂g1
∂y

= −2

⇒ ∂g1
∂y

= 2/5

∂g2
∂y

= −1 − 4 (2/5)

= −1 − 8/5 = −13/5
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b: example 2
Let the production function for a firm by given by

y = 14x1 + 11x2 − x21 − x22
Profit for the firm is given by

π = py − w1 x1 − w2 x2
= p (14x1 + 11x2 − x21 − x22) − w1 x1 − w2 x2

The first order conditions for profit maximization imply that

π = 14 p x1 + 11 p x2 − p x21 − p x22 − w1 x1 − w2 x2
∂ π
∂ x1

= φ1 = 14 p − 2 p x1 − w1 = 0
∂ π
∂ x2

= φ1 = 11 p − 2 p x2 − w2 = 0

We can solve the first equation for x1 as follows

∂ π
∂ x1

= 14 p − 2 p x1 − w1 = 0

⇒ 2 p x1 = 14 p − w1
⇒ x1 = 14 p − w1

2 p

= 7 − w1
2 p

In a similar manner we can find x2 from the second equation

∂ π
∂ x2

= 11 p − 2 p x2 − w2 = 0

⇒ 2 p x2 = 11 p − w2
⇒ x2 = 11 p − w2

2 p

= 5.5 − w2
2 p
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We can find the derivatives of x1 and x2 with respect to p, w1 and w2 directly as follows:

x1 = 7 − 1
2 w1 p

−1

x2 = 5.5 − 1
2 w2 p

−1
∂ x1
∂ p = 1

2 w1 p
−2

∂ x1
∂w1

= − 12 p−1
∂ x1
∂w2

= 0
∂ x2
∂ p = 1

2 w2 p
−2

∂ x2
∂w2

= − 12 p−1
∂ x2
∂w2

= 0

We can also find these derivatives using the implicit function theorem. The two implicit
equations are

φ1(x1, x2, p, w1, w2) = 14 p − 2 p x1 − w1 = 0
φ2(x1, x2 p, w1, w2) = 11 p − 2 p x2 − w2 = 0

First we check the Jacobian of the system. It is obtained by differentiating φ1 and φ2 with
respect to x1 and x2 as follows

J =

[

∂ φ1
∂ x1

∂ φ1
∂ x2

∂ φ2
∂ x1

∂ φ2
∂ x2

]

=

[

−2 p 0
0 −2p

]

The determinant is 4p2 which is positive. Now we have two we can solve using the
implicit function theorem.
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The theorem says

∑
m
k=1

∂φi(g (y), y)
∂xk

∂gk (y)
∂y j

= − ∂φi(ψ(y), y)
∂y j

, i = 1, 2, · · ·
or

∂ φ1
∂ x1

∂ x1
∂ p + ∂ φ1

∂ x2

∂ x2
∂ p = − ∂ φ1

∂ p
∂ φ2
∂ x1

∂ x1
∂ p +

∂ φ2
∂ x2

∂ x2
∂ p = − ∂ φ2

∂ p

⇒
[

∂ φ1
∂ x1

∂ φ1
∂ x2

∂ φ2
∂ x1

∂ φ2
∂ x2

] [

∂ x1
∂ p

∂ x2
∂ p

]

=

[

− ∂ φ1
∂ p

− ∂ φ2
∂ p

]

⇒
[

∂ x1
∂ p

∂ x2
∂ p

]

=

[

∂ φ1
∂ x1

∂ φ1
∂ x2

∂ φ2
∂ x1

∂ φ2
∂ x2

]−1 [ − ∂ φ1
∂ p

− ∂ φ2
∂ p

]

(25)

We can compute the various partial derivatives of φ as follows

φ1(x1, x2, p, w1, w2) = 14 p − 2 p x1 − w1 = 0
∂ φ1
∂ x1

= − 2 p
∂ φ1
∂ x2

= 0
∂ φ1
∂ p = 14 − 2 x1

φ2(x1, x2 p, w1, w2) = 11 p − 2 p x2 − w2 = 0
∂ φ2
∂ x1

= − 2 p
∂ φ2
∂ x2

= 0
∂ φ1
∂ p = 11 − 2 x2
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Now writing out the system we obtain for the case at hand we obtain

