VARIOUS TOOLS FOR COMPARATIVE STATICS
(ROUGH)

1. THE CHAIN RULE (OR TOTAL DERIVATIVE) FOR COMPOSITE FUNCTIONS OF SEVERAL
VARIABLES

1.1. Chain rule for functions of two variables. Wheny = f (x1, xp) with x; = g(t) and x, = h(t), then

dy _ af Xm af de

t T dxp dt dxp dt (1)
_ o dgw [of any
Bxl dt sz dt

This is usually called the total derivative of y with respect to t.

1.2. Example. Let the function be given by

y = f(x1, ) = x5 + x5

with
x1(t) =2 + 2t + 1
Xz(i’) =3t
Then
) )
3_9{1 =2x1, 8_3{2 = 3x§
in —op 42,92 — 3
= S — 2x) (2t + 2) + (3x2) (3) @)

= (212 + 4t 4+ 2) (2t + 2) + (27 (3)
=413 + 417 + 812 + 8t + 4t + 4 + 81F2
=41 + 9312 + 12t + 4
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If we multiply if out we obtain

y = f(x1, x2) =x7 + 3
= (¥ + 2t + 1) + (3¢t)°
=ttt 4+ 28 + 2 428 + 42 + 2t + 2 + 2t + 1+ 278 ©)
G =48 £ 612 + 2t + 62 + 8t + 2 + 2t + 2 + 812
=41 + 9312 + 12t + 4

In-class exercises
Find the total derivative of each of the following with respect to t.
y =f(x1, %) = xf +x3
1. xp(t) = ¢
X2 (i’) =2t

y=flx, ) =2+ 23
2. xp(t) =8 + 2t
XQ(f) =2t +1

y f(xl,xz):x%—xlxz—i-x%
3. x1(t) =t> + 2t +3
xo (1) =2t — 2

y =f(x1, x, x3) = 22 + x5 4+ 2x3
g M) =1+ 2t
XQ(f) =2t
x3(t) =t — 5t
2+ 2
y =f(a, x) = F2
5. xy(t) =8 + 2t
XQ(f) =2t +1

2. DIRECTIONAL DERIVATIVES
of of

2.1. Idea. If y = f(xq, X), the partial derivatives, v, 93, Measure the rates of change of f(x1, xp), in
the directions of the x; - axis and the x; - axis, respectlvely. We can also measure the rate of change
of the function in other directions. Consider a particular point in the domain of f and denote it
(x9, x3) . Any non-zero vector (h, k) is then a direction in which we move away from the point

(x9, x9) in a straight line to points of the form
(xlfx2):( 1(t), x2() = (2 + th, x5 + tk) (4)
Given any initial point (xJ, xJ ) and any direction (h, k), define the directional function g by
g(t) = f(x{ + th, x3 + tk) (5)

The derivative of this function is
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ds _ Of du . O dx
dt aap? dt ox, dt (6)

°’|

() + th, X + bk b+ 2L () + th, xS+ )k
Now let t = 0 so that we are at the point (xl, xz) Then we obtain
’Z—g (0) = af (xl, XNh+ 5 af (xl, X))k (7)

If the vector (h, k) has length 1, the derivative of f in the direction (h, k) is called the directional
derlvatlve of f in the direction of (h, k) at (x? 1/ x2 ) . Specifically, the directional derivative of f(x1,
xp) at (1), x9) in the direction of the unit vector (h, k) is

Dui 3, 8) = 2L, oy h+ 2L, )k ®
1 X2

Note that when the length of (h, k) is one, a move away from (x(l) , xg ) in the direction (h, k)
changes the value of f by approximately Dy,  f (x?, xJ ). Also notice that the directional derivative
is the product of the gradient of f and the vector (h, k).
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2.2. Example. Consider the function f(x1, x; ) with the following direction and initial point.

fx1, x2) =x2 + 3x3
Direction = (2, 5)
Point = (1, 1)

First normalize the direction vector. Because the length of the vector is /29 we can normalize it
2 5 i i
as ( 5 U5 ) . Then find the gradient of f as

f(x1, x2) =x% + 3x3
J
7 =2n
J

8_3(2 :6X2

Evaluated at (1,1) we obtain
of _
ax;
of _
ox;

