BASIC STATISTICS

1. SAMPLES, RANDOM SAMPLING AND SAMPLE STATISTICS

1.1. Random Sample. The random variables X, X», ..., X,, are called a random sample of size n
from the population f(x) if X1, X», ..., X,, are mutually independent random variables and the mar-
ginal probability density function of each X; is the same function of f(x). Alternatively,
X1, Xo, ..., X, are called independent and identically distributed random variables with pdf f(x).
We abbreviate independent and identically distributed as iid.

Most experiments involve n >1 repeated observations on a particular variable, the first observa-
tion is X, the second is X5, and so on. Each X is an observation on the same variable and each X;
has a marginal distribution given by f(x). Given that the observations are collected in such a way
that the value of one observation has no effect or relationship with any of the other observations,
the X1, X», ..., X, are mutually independent. Therefore we can write the joint probability density
for the sample X, X», ..., X, as

f(@1, 22, 20) = f(z1) f(22) - -+ flan) = Hf(wi) 1)

If the underlying probability model is parameterized by 6, then we can also write
flar, g, wnl0) = T f(2il6) )
i=1

Note that the same 0 is used in each term of the product, or in each marginal density. A different
value of § would lead to a different properties for the random sample.

1.2. Statistics. Let X, X»,...,X,, be a random sample of size n from a population and let
T(x1,x2,...,x,) be areal valued or vector valued function whose domain includes the sample space
of (X1, Xa,...,X,). Then the random variable or random vector Y = (X3, Xo,..., X,,) is called a
statistic. A statistic is a map from the sample space of (X1, Xs, ..., X,,) call it X, to some space of
values, usually R or R". T is what we compute when we observe the random variable X take on
some specific values in a sample. The probability distribution of a statistic Y = T(X) is called the
sampling distribution of Y. Notice that T(-) is a function of sample values only, it does not depend
on any underlying parameters, 6.

1.3. Some Commonly Used Statistics.

1.3.1. Sample mean. The sample mean is the arithmetic average of the values in a random sample.
It is usually denoted

_ X1+ Xo+..4+X, 1
X (X1, Xa, X)) = 1+ 2;: + :EZXi (3)
=1

The observed value of X in any sample is demoted by the lower case letter, i.e., Z.
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1.3.2. Sample variance. The sample variance is the statistic defined by

1 _
S2(X1, Xo,o o Xn) = ——= > (Xi = X)? 4)
i=1

The observed value of S? in any sample is demoted by the lower case letter, i.e., s*.

1.3.3. Sample standard deviation. The sample standard deviation is the statistic defined by
S =182 (5)

1.3.4. Sample midrange. The sample mid-range is the statistic defined by
max(Xy, Xa, -+, Xp) —min(X1, Xo, -+, X))

> ©)
1.3.5. Empirical distribution function. The empirical distribution function is defined by
. 1 «
F(Xq,Xo, -, X, = - I1(X; 7
( 1, A2, ) )(IL') n ; ( < ZE) ( )

where F(Xl, Xo, -+, Xp,)(x) means we are evaluating the statistic F(Xl, Xy, -+, X,,) at the particular
value x. The random sample X1, Xo, ..., X,, is assumed to come from a probability defined on R!
and I(A) is the indicator of the event A. This statistic takes values in the set of all distribution
functions on R'. It estimates the function valued parameter F defined by its evaluation at z € R*

F(P)(x) = PIX <] ®)
2. DISTRIBUTION OF SAMPLE STATISTICS
2.1. Theorem 1 on squared deviations and sample variances.

Theorem 1. Let @1, 22, - - -2y, be any numbers and let & = L322t Then the following two items
hold.

Part a says that the sample mean is the value about which the sum of squared deviations is
minimized. Part b is a simple identity that will prove immensely useful in dealing with statistical
data.