[

∂ x1
∂ p

∂ x2
∂ p

]

=

[

∂ φ1
∂ x1

∂ φ1
∂ x2

∂ φ2
∂ x1

∂ φ2
∂ x2

]−1 [ − ∂ φ1
∂ p

− ∂ φ2
∂ p

]

⇒
[

∂ x1
∂ p

∂ x2
∂ p

]

=

[

−2p 0
0 −2p

]−1 [
2 x1 − 14
2 x2 − 11

]

=

[

− 1
2p 0

0 − 1
2p

]

[

2 x1 − 14
2 x2 − 11

]

=

[

7 − x1
p

5.5 − x2
p

]

(26)

Given that

x1 = 7 − 1
2 w1 p

−1

x2 = 5.5 − 1
2 w2 p

−1
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we obtain

∂ x1
∂ p = 7 − x1

p

=
7 − (7 − 1

2 w1 p
−1)

p

= 1
2 w1 p

−2
∂ x1
∂ p = 5.5 − x2

p

=
5.5 − (5.5 − 1

2 w2 p
−1)

p

= 1
2 w2 p

−2

which is the same as before.

c: example 3 (exercise)

Verify the implicit function theorem derivatives ∂ x1
∂w1
, ∂ x1

∂w2
, ∂ x2

∂w1
, ∂ x2

∂w2
for the function in

example 2.

d: example 4
A firm sells its output into a perfectly competitive market and faces a fixed price p. It

hires labor in a competitive labor market at a wage w, and rents capital in a competitive
capital market at rental rate r. The production is f(L, K). The production function is strictly
concave. The firm seeks to maximize its profits which are

ß = pf(L, K) − wL − rK
The first-order conditions for profit maximization are

πL = p fL(L
∗, K∗) − w = 0

πK = p fK(L
∗, K∗) − r = 0

This gives two implicit equations for K and L.
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The second order conditions are

∂2 π

∂L2
(L∗, K∗) < 0

∂2 π

∂L2
∂2 π

∂K2
−
[

∂2 π

∂L ∂K

] 2

> 0 at (L∗, K∗)

We can compute these derivatives as

∂2 π
∂L2

= ∂ (p fL (L
∗, K∗) − w )
∂ L = p FLL

∂2 π
∂K2

= ∂ (p fK (L∗, K∗) − r )
∂ L = p FKK

∂2 π
∂ L ∂ K =

∂ (p fL (L
∗, K∗) − w )
∂ K = p FKL

The first of the second order conditions is satisfied by concavity of f. We then write the
second condition as

D =

∣

∣

∣

∣

p fLL p fL K
p fK L p fK K

∣

∣

∣

∣

> 0

⇒ p2
∣

∣

∣

∣

fLL fL K
fK L fK K

∣

∣

∣

∣

> 0

⇒ p2( fLL fKK − fKL fLK) > 0

(27)

The expression is positive because f is assumed to be strictly concave.
Now we wish to determine the effects on input demands, L∗ and K∗, of changes in the

input prices. Using the implicit function theorem in finding the partial derivatives with
respect to w, we obtain for the first equation

πLL
∂ L∗
∂w + πLK

∂ K∗
∂w + πLw = 0

⇒ p fLL
∂ L∗
∂w + p fKL

∂ K∗
∂w − 1 = 0

For the second equation we obtain

πKL
∂ L∗
∂w + πKK

∂ K∗
∂w + πKw = 0

⇒ p fKL
∂ L∗
∂w + p fKK

∂ K∗
∂w = 0

We can write this in matrix form as

[

p fLL p fLK
p fKL p fKK

] [

∂L∗/∂w
∂K∗/∂w

]