The directional derivative is then given by

2
557 34
2,6 2| =—=
( ) < \/29 ) 29
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3. MORE GENERAL CHAIN RULES

3.1. General form of the chain rule. Lety =f(x, X2, ... Xn) and let x; = g3 (t1, t2, ..., tm), X2 = g2 (t1,
to, .o tm), ..., Xn= gn (t1, t2, ..., tm) Where t is an m-vector of other variables upon which the x vector
depends. Then the following holds

ay oy dxq oy 0xp oy 0xp

A v on oy an T w0t

, =12 --,n )

3.2. Example. Consider the function y = f(x1, X2) along with the auxiliary functions x;(z, w) and x,
(z, w)

y = f(x1, x2) =3x1 + 2x7 23
x1(z, w) =5z + 2zw
Xy (z, w) =zw? + 3w

where t 1 =z and t; = w from equation 9 . We can find the partial derivative of y with respect to
z using equation 9 as follows.

a_y — af(xlfx2) + af(xllxz) m
Jdz EE3! B dxp dz

(3 + 2x2)(5 + 2w) + (4x1 %) (w?)

3+ 222wt + 6zw® + 9w?)) (5 + 2w) + 4(5z + 2zw) (zw? + 3w) w?
= (3 + 222w* + 12zw® + 18w?) (5 + 2w) + (20zw? + 8zw?) (zw? + 3w)
=15 + 6w + 1022w* + 422w + 60zw® + 24zw* + 90w? + 36w
+20z22w* + 60zwd + 822w’ + 24zw*

=15 + 6w + 90w? + 36w’ + 120zw® + 48zw* + 30z2w* + 12 22 w®

We can also find the partial of y with respect to w as

dy _ 9f(x1,x) 9x + 9 f(x1,%2) 8_
ow d X1 ow d X7 0w

(3 + 2x%)(22) + (4x1x2)( zw + 3)

=B+ 222wt + 6zw® + 9w ))( z) + 4(5z + 2zw) (zw? + 3w) (2zw + 3)

=3+ 222w* + 12zw® + 18w?) (2 z) + (20z + 8zw) (zw? + 3w) (2zw + 3)

=(6z + 423 w* + 2422w® + 36zw?) + (2022w? + 60zw + 8z2w?® + 24zw?) 2zw + 3)
6z + 422 w* + 2422w + 36zw? + 4023 w® + 12022 w? + 1623 w* + 4822 w?

60z2w? + 180zw + 24z°w® + 72z w?

6z + 180zw + 108zw? + 180z%w? + 96z°w® + 40z3w® + 20z° w?

I+ 1l



6 VARIOUS TOOLS FOR COMPARATIVE STATICS (ROUGH)

4. DERIVATIVES OF IMPLICIT FUNCTIONS

4.1. A two-variable implicit function theorem.

4.1.1. statement of the theorem. Consider the function defined implicitly by f( xq, X ) = c where cis a
constant. If 88_3{2 # 0, then

9 oL

0% _ _ 9

8x1 - af (10)
aJQ

4.1.2. examples.
a: Example 1

yo = f(x1, xp) = x% — 2x1xy + xlxg

To find the partial derivative of x, with respect to x; we find the two partials of f as

follows
af
o _
o .  If
8)(2

2x1 —2x + x%

3x1x% —2x

3
_ 2xp —2x1 — X3

3x1 x% —2x
b: Example 2

u = U (x1, x2)

To find the partial derivative of x, with respect to x; we find the two partials of U as
follows

ou
dxy _ 9x{
aXl - ou
axz

4.2. A more general form of the implicit function theorem with p independent variables and 1
implicit equation.

4.2.1. Statement of the theorem. Suppose x; is defined implicitly as a differentiable function of the p
variables y1, y3, ... ,yp by the equation f (x1, y1,y2,. . . yp ) =0o0r f(x1,y1,y2, - - . yp ) =c where cis
a constant. Then

of
axlz_ﬂizlz... p (11)
ayl ﬂ/ 7 / 4

axl
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4.2.2. Example. Consider a utility function given by

i3
u:xlxzx

This can be written implicitly as

11 1
f(u/x1/x2/x3) = ”_xfxzsx:g =0
Now consider some of the partial derivatives arising from this implicit function. First consider
the marginal rate of substitution of x; for x;

_af
Bxl _ 9dxg
dxy —  9f
dxq
bt
_ —(=3)x x50 xg
B
(—2)x * x5 x3
—_4x
3]{2

Now consider the marginal rate of substitution of x; for x3.