Proof. First consider part a of theorem 1. Add and subtract Z from the expression on the lefthand
side in part a and then expand as follows

Y @i—z+r-0)=) (2, —2)?+2) (2-2)(@—a)+» (T—a) 9)
i=1 i=1 i=1 i
Now write out the middle term in 9 and simplify
Z(xi—_)(:Zfa):foi—ain—fZiJera (10)
i=1 i=1 i=1 i=1 i=1
=nZ? — anZ — nz* + na
=0
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We can then write 9 as
dwi—a)? =) (3 -2+ (T—a) (11)
i=1 i=1 i=1

Equation 11 is clearly minimized when ¢ = z. Now consider part b of theorem 1. Expand the
second expression in part b and simplify

S -2 =Y a2 w4 (12)
1=1 1=1 =1

i=1

n
= E x? — 2nz? 4 nz?

i=1
n

= E xf — nz?
i=1

2.2. Theorem 2 on expected values and variances of sums.

Theorem 2. Let Xy, Xy, --- X,, be a random sample from a population and let g(x) be a function such that
E g(X1) and Var g(Xy )exist. Then following two items hold.

2 B (; g(Xz-)) — 0 (Eg(Xy))

b: Var <i§g (XZ-)) =n(Varg(X1))

Proof. First consider part a of theorem 2. Write the expected value of the sum as the sum of the
expected values and then note that Eg(X;) = Eg(X2) = ...Eg(X;) = ...Eg(X,,) because the X; are
all from the same distribution.

E <Z g(XJ) = _ZE(g(XZ-)) =n(Eg(X1)) (13)

First consider part b of theorem 2. Write the definition of the variance for a variable z as F(z —
E(z))? and then combine terms in the summation sign.

Var (Zg(Xi)> =F (Zg(xi)> - FE (Zg(Xi)ﬂ
_ (igm)) - _iE(g(Xz—»] (14)

n

—E (9(Xi) — E(g(Xi))]

i=1

Now write out the bottom expression in equation 14 as follows
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Eg(X1) - Bg(X1))]” + E[9(X1) - BE(9(X1))] E[9(X2) - E(9(X2))]

+ Eg(X1) — E(9(X1))] Elg9(Xs) — E(9(X3))] +---
+ E[g(X2) — E(g(X2))] Elg(X1) — E(9(X1))] + E [9(X2) — E(g(X2))]?
+ E[g(X2) — E(9(X2))] Eg9(X3) — E(g9(X3))] +- -

+ E[g(Xn) — E(9(X0))] Elg(X1) — E(g(X1)] + -+ + E[g(X,) — E(9(Xn))]
(15)
Each of the squared terms in the summation is a variance, i.e., the variance of X; = var(X;). Specif-
ically

E[g(X;) — E(9(X:)))* = Var g(X;) = Var g(X1) (16)

The other terms in the summation in 15 are covariances of the form
Elg(Xi) — E(9(Xy))] Eg(X;) — E(9(X;))] = Cov[g(Xi), 9(X;)] (17)
Now we can use the fact that the X; and X in the sample X, X»,- - -, X, are independent to

assert that each of the covariances in the sum in 15 is zero. We can then rewrite 15 as

Var (Z g(Xz')> = Elg(X1) = E(g(X))]* + Eg(X2) = B(g(X2))]* + - -+ Eg(Xn) — B(9(X,))]*

=Var(g(X1)) + Var(9(X2)) + Var(g(Xs)) + - -

n

= Z Varg(X;)
i=1
Z Var g(X1)
=1
=nVarg(X;)
(18)
O

2.3. Theorem 3 on expected values of sample statistics.

Theorem 3. Let X1, Xo, - - -X,, be a random sample from a population with mean p and variance o* < co.
Then
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Proof of part a. In theorem 2 let g(X ) = g(X;) = 2. This implies that Eq(X;) = £ Then we can write

i=1 i=1

Proof of part b.
In theorem 2 let g(X) = g(X;) = 2t. This implies that Varg(X;) = %2 Then we can write
. IR 1 S 1 o’
VarX = Var - ;Xi = EV(M’ ;XZ— =3 (nVarX,) = . (20)
Proof of part c.