=





1

0





Using Cramer’s rule, we then have the comparative-statics results

∂L∗
∂w =

∣

∣

∣

∣

∣

1 p fLK
0 p fKK

∣

∣

∣

∣

∣

D =
p fKK
D

∂K∗
∂w =

∣

∣

∣

∣

∣

p fLL 1
p fKL 0

∣

∣

∣

∣

∣

D = − p fKLD

The sign of the first is negative because fKK < 0 and D > 0 from either strict concavity
of f or the second-order conditions. Thus, the demand curve for labor has a negative slope.
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However, in order to sign the effect of a change in the wage rate on the demand for capital,
we need to know the sign of fKL, the effect of a change in the labor input on the marginal
product of capital. It is plausible to assume that this is positive (though it may not be) and
so an increase in the wage rate would also decrease the demand for capital. We can derive
the effects of a change in the rental rate of capital in a similar way.
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e: example 5

Let the production function be Cobb-Douglas of the form y = LffKfi . Find the comparative-
static effects ∂L∗/∂w and ∂K∗/∂w.
Profits are given by

π = p f (L, K) − wL − rK
= p Lα Kβ − w L − r K

The first-order conditions are for profit maximization are

πL = α p Lα − 1 Kβ − w = 0
πK = β p Lα Kβ− 1 − r = 0

This gives two implicit equations for K and L.
The second order conditions are

∂2 π

∂L2
(L∗, K∗) < 0

∂2 π

∂L2
∂2 π

∂K2
−
[

∂2 π

∂L ∂K

] 2

> 0 at (L∗, K∗)

We can compute these derivatives as

∂2 π
∂L2

= α (α − 1) p Lα − 2 Kβ

∂2 π
∂K2

≡ β (β − 1) p Lα Kβ− 2

∂2 π
∂ L ∂ K = α β p Lα − 1 Kβ− 1

The first of the second order conditions is satisfied as long as α, β ¡ 1. We can write the
second condition as

D =

∣

∣

∣

∣

α (α − 1) p Lα − 2 Kβ α β p Lα − 1 Kβ− 1

α β p Lα − 1 Kβ− 1 β (β − 1) p Lα Kβ− 2

∣

∣

∣

∣

> 0 (28)
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We can simplify D as follows

D =

∣

∣

∣

∣

α (α − 1) p Lα − 2 Kβ α β p Lα − 1 Kβ− 1

α β p Lα − 1 Kβ− 1 β (β − 1) p Lα Kβ− 2

∣

∣

∣

∣

= p2
∣

∣

∣

∣

α (α − 1) Lα − 2 Kβ α β Lα − 1 Kβ− 1

α β Lα − 1 Kβ− 1 β (β − 1) Lα Kβ− 2

∣

∣

∣

∣

= p2 α β (α − 1) (β − 1) Lα − 2 Kβ Lα Kβ− 2 − α2 β2 L2α − 2 K2β− 2

= p2 α β Lα − 2 Kβ Lα Kβ− 2 ( (α − 1) (β − 1) − α β )
= p2 α β Lα − 2 Kβ Lα Kβ− 2 ( α β − β − α + 1 − α β )
= p2 α β Lα − 2 Kβ Lα Kβ− 2 ( 1 − α − β )

(29)

The condition is then that

D = p2 α β L2α−2 K2β−2 (1 − α − β) > 0

This will be true if α + β < 1.
Now we wish to determine the effects on input demands, L∗ and K∗, of changes in the

input prices. Using the implicit function theorem in finding the partial derivatives with
respect to w, we obtain for the first equation

πLL
∂ L∗
∂w + πLK

∂ K∗
∂w + πLw = 0

⇒ α (α − 1) p Lα − 2 Kβ ∂ L∗
∂w + α β p Lα − 1 Kβ− 1 ∂ K∗

∂w − 1 = 0

For the second equation we obtain

πKL
∂ L∗
∂w + πKK

∂ K∗
∂w + πKw = 0

⇒ α β p Lα − 1 Kβ− 1 ∂ L∗
∂w + β (β − 1) p Lα Kβ− 2 ∂ K∗

∂w = 0

We can write this in matrix form as

[

α (α − 1) p Lα − 2 Kβ α β p Lα − 1 Kβ− 1

α β p Lα − 1 Kβ− 1 β (β − 1) p Lα Kβ− 2

] [

∂L∗/∂w
∂K∗/∂w

]

=





1

0




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Using Cramer’s rule, we then have the comparative-statics results