Zof
9x _ 93
dxs —  9f
dxp
11 s
e G LS
= T _Zz I
(-3)xf %% xf
—_1x
- 2 X3
Now consider the marginal utility of x,.
_af
ou _ 9%
dxp —  9f
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4.3. A more general form of the implicit function theorem with p independent variables and m
implicit equations.

4.3.1. One motivation for implicit function theorem. Assuming the conditions of the implicit function
theorem as discussed below hold, we can eliminate m variables from the constrained optimiza-
tion problem using the constraint equations. In this way the constrained problem is converted to
an unconstrained problem and we can use the results on unconstrained problems to determine a
solution..

4.3.2. description of the system of equations. Suppose that we have m equations depending on m + p
variables (parameters) written in implicit form as follows

4)](3(1,3(2, s Xms Y1, Y2, 0 f?/p) =0
¢2(x1/x2/"'/xnh yl’yz’”.’yp)zo
(Pm(xlr X2, cc s Xms Y1, Y2, /]/p) =0
For example with m = 2 and p = 3, we might have
— -0.6 ,02 _ —
4)1 (xll X2, p, W1, wZ) - (04) px x%.S wq 0 (13)

¢2 (x1, X2, p, w1, wp) = (0.2) pad4x; %% — wy =0

4.3.3. Jacobian matrix of the system. The Jacobian matrix of the system in (12) defined as matrix of
first partials as follows

9 9 9P
d X1 dxp 9 Xy
9 94 . 9P
I (14
T Y
d X1 d X 9 xXpm

This matrix will be of rank m if its determinant is not zero.

4.4. Statement of implicit function theorem. Suppose ¢; are real valued functions defined on a
domain D and are continuously differentiable on an open set D' € D € R™*P, p ; 0 and ¢;(x, y°)
=0fori=1,2,.., mand (xO, yO) e D!, ie., the equation system is satisfied at the point (xO, yO). Let x
be of dimension m and y of dimension p. Assume the Jacobian matrix

o0E; (xY, y0)
an
has rank m. Then there exists a neighborhood of <, yo) (N (<0, yo)) e D!, an open set D? C RP
containing y°, and real valued functions ¥ k=1,...,m continuously differentiable on D? such that

the following conditions are satisfied

XN =g () k=1.,m. (15)
This means we can solve the system of m implicit equations for all m of the x variables as func-
tions of the p independent or y variables. In the example system (13), we could solve the two
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equations for x; and x; as functions of p, wy, and wy, i.e., x; = g1(p, w1, wp ) and xp = go(p, w1, wp

For every y € D?, we have

¢i(g1(¥), 2y) -, gmy), y) =0i=1, ..,

m
i 16
= ¢i(g(y),y) =0i=1,.., m (16)
where g(y) = [g1(y), 82(y) - - - gm(y)] and for all (x, y) € N (x°, y°) the Jacobian matrix
M has rank m 17)
ax]-

This means that if we plug the x’s that we obtain from (16) into the implicit equations (equation
12), the left hand side of the equations will be zero, or the equations will be satisfied.

Furthermore for y € D?, we can compute the partial derivatives of i, (y) as solutions to the set of
equations

99i(g (v), v) 98k (y) _ 99§ (), y) . _
k:Zl o v o, ,i=1,2,--,m (18)

Here the derivative %w is just the derivative of ¢; with respect to its kth argument.
In equation 12 this is xi, while in equation 16, it is gy(y). For the example in (13) we can find

aa—’;l %—’;— , thatis ( aa—%) , from the following two equations derived from equation 13, which is re-

peated here.
¢1(x1, xo, p, w1, wp) = (0.4) pxy 0.6 gz ~w =0
472(3(1,3(2, p, w1, w2) - ( )px(1)4 208—w2 =0
(19)
(—0-24)px1’1'6x8'2} ap T {(0.08)px;0'6x2’0'8 % = — (0.4) x7%0 x02
(O.OS)pxl_O'éxz_O'S} 9n 4 [(—O.l6)px‘1)'4x2_1'8 a—’;f = — (0.2) 204 x; 08

While the system is non-linear, we can (in principle and in practice) solve for the two derivatives
in question.