As in part b of theorem 1, write S? as a function of the sum of square of X; minus n times the mean of
Xisquared and then simplify

ES2E< !
n—1

iXiQ — nXﬂ)
i=1
1

= —— (nEX} - nEX?) (1)

1 2
(a2 00)) -
n—1 n

The last line follows from the definition of the variance of a random variable, i.e.,

Var X = 0% = EX? — (EX)?
= EX® - ik
= EX?=0%+u%
24. Unbiased Statistics. We say that a statistic T(X)is an unbiased statistic for the parameter ¢ of
the underlying probability distribution if E T(X) = 6. Given this definition, X is an unbiased statistic
for y,and S? is an unbiased statistic for o2 in a random sample.

3. METHODS OF ESTIMATION

Let Y7,Y5,- Y, denote a random sample from a parent population characterized by the pa-
rameters 01,0z, - - - 0. It is assumed that the random variable Y has an associated density function

f( ';91792)"'9k)‘
3.1. Method of Moments.

3.1.1. Definition of Moments. If Y is a random variable, the r'* moment of Y, usually denoted by /",
is defined as

py = E(Y")

o (22)
:/ Y f(y; 01,02, 0k) dy

— 00
if the expectation exists. Note that f = E(Y) = uy, the mean of Y. Moments are sometimes
written as functions of 6.

E(YT) :/'[/'Ir = gr (91)9279k) (23)
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3.1.2. Definition of Central Moments. 1f Y is a random variable, the r** central moment of Y about a
is defined as E[(Y — a)"]. If a = ., we have the r** central moment of Y about zy-, denoted by tir,
which is

pr = E[(Y = py)"]

> (24)
:/ (y_lu’y)rf(y791792)9k)dy

— 00

Note that 41 = E[(Y — py)] = 0and ps = E[(Y — py)?] = Var[Y]. Also note that all odd
numbered moments of Y around its mean are zero for symmetrical distributions, provided such
moments exist.

3.1.3. Sample Moments about the Origin. The r'" sample moment about the origin is defined as
=z =13y (25)
ILL’I" n n P 2

3.1.4. Estimation Using the Method of Moments. In general yi;. will be a known function of the param-
eters 01,0, - - - 0 of the distribution of Y, that is p,. = ¢,-(61,62,---0;). Now let y1,y2,- -+ ,y, be a
random sample from the density f(-; 61,62, - - 0;). Form the K equations

R R
Mll :gl(elaHQa"'Hk) = Mll = Ezyz
=1

1
r_ )= — 2
o =ga (01,02, Op) = fiy = - E v;
i=1 (26)

SN

IU’/I( :gK(917925 o ek) = :[J’/I( =

n
>yl
=1

The estimators of 61, 6s, - - -0, based on the method of moments, are obtained by solving the
system of equations for the K parameter estimates 61,05, - - - 0.

This principle of estimation is based upon the convention of picking the estimators of ¢; in such a
manner that the corresponding population (theoretical) moments are equal to the sample moments.
These estimators are consistent under fairly general regularity conditions, but are not generally
efficient. Method of moments estimators may also not be unique.

3.1.5. Example using density function f(y) = (p+ 1) y?. Consider a density function given by

fy)=@+1y" 0<y<1
(27)
=0 otherwise

Let Y7,Y5,- - Y, denote a random sample from the given population. Express the first moment
of Y as a function of the parameters.
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E(Y)= /Oo y fly)dy

1
=/ y(p+1)y?dy
0

1
= /0 vy (p+1)dy (28)
Yy (p+1) '
(p+2)

7p+1
p+2

Then set this expression of the parameters equal to the first sample moment and solve for p.

p+1
=FE(Y)="—
251 ( ) pt2
pH1l 1 _
- — = — P =
p+2 n;y y
=p+1l=(p+2)y=py+2y (29)