∂L∗
∂w =

∣

∣

∣

∣

∣

1 α β p Lα − 1 Kβ− 1

0 β (β − 1) p Lα Kβ− 2

∣

∣

∣

∣

∣

D = β (β − 1) p Lα Kβ − 2

D

∂K∗
∂w =

∣

∣

∣

∣

∣

α (α − 1) p Lα − 2 Kβ 1
α β p Lα − 1 Kβ− 1 0

∣

∣

∣

∣

∣

D = − α β p Lα − 1 Kβ − 1

D

The sign of the first of is negative because p β (β − 1) Lα Kβ− 2
< 0 (β < 1), and D

> 0 by the second order conditions. The cross partial derivative ∂K∗
∂w is also less than zero

because p α β Lα − 1Kβ− 1
> 0 and D > 0. So, for the case of a Cobb-Douglas production

function, an increase in the wage unambiguously reduces the demand for capital.
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5. THE GENERAL EQUATION FOR THE TANGENT TO F(X1, X2,...) = C AND PROPERTIES OF THE
GRADIENT

5.1. The general equation for a tangent plane. Consider the surface defined by

y = f (x1, x2, · · · , xn) (30)

at the point ( x01, x
0
2, · · · , x0n )

y0 = f (x01, x
0
2, · · · , x0n) (31)

The equation of the plane tangent to the surface at this point is given by

( y − y0) = f1 (x1 − x01) + f2 (x2 − x02 ) + · · · + fn (xn − x0n)
⇒ f1 (x1 − x01) + f2 (x2 − x02 ) + · · · + fn (xn − x0n) − ( y − y0) = 0

⇒ f (x1, x2 , · · · , xn ) = f (x01, x
0
2, · · · , x0n) + f1 (x1 − x01) + f2 (x2 − x02 ) + · · · + fn (xn − x0n)

(32)
where the partial derivatives fi are evaluated at ( x

0
1, x

0
2, · · · , x0n ) . We can also write this as

f (x) − f (x0) = ∇ f (x0) (x − x0) (33)

Compare this to the tangent equation with one variable

y − f (x0) = f´(x0) (x − x0)
⇒ y = f (x0) + f´(x0) (x − x0) (34)

5.2. Vector functions of a real variable. Let x1, x2, ... ,xn be functions of a variable t defined in an
interval I and write

x (t) = ( x1(t), x2(t) , · · · , xn(t) ) (35)

The function t→ x(t) is a transformation from R to Rn and is called a vector function of a real
variable. As x runs through I, x(t) traces out a set of points in n-space called a curve. In particular,
if we put

x1 (t) = x01 + t a1 , x2 (t) = x02 + t a2 , · · · , xn (t) = x0n + t an (36)

the resulting curve is a straight line in n-space. It passes through the point x0 = ( x01, x
0
2, · · · , x0n )

at t = 0, and it is in the direction of the vector a = ( a1, a2, · · · , an ) .
We can define the derivative of x(t) as

d x

d t
= ẋ (t) =

(

d x1(t)

d t
,
d x2(t)

d t
, · · · , d xn(t)

d t

)

(37)

If K is a curve in n-space traced out by x(t), then ẋ (t) can be interpreted as a vector tangent to K
at the point t.
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5.3. Tangent vectors. Consider the function r (t) = ( x1(t), x2(t) , · · · , xn(t) ) and its derivative
ṙ (t) = ( ẋ1 (t), ẋ2 (t) , · · · , ẋn (t) ) . This function traces out a curve in Rn. We can call the curve
K. For fixed t,

ṙ (t) = lim
h → 0

r (t + h) − r (t)
h

(38)

If ṙ (t) 6= 0, then for t + h close enough to t, the vector r(t+h) - r(t) will not be zero. As h tends to 0,
the quantity r(t+h) - r(t) will come closer and closer to serving as a direction vector for the tangent
to the curve at the point P. This can be seen in the following graph
It may be tempting to take this difference as approximation of the direction of the tangent and

then take the limit

lim
h → 0

[ r (t + h) − r (t) ] (39)

and call the limit the direction vector for the tangent. But the limit is zero and the zero vector
has no direction. Instead we use the a vector that for small h has a greater length, that is we use

r (t + h) − r (t)
h

(40)

For any real number h, this vector is parallel to r(t+h) - r(t). Therefore its limit

ṙ (t) = lim
h → 0

r (t + h) − r (t)
h

(41)

can be taken as a direction vector for the tangent line.