To see the intuition of equation 18, take the total derivative of ¢; in (16) with respect to y; as
follows

20, ¢(zp(g1( ), & ( ) a¢ agm(y)é¢) =0 20)
i i 98m 99i _
Ig By g ay Tt Gy Tay =0
and then move =+t to the right hand side of the equation. Then perform a similar task for the
other equations to obtam m equations in the m partial derivatives, 2 St y = 35"
j
For the case of only one implicit equation (18) reduces to
y 08 W) y) dgy) _ _ 99(v). y) 1)

o 9% 9y; 9y;

With only one implicit equation m = 1 and we obtain
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9P W), y) 9gky) _ _ 9¢ (), v) 22)
which can be rewritten as
_ 99 W), y)
agr(y) _ 9y 23)
ay; 9¢(g (), ¥)
Bxk
This is then the same as equation 11.
If there are only two variables, x; and x, where x; is now like y;, we obtain
09(g(x2), Xp) 9g1(x2) _ _ 3¢(g(x2), x2)
dx1 dxp dxp
x), (24)
Loon _ gl _ e
Xy Xy 9p(g (axg)r xp)
X1

which is the same as the two variable case in equation 10 where ¢ takes the place of f.

4.4.1. examples of implicit function theorem.

a: example 1

P1(x1, X2, y) = 3x1 + 2xp + 4y =0

472(361, Xg,y) =4x;1 + x +y=0

The Jacobian is given by

3 1]

Since this Jacobian is of full rank, we can solve these equations for x; and x; as functions
of y. Move y to the rhs in each equation.

3x1 + 2xp = —4y

4x1 + xp = —y

Now solve the second equation for x;, and plug in the first equation
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X2 = —y —4n

3x1 + 2(—y — 4x1) = —4y

3x;1 — 2y — 8x1 = —4y

—5x1 = =2y

= 0 =2/5y = ¢1(y)
Now plug this answer into the equation for y, and solve

Xy =—y — 4(2/5y)
=-y — 8/5y

=-18/5y = 2 (y)
We can check to see that equation 16 is satisfied

¢1 (2/5y, —13/5y, y) =3 (2/5y) + 2(—13/5) + 4y
=6/5y — 26/5y + 4y = 0

¢ (2/5y, —13/5y, y) =4(2/5y) + (-13/5) + y
=8/5y — 13/5y +y = 0

Furthermore

ox1 _ ogily) _ 2
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Rather than solving the system for x; and x; as functions of y, we can solve for the partial

derivatives ( aaiyl %—’;’— ) ( aa% Ba_%,z ) using the formula in (18) as:

01 931, 91 982 _ —0P

ox1 oy oxy oy ay

92 981 | 992 932 _ —9P
ox1 oy oxy 9y ay

3W 22 -
oL

=> %2 = -1 —4%
:>3%+2(—1—4%) —4
=> 3%—2—8%——4
:_5% -2

= % =2/5

aa%z = -1 —4(2/5)

= -1-8/5= -13/5
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b: example 2
Let the production function for a firm by given by

y = 14x; + 1lxp — x5 — x5

Profit for the firm is given by

T =py — WXy — WXy
=p(l4x; + 1lx; — x3 — x3) — w1 X] — Wr Xy
The first order conditions for profit maximization imply that

m=14px; + 1lpxy — px% — px% — W1X1 — WyXp
S = ¢ =14p — 2px; — w1 =0
e =¢1 =1lp - 2px —wp = 0

We can solve the first equation for x; as follows

g—fl =14p — 2px; —w; =0
= 2px;=14p — wy
= x :14p2;w1
w
=7 -5

In a similar manner we can find x, from the second equation

aa—g:llp—2px2—w2:0

= 2pxp=11p — wy
= x5 :11p27w2

—55 . m
=55 - &

13
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We can find the derivatives of x; and x, with respect to p, wi and w; directly as follows:

1

_ -1
Xy =7 —gwp
X7 :5.5—71w2p’1
Bxl 1 -2
Ip —2Wp
9% _ _1,-1
Bwl - 2p
9% _
.
9dxg _ 1 -2
ap 2 W2p
9x _ 1,1
aw2 - ZP
90 _
sz -

We can also find these derivatives using the implicit function theorem. The two implicit
equations are