=>p-—py=2y—1
=p(l-y)=2y-1
27 —1

= p =
p 1—3

3.1.6. Example using the Normal Distribution. Let Y7,Y5,---Y, denote a random sample from a nor-
mal distribution with mean p and variance o?. Let (61,62) = (u,0?). The moment generating
function for a normal random variable is given by

t252

Mx(t) = ettt (30)

The moments of X can be obtained from M (¢) by differentiating with respect to t. For example

the first raw moment is

Bx) =4 (5 |

0
- 9 ,ut+”2“2
=(u+to”) (e

=u

(31)

t=0

The second raw moment is
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d2 12 o2

B@?) = g () |,

=g (tn00?) (=) |, @)
- ((u +t0%) (e#t“Qz"Z) + o2 (e“t“zz"z))
=’ + 0°
Sowe have =y} and 0% = E[Y?] — E2[Y] = p}, — (u})?. Specifically,
py=EY)=p
py=E(Y?) =0 + E’[Y] = 0 + pi°

Now set the first population moment equal to its sample analogue to obtain

1 n
M:ﬁ;yi:g
1=

= p=7
Now set the second population moment equal to its sample analogue

(33)

(34)

(35)

Q»
I
S|
<
o
|
<
o

(36)

=0

I
g

s
s

)

=1

This is, of course, different from the sample standard deviation defined in equations 4 and 5.

3.1.7. Example using the Gamma Distribution. Let X1, X, -- X,, denote a random sample from a
gamma distribution with parameters o and /3. The density function is given by

1 =z
2 e 0<z<oo

poT(a) (37)

=0 otherwise

f(z;a,8) =




BASIC STATISTICS 9

Find the first moment of the gamma distribution by integrating as follows

o) 1 .
E(X) :/ r———2*"teT dr
0

GT (a
1 (Oo) (38)
_ (14a)—1  —*
rar(a)/o x e dx
If we multiply equation 38 by 3'** I'(1 + a) we obtain
e T(1+ ) /Oo 1 T
E(X) = (I14a)—1
W="Frw Jh Fetara’ " &7

The integrand of equation 39 is a gamma density with parameters 5 and 1 — a This integrand
will integrate to one so that we obtain the expression in front of the integral sign as the E(X).

T T(1+ )
- fT(a)
T +a)

- I

E(X)
(40)

The gamma function has the property that I'(¢) = (¢t — 1)I'(¢ — 1) or I'(v 4+ 1) = vI'(v). Replacing
I'(1 + «) with aT'(«) in equation 40, we obtain

Bal (o) (41)

We can find the second moment by finding F(X?). To do this we multiply the gamma density
in equation 38 by z? instead of x. Carrying out the computation we obtain

o0 1 .
E(X?) = / x? 2 leT dr
(%) 0 BT ()

1 o —
_ (2+O¢)71 3 d
7ﬁar(a) /0 X & X

(42)

If we then multiply and divide 42 by 5?T* T'(2 + a) we obtain
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2y T2+ a) [ 1 (24a)—1 =%
Ay o R

T2+ a)
T per(a)

BEHa+1)T(1+ ) (43)
I'a)

Bafa+1) ()
I(a)

=fa(a +1)

Now set the first population moment equal to the sample analogue to obtain

177/
ﬁa:EZ;xi =2z
i=

(44)
= &= z
s
Now set the second population moment equal to its sample analogue
fala+ 1) 1 zn:xz
niz
no2
2 Dim1 T
=6 = na(a+ 1)
:ﬁQ _ - Z?:lixz
n(#) ((5) +1)
=32 = 7223?:1 x ;
() + (%) (45)

3.1.8. Example with unknown distribution but known first and second moments. LetY1,Ys, - Y, denote
a random sample from an unknown distribution with parameters 3 and . We know the following
about the distribution of Y.
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Y =8+ u
E(u) =0
E(u?) =Var(u) = o*
Consider estimators for 3 and ¢2. In a given sample
yi =0 + 1
= 4 =y — f
The sample moments are then as follows