5.4. Tangent lines, level curves and gradients (Sydsaeter). Consider the equation

f (x) = f (x1, x2, · · · , xn) = c (42)

which defines a level curve for the function f. Let x0 = ( x01, x
0
2, · · · , x0n ) be a point on the

surface and let x (t) = ( x1(t), x2(t) , · · · , xn(t) ) represent a differentiable curve K lying on the
surface and passing through x0 at t = t0. Because K lies on the surface, f [x(t)] = f [x1(t), x2(t), ,,, xn(t)]
= c for all t. Now differentiate this equation with respect to t

∂ f (x)
∂ x1

∂ x1
∂ t + ∂ f (x)

∂ x2

∂ x2
∂ t + · · · + ∂ f (x)

∂ x2

∂ x2
∂ t = 0

⇒ ∇ f (x0) · ẋ (t0) = 0
(43)

Because the vector ẋ (t) = ( ẋ1(t), ẋ2(t) , · · · , ẋn(t) ) has the same direction as the tangent to
the curve K at x0, the gradient of f is orthogonal to the curve K at the point x0.
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6. LINEAR APPROXIMATIONS AND DIFFERENTIALS

6.1. Differentials. Consider a function y = f(x1, x2, ... , xn). If dx1, dx2, ... , dxn are arbitrary real
numbers (not necessarily small), we define the differential of y = f(x1, x2, ... , xn) as

dy =
∂ f

∂ x1
dx1 +

∂ f

∂ x2
dx2 + · · · +

∂ f

∂ xn
dxn (44)

When xi is changed to xi + dxi, then the actual change in the value of the function is the incre-
ment

∆y = f (x1 + dx1, x2 + dx2, · · · , xn + dxn ) − f (x1, x2, · · · , xn) (45)

If dxi is small in absolute value, the ∆y can be approximated by dy

∆y ≈ dy =
∂ f

∂ x1
dx1 +

∂ f

∂ x2
dx2 + · · · +

∂ f

∂ xn
dxn (46)

6.2. Rules for differentials.

1: dc = 0 (c is a constant)
2: d(cxn) = cnxn−1 dx
3: d (a f + b g) = a d f + b dg (a and b are constants)
4: d ( f g) = g d f + f dg

5: d
(

f
g

)

= g d f − f dg
g2

g 6= 0

6: d ( f g h) = g h d f + f h dg + f g dh
7: If y = g[ f(x1, x2, ... , xn) ] then dy = g′[ f(x1, x2, ... , xn) ] df.
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6.3. Differentials and systems of equations.

6.3.1. Idea. We can find partial derivatives of implicit systems using differentials. We take the total
differential of both sides of each equation, set all differentials of variables that are not changing
equal to zero, and then divide each equation by the differential of the one exogenous variable that
is changing. We then solve the resulting system for the various partial derivatives.

6.3.2. Example 1. Consider the system

φ1(x1, x2, p, w1, w2) = 14 p − 2 p x1 − w1 = 0
φ2(x1, x2 p, w1, w2) = 11 p − 2 p x2 − w2 = 0

(47)

The total differential of each equation is

14 dp − 2 p dx1 − 2 x1 dp − d w1 = 0
11 dp − 2 p dx2 − 2 x2 dp − d w2 = 0

Now set dw1 = dw2 = 0 and divide each equation by dp

14 − 2 p dx1dp − 2 x1 = 0

11 − 2 p dx2dp − 2 x2 = 0

Solving we obtain

2 p ∂x1
∂p = 14 − 2 x1

⇒ ∂x1
∂p = 14 − 2x1

2 p = 7 − x1
p

2 p ∂x1
∂p = 11 − 2 x1

⇒ ∂x2
∂p = 11 − 2x1

2 p = 5.5 − x2
p
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6.3.3. Example 2. Consider the following macroeconomic model:

Y = C + I + G
C = f (Y − T)
I = h (r)
r = m (M)