¢1(x1, X2, p, w1, wy) =14p — 2px; — wy = 0
¢2(x1, Xp p, w1, wa) =11p — 2pxy —wy = 0
First we check the Jacobian of the system. It is obtained by differentiating ¢ and ¢, with
respect to x; and x; as follows

I¢r  9¢
-lB B[S
a_xi a_xi 0 —2p

The determinant is 4p? which is positive. Now we have two we can solve using the
implicit function theorem.
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The theorem says

m 90i(g(y).y) ogk(y) _ _ 94i(¢(y)y) ; _
ke o oy o : 3y ,1=1,2,
dx; dp dxp dp ap
992 0x; | 92 0%, _ _ »
dx; dp dxp dp ap
gﬂ gﬂ aa_x _% (25)
X1 X2 P — P
T | 9 | T | _ak
dx1 d X7 ap ap
93 CEURCT R T
— ox ox P
= on [ =| w0k _ %
ap 8x1 aXZ ap

We can compute the various partial derivatives of ¢ as follows

P1(x1, X2, p, wy, wp) =14p — 2px; — wy = 0

09 _

)
W —14 — 2

$a(x1, X2 p, w1, wp) =11p — 2pxy — wp = 0

9¢r _
T =—2p
9 _

aXZ
Sho=11 - 2x
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Now writing out the system we obtain for the case at hand we obtain

[S5)
=
=

S
(NS

r A g 77!
_ Bxl sz

Bxl sz

_[ -2 0o |
L 0 =2p

|
- |

Y
RS

Ny
NJIANY

Q)
=

Given that

_ 1 -1
X1 =/ —zguwp

Xp =55 — 7w2p’1

(26)
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we obtain
9y _7-x
op
_ 7 — (7—71101;7*1)
P
_ 1 -2
=5 W1 p
% — 5.57}62
p p
55— (55 -2+ wyp~)
P
-2

which is the same as before.

c: example 3 (exercise)
d X1 d X1 J X2 d X2

T dws 3w dw, for the function in

Verify the implicit function theorem derivatives
example 2.

d: example 4
A firm sells its output into a perfectly competitive market and faces a fixed price p. It
hires labor in a competitive labor market at a wage w, and rents capital in a competitive
capital market at rental rate r. The production is f(L, K). The production function is strictly
concave. The firm seeks to maximize its profits which are

8 = pf(L, K) — wL — rK
The first-order conditions for profit maximization are
np =pfu(l*, K*) —w =0
g =pfx(L*, K*) —r =0

This gives two implicit equations for K and L.
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The second order conditions are

— (L, K* 0
oz (LK) <05 @ | arek
We can compute these derivatives as

2 2 2 2 2
0° 7 87‘(871_[87‘(] > Oat (L%, K*)

2n _ o(pfi(ly K) —w)

N oL = phL
L* K*) —

%Kg - aEp]ch(( o >) ”) P

P} . p L*, K*) —w) _

3TIK = oy = pFk

The first of the second order conditions is satisfied by concavity of f. We then write the
second condition as

_| rfir pfrk
D = 0
’ pfkL Pfrk -
2| fir fLx 0 (27)
- fkr  fxk -

= p*(fur fxx — fxo fix) > 0

The expression is positive because f is assumed to be strictly concave.

Now we wish to determine the effects on input demands, L* and K*, of changes in the
input prices. Using the implicit function theorem in finding the partial derivatives with
respect to w, we obtain for the first equation

aL* JdK*
L 55 + Tk G + 7w =0

9L

QK" —
= prL 5w + prL Jw 1 0
For the second equation we obtain

aL* aK*
KL 5o +a7TKK 5o+ ng =0
L K* _
= pfkL G5y + Pfkk Gy =0

We can write this in matrix form as

[ pfi PfLK} [ oL* /0w } _ !

pfkL  pPfrk oK* /0w 0

Using Cramer’s rule, we then have the comparative-statics results

1 pfik
arr _ | 0 pfrkk | pfex
w D - D
pfir 1
o _ L P O pfa
w D - D

The sign of the first is negative because fxx < 0 and D > 0 from either strict concavity
of f or the second-order conditions. Thus, the demand curve for labor has a negative slope.
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However, in order to sign the effect of a change in the wage rate on the demand for capital,
we need to know the sign of fxj, the effect of a change in the labor input on the marginal
product of capital. It is plausible to assume that this is positive (though it may not be) and
so an increase in the wage rate would also decrease the demand for capital. We can derive
the effects of a change in the rental rate of capital in a similar way:.
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e: example 5

Let the production function be Cobb-Douglas of the form y = LfK! . Find the comparative-
static effects 0L* /0w and oK* /ow.