Sy
First sample moment = ==L
n
no 52
U
Second sample moment = 2z U
n
Substituting from expression 47 we obtain
. Z?: 1 (yi - ﬁ)
First sample moment = ————~
n
A\ 2
Z?: 1 (yi - ﬁ)
Second sample moment =
n

If we set the first sample moment equal to the first population moment we obtain

>ic1 (yi - B)

=0
n
= Zyz :nﬂA
i=1
. dim1 Yi :ﬂA
n

If we set the second sample moment equal to the second population moment we obtain

> i (yl - B)Q _

n

11

(46)

(47)

(48)

(49)

(50)

(51)
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3.2. Method of least squares estimation.

3.2.1. Example with one parameter. Consider the situation in which the Y; from the random sample
can be written in the form

Yi=f+e&=08+¢ (52)
where E(¢;) = 0 and Var(e;) = o2 for all i. This is equivalent to stating that the population from
which y; is drawn has a mean of 3 and a variance of o2.
The least squares estimator of  is obtained by minimizing the sum of squares errors, SSE, de-
fined by

n

SSE =3¢ =3 (- p) (5
i=1

i=1
The idea is to pick the value of 3 to estimate § which minimizes SSE. Pictorially we select the
value of # which minimizes the sum of squares of the vertical deviations in figure 1.

FIGURE 1. Least Squares Estimation

Y |

°
. ¢ Yyow -
°
o ° °
~ e &% g @ €
e e o ®
ﬁ o o o
° ® . ° .
™ ® L é
L °
°
T T T T T T T T T T
i

The solution is obtained by finding the value of 3 that minimizes equation 53.
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(54)

3I>—‘

n
—1
This method chooses values of the parameters of the underlying distribution, 3, such that the

distance between the elements of the random sample and “predicted” values are minimized.

3.2.2. Example with two parameters. Consider the model

ye =01 + Poxr + &
=B + Bors + e (55)
= €6 =Yt — Bl - B2$t

where E(e;) = 0 and Var(e;) = o2 for all t. This is equivalent to stating that the population from
which y; is drawn has a mean of 81 + (22 and a variance of o2,
Now if these estimated errors are squared and summed we obtain

SSE = Z e = Z — B — o) ? (56)
t=1
This sum of squares of the vertical distances between y; and the predicted y; on the sample re-
gression line is abbreviated SSE. Different values for the parameters give different values of SSE.
The idea is to pick values of 3; and (3> that minimize SSE. This can be done using calculus. Specifi-
cally

aSigE *QZyt*[ﬁ*ﬂﬂt :*QZet:

0B

QS§E :22(% — B — Bow) (—a4) (57)
032 ¢

= —QZ(ytwt — Bray — 32303) = —-2Ye;xy = 0

Setting these derivatives equal to zero implies

Z et = 0
t
Z €Ty = 0.

t

(58)

These equations are often referred to as the normal equations. Note that the normal equations
imply that the sample mean of the residuals is equal to zero and that the sample covariance between
the residuals and x is zero since the mean of e; is zero. The easiest method of solution is to solve
the first normal equation for 8; and then substitute into the second. Solving the first equation gives
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Z(yt — B — BaXy) =0
t
= Zyt:nﬁl + Bzzwt (59)
t t

=G — (o7

= 5 :Zt?/t - B2tht

n n
This implies that the regression line goes through the point (y, ). The slope of the sample
regression line is obtained by substituting ; into the second normal equation and solving for [3.