(48)

Where Y is national income, C is consumption, I is investment, G is public expenditure, T is tax
revenue, r is the interest rate, and M is money supply. There are seven variables and four equations
so we can potentially solve for 4 endogenous variables in terms of 3 exogenous variables. If we
assume that f, h, and m are differentiable functions with 0 < f ′ < 1, h′ < 0, and m′

< 0, then these
equations determine Y, C, I, and r as differentiable functions of M, T, and G. We can also find the
differentials of Y, C, I, and r in terms of the differentials of M, T, and G.
The total differential of the system is

dY = dC + dI + dG
dC = f ′(Y − T) (dY − dT)
dI = h′(r) dr
dr = m′(M) dM

(49)

We need to solve this system for the differential changes dY, dC, dI, and dr in terms of the
differential changes dM, dT, and dG in the exogenous policy variables M, T, and G. From the last
two equations in (41), we can find dI and dr as follows

dr = m′(M) dM
dI = h′(r) m′(M) dM

(50)

Inserting the expression for dI from (50) into the first two equations in (49) gives

dY − dC = h′(r) m′(M) dM + dG
f ′(Y − T) dY − dC = f ′(Y − T) dT (51)

This gives two equations to determine the two unknowns dY and dC in terms of dM, dG, and
dT. We can write this in matrix form as follows

[

1 −1
f ′ (Y − T) −1

] [

dY
d C

]

=

[

h′(r) m′(M) dM + dG
f ′(Y − T) dT

]

(52)

We can use Cramer’s rule to solve this system. The determinant of the coefficient matrix is given
by

D =

∣

∣

∣

∣

1 −1
f ′ (Y − T) −1

∣

∣

∣

∣

= (−1) − (− f ′ (Y − T) ) = f ′ (Y − T) − 1 (53)

First solving for dY we obtain
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dY =

∣

∣

∣

∣

∣

h′(r) m′(M) dM + dG −1
f ′(Y − T) dT −1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1
f ′ (Y − T) −1

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

h′(r) m′(M) dM + dG −1
f ′(Y − T) dT −1

∣

∣

∣

∣

∣

f ′ (Y − T) − 1

⇒ dY = − h′(r) m′(M) dM − dG + f ′(Y − T) dT
f ′ (Y − T) − 1

= − h′(r) m′(M)
f ′ (Y − T) − 1 dM − 1

f ′ (Y − T) − 1 dG + f ′(Y − T)
f ′ (Y − T) − 1 dT

= h′m′
1 − f ′ dM − f ′

1 − f ′ dT + 1
1 − f ′ dG

(54)

Then solving for dC we obtain

dC =

∣

∣

∣

∣

∣

1 h′(r) m′(M) dM + dG
f ′(Y − T) f ′(Y − T) dT

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1
f ′ (Y − T) −1

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1 h′(r) m′(M) dM + dG
f ′(Y − T) f ′(Y − T) dT

∣

∣

∣

∣

∣

f ′ (Y − T) − 1

⇒ dC = f ′(Y − T) dT− h′(r) m′(M) dM f ′(Y − T) − dG f ′(Y − T)
f ′ (Y − T) − 1

=
− h′(r) m′(M) f ′(Y − T)

f ′ (Y − T) − 1 dM − f ′(Y − T)
f ′ (Y − T) − 1 dG +

f ′(Y − T)
f ′ (Y − T) − 1 dT

= f ′ h′m′
1 − f ′ dM − f ′

1 − f ′ dT + f ′
1 − f ′ dG

(55)

We have now found the differentials dY, dC, dI, and dr as linear functions of dM, dT, and dG. If
we set dM and dG equal to zero, then

dY = − f ′
1 − f ′ dT

⇒ ∂Y
∂ T = − f ′

1 − f ′
(56)

Similarly ∂r
∂T= 0 and

∂I
∂T = 0. Because we assumed that 0 < f ′ < 1, ∂Y

∂T =
− f ′

(1− f ′) < 0.

If dM, dT, and dG are small in absolute value, then

∆Y = Y(M0 + dM, T0 + dT, G0 + dG) − Y(M0, T0, G0) ≈ dY
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