Profits are given by

m=pf(L, K) —wL —rK
=pL*KP — wL — rK

The first-order conditions are for profit maximization are

np =apl* 1KP —w =0
TTK :,BpL’J‘Kﬁ’1 —r=20

This gives two implicit equations for K and L.
The second order conditions are

dL?

o2 P P [ R
We can compute these derivatives as

2
oz (LK) < 0= = aLaK] > 0at (L*, K*)

7 =a(a — 1)pL¥—2KP
2

9E =p(B—1)pL¥KF=2
Sk =appLtlKP!

The first of the second order conditions is satisfied as long as «, § j 1. We can write the
second condition as

| a(a —1)pLr2KP wBpLr—TKP-1
Pl wppritiet - ppreke-z |70 29
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We can simplify D as follows
D — w(w — 1) p LY~ 2KP aBpLr—TKP-1
Sl appLeTiKETL O B(B - 1) pLUKPT2
B w(e —1)L*~2KP  apLr-1KA-1
af L 1KP=1  B(B — 1)L*KP2 (29)
:P206 ,B(Dé _ 1) (:B _ 1) [A—2 KB [xKB—2 _ 062,[32 20 —2 g2—2
=pa L2 KPLKE T (w — 1) (p = 1)~ wp)
p?
2

w LA 2KPLAKP=2 (4 — B —a +1 — ap)
w BLE"2KPLAKP=2 (1 —a — B)

The condition is then that

D = pPafLl*2K*#2(1 —a - B) >0
This will be true if & + < 1.
Now we wish to determine the effects on input demands, L* and K*, of changes in the
input prices. Using the implicit function theorem in finding the partial derivatives with
respect to w, we obtain for the first equation

TTLL aw + 1k aw + Ty =0
= a(w — 1)pL 2KP L + agpLe-1KA-T2K 1 =0

For the second equation we obtain

, L 3k + mrk G5+ 7§Kw =0
= appL*1KP-1LL 4 B(B —1)p L"‘Kﬁ 29K —0

We can write this in matrix form as

w(w — 1) p L8 2KP aBpL¥—TKP-1 oL* /ow _ 1
appL*~TKP-L B(B —1)pLKP? oK fow | T |
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Using Cramer’s rule, we then have the comparative-statics results

1 aBplr lkP-1

|

|

|

ar 1 0 B(B—1)pL*KF2 ' _ B(B—1)pL*KP2
ow D - D

(e — 1) pL* 2KF 1
OK* appl* 'KP! 0 —afp L 1K1
w D = D

The sign of the first of is negative because p g (8 — 1) L*KF =2 < 0(B < 1),and D
> 0 by the second order conditions. The cross partial derivative aa—lg is also less than zero
because pa BL* "1KF~1 > 0and D > 0. So, for the case of a Cobb-Douglas production
function, an increase in the wage unambiguously reduces the demand for capital.
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5. THE GENERAL EQUATION FOR THE TANGENT TO F(Xy, Xp,.) = C AND PROPERTIES OF THE
GRADIENT

5.1. The general equation for a tangent plane. Consider the surface defined by

y = f(x1,x2, -, xn) (30)

at the point (9, x9, -+, x9)

Y o= f (2,2, x) (31)

The equation of the plane tangent to the surface at this point is given by
(y =) =fAla — ) + ol —23) + - + fulxn — x%)

= filxs =)+ o2 =) + -+ fulxw — x3) — (y —¥°) =0
= f(xl,x2,~~~,xn) :f(x(l]fxg""fx(r]t) +f1(x1 _x(l)) —l—fg(Xg - X(Z)) + o +fn(xn -

(32)
where the partial derivatives f; are evaluated at (x), x3, -+, x3) . We can also write this as
f) = f(°) = VFQEO) (x = %) (33)
Compare this to the tangent equation with one variable
y - f(x(J) :f'(XO) (x — XO) (34)
=y =f( + F(%) (x — x)

5.2. Vector functions of a real variable. Let x1, x5, ... ,xn be functions of a variable t defined in an
interval I and write

x(8) = (xa(t), x2(t), -+, xa(t)) (35)

The function t — x(t) is a transformation from R to R™ and is called a vector function of a real
variable. As x runs through I, x(t) traces out a set of points in n-space called a curve. In particular,
if we put

x (t) = x(l) + tay, x(t) = xg + tay, -, xg () = xg + tay (36)

the resulting curve is a straight line in n-space. It passes through the point x* = (9, x9, -+, x9)

att=0, and it is in the direction of the vectora = (a1, ap, -+, an) .
We can define the derivative of x(t) as

dx | _(dxi(t) dxp(t) dxy(t)
E_x<t)_< t ' dt 7 df ) 37)

If K is a curve in n-space traced out by x(t), then x () can be interpreted as a vector tangent to K
at the point t.
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5.3. Tangent vectors. Consider the function r (t) = (x1(t), x2(t), - -+, x4(t) ) and its derivative
7(t) = (1 (t), x2(t), -+, x4 (t)) . This function traces out a curve in R". We can call the curve
K. For fixed t,

. . r(t+h) —r(t)
HH) = hhino h
If 7 (t) # 0, then for t + h close enough to t, the vector r(t+h) - r(t) will not be zero. As h tends to 0,
the quantity r(t+h) - r(t) will come closer and closer to serving as a direction vector for the tangent
to the curve at the point P. This can be seen in the following graph
It may be tempting to take this difference as approximation of the direction of the tangent and
then take the limit

(38)

lim [r(t+ 1) = r(8)] (39)

and call the limit the direction vector for the tangent. But the limit is zero and the zero vector
has no direction. Instead we use the a vector that for small h has a greater length, that is we use

r(t + h) — r(t)

(40)
h
For any real number h, this vector is parallel to r(t+h) - r(t). Therefore its limit
' . r(t+h) —r(t)
) =1 41
H®) ) h (1)
can be taken as a direction vector for the tangent line.
5.4. Tangent lines, level curves and gradients (Sydsaeter). Consider the equation
fx) = fx,x,0) =c (42)
which defines a level curve for the function f. Let xX* = (x9, x9, ---, x0) be a point on the
surface and let x (t) = (x1(t), x2(t), -+, xx(t) ) represent a differentiable curve K lying on the

surface and passing through x0 at t = t°. Because K lies on the surface, f [x(t)] = f [x;(t), X2(1), ,,, Xn ()]
= ¢ for all t. Now differentiate this equation with respect to t

9 9 d d d d
g L itn o Yt g o
= VI - x(t% =0
Because the vector x (t) = (Xxi(t), x2(f), - -+, Xn(t) ) has the same direction as the tangent to

the curve K at x’, the gradient of f is orthogonal to the curve K at the point x’.
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6. LINEAR APPROXIMATIONS AND DIFFERENTIALS

6.1. Differentials. Consider a function y = f(xq, xp, ... , Xn). If dx;, dXp, ... , dxn are arbitrary real
numbers (not necessarily small), we define the differential of y = f(x, X2, ... , Xn) as

9f 9f L 9f
dy = 11 dxq + P dxy + - 8 ndxn (44)

When x; is changed to x; + dx;, then the actual change in the value of the function is the incre-
ment

A]/ = f(xl + dxl, xz + de/ e, Xn + dx}’l) - f(xll x2/ Tty xn) (45)
If dx; is small in absolute value, the Ay can be approximated by dy
~ 9f Jf J f
Ay ~ dy = a1 dx; + a3 dxy + -+ + o, dxy (46)

6.2. Rules for differentials.
1: dc =0 (c is a constant)
d(ex™) = enx™ 1 dx
d(af + bg) = adf + bdg (aand b are constants)
d(fg) = gdf + fdg
d gl) _ 8df—2fd8g7é 0
d(fgh) = ghdf + fhdg + fgdh
Ify = g[ f(x1, x2, ... , Xn) ] then dy = g/[ f(x1, X2, ... , Xn) ] df.
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6.3. Differentials and systems of equations.

6.3.1. Idea. We can find partial derivatives of implicit systems using differentials. We take the total
differential of both sides of each equation, set all differentials of variables that are not changing
equal to zero, and then divide each equation by the differential of the one exogenous variable that
is changing. We then solve the resulting system for the various partial derivatives.

6.3.2. Example 1. Consider the system

o

P1(x1, x2, p,wy, wp) =14p — 2px; — wy =
Po(x1, Xpp, w1, wp) =11p — 2pxy — wy = 0
The total differential of each equation is

(47)

14dp — 2pdxy — 2x1dp — dwy =0
11dp — 2pdxy; — 2xpdp — dwy =0
Now set dw; = dw; = 0 and divide each equation by dp

14 — 2p‘§—’;1 —2x; =0

1 —2pde — 23 =0
Solving we obtain
Zpaa—’;l =14 — 2x;
= % _1472361 _ 77}(1
E;')p R
2;93%1 =11 — 2x;
= dxp _ 11-2xv _ 55-—x

ap — 2p p
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6.3.3. Example 2. Consider the following macroeconomic model:

+ 1+ G
Y- (48)

=~ ~ 0O
Il

C
f(
h(r
m (M)
Where Y is national income, C is consumption, I is investment, G is public expenditure, T is tax
revenue, r is the interest rate, and M is money supply. There are seven variables and four equations
so we can potentially solve for 4 endogenous variables in terms of 3 exogenous variables. If we
assume that f, h, and m are differentiable functions with 0 < f' < 1,1’ < 0,and m’ < 0, then these
equations determine Y, C, I, and r as differentiable functions of M, T, and G. We can also find the

differentials of Y, C, I, and r in terms of the differentials of M, T, and G.
The total differential of the system is

dY =dC + dI + dG

dC = f1(Y — T)(dY — dT)
dl = h/(r) dr

dr =m/(M) dM

(49)

We need to solve this system for the differential changes dY, dC, dI, and dr in terms of the
differential changes dM, dT, and dG in the exogenous policy variables M, T, and G. From the last
two equations in (41), we can find dI and dr as follows

dr =m/(M) dM

al =h/(r) m(M) dM (50)
Inserting the expression for dI from (50) into the first two equations in (49) gives
dY — dC =n/(r) m(M) dM + dG 51)

1Y = T)dY — dC = fi(Y — T)dT

This gives two equations to determine the two unknowns dY and dC in terms of dM, dG, and
dT. We can write this in matrix form as follows

m/(M) dM + dG

[ f/(Yl— T) j ] [ 5g ] :[ Mt },@/ S T)dT (52)

We can use Cramer’s rule to solve this system. The determinant of the coefficient matrix is given
by

- ] S () (Y -T) =N -T) -1 (3

D:’f/(Y—T) -1

First solving for dY we obtain
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hi(r) m(M) dM + dG -1 h(r) m(M) dM + dG -1
FI(Y = T)dT ~1 FI(Y = T)dT -1
ay = ] = FrY-T) -1
et T
—h(r) mi(M) dM — dG + f1(Y — T) dT (54)
= dYy = (r)m J)r/(y T) = 1f ( )
—h/ Yy —T
= (Y - : T)( dM — iy = T) 714G + f/f(yf T) — 1 dT
= % dM — Lo dT + 5 dG

Then solving for dC we obtain

hi(r) m(M) dM + dG

h M) dM dG
e ' _ ' fIY = T)  fIY - T)dT

' fIr(Y = T) (Y — T)dT

dC = 1 - frY—-T) -1
fr(y -=T) -1
(Y = T)dT—Hh I(M)dM f1(Y =T) —dG fr(Y =T
:dC:f;(l() )() ((r)mf(/)(Y)T{(l () )f( | ( )

—hi(r) m(M) f1(Y - T 1Y (Y —-T

= f/(Y—TJ)r—l dM_f/JEY—T) dG+f/J((Y—T)—1dT
him

= fam — L ar + L dG

(55)

We have now found the differentials dY, dC, dI, and dr as linear functions of dM, dT, and dG. If
we set dM and dG equal to zero, then

AY = — L dT (56)
Y __ !
= 9T T 1 [f/
Slmllarly =0and aI = 0. Because we assumed that 0 < f' <1, g% a _J;,) < 0.

If dM, dT, and dG are small in absolute value, then

AY = Y(My + dM, Ty + dT, Gy + dG) — Y(My, T, Go) ~ dY
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