This will give
Z(ytﬂﬁt—ﬁlwt — Box?) =0
t
= > e = > a + B >t
t t t
= — D) > mt+ b)Y 1
t t
=(y — 32@7150-1-@2230?
t

. . 60
—ngE-—nba + b Y o} (60)
t

nyxr + 52 <Zzt2 - nf2>
t

A Zt Yty — NTY
= P2 = S, a2 — nz?
t L

S~ 9) (@~ @)
> (27 —1)?
3.2.3. Method of moments estimation for example in 3.2.2. Let Y1,Y5,---Y,, denote a random sample

from an unknown distribution with parameters 3;, 02, and 0. We know the following about the
distribution of Y.

Y =01 + foX + u

E(u) =0
(61)
Ew?) =Var(u) = o?
E(u-z) =0
Consider estimators for 31, 32, and 2. In a given sample
yi =P + faxi + G
(62)

= 0 =y — b — Poxy
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The sample moments are then as follows

Z?:l U

First sample moment =

n
n o 2
C Ul
Second sample moment = Lo
n
n ~
.1 T Uy
Cross sample moment = Lz il
n

Substituting from equation 62 we obtain

Z?:l (yi - Bl - 32171)

First sample moment =

n
Y1 (yz - Bl - 5A2$i)2
Second sample moment =
n
D1 T (yz - Bl - Bzwi)
Cross sample moment =
n

If we set the first sample moment equal to the first population moment we obtain

Z?:l (yz - Bl - 5A2$z)

=0
n
= Zyz =nf + ﬁAQin
i=1 i=1
= Zyz - 522561 = nf

Now use equation 64c to solve for 3

15

(63)

(64a)

(64b)

(64¢)

(65)
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n R n R n
inyz‘ :512 z; + P2 Z @y
i=1 i=1 i=1
. n R n
=@ - 525)2 z; + P2 Zﬂﬁf
i=1 i=1
n . n R n
:ﬂzfm *ﬂzfzﬂﬁi +52Z$§
i=1 i=1 i=1

n
=ngT — g.fni'—l—ﬁgE 7
i=1

(66)
=ngz + [o (fo - mc2>
i=1
= P2 (fo - nx2> = leyz - nyT
=1 =1
i i1 Ty — T
- _ 2ui=
& Yozl — nz?
_ i@ = By — 9)
i@ — )2
We obtain an estimate for o2 from equation 64b
Yie1 (yl - B - 32%)2
= 0'2
b (67)
. . L\ 2
L 2 i (yz - B - ﬁzwi)

n
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3.3. Method of maximum likelihood estimation (MLE). Least squares is independent of a speci-
fication of a density function for the parent population. Now assume that

yi~ f(-: 0 = (61,...0%)), Vi. (68)

3.3.1. Motivation for the MLE method. If a random variable Y has a probability density function f(-;

0) characterized by the parameters 6 = (61, ..., 0i), then the maximum likelihood estimators (MLE)
of (01,...,0) are the values of these parameters which would have most likely generated the given
sample.

3.3.2. Theoretical development of the MLE method. The joint density of a random sample y1, y2,...,yn
isgivenby L = g(y1,...,yn; 0) = f(y1:0) - f(y2;0) - f(y3;0) --- f(yn;0) . Given that we have
a random sample, the joint density is just the product of the marginal density functions. This is
referred to as the likelihood function. The MLE of the 6; are the 6; which maximize the likelihood
function.

The necessary conditions for an optimum are:

oL

— = i =1,2,...
891 07 1 Y ) 7k (69)

This gives k equations in k unknowns to solve for the k parameters 6, . . ., 0. In many instances
it will be convenient to maximize ¢ = In L rather than L given that the log of a product is the sum
of the logs.

3.3.3. Example 1. Let the random variable X; be distributed as a normal N(u,0?) so that its density
is given by

fl@iipo?) = e () (70)

L = H f@isp,0®) = f(x1) flza) -+ flan)

AT
e e e
2702 1)

(7o) o Ee
— €202 i=1 H)
2702
1 n
élnL*ﬁfTthmf 72—2

The MLE of ;2 and o are obtained by taking the partial derivatives of equation 71
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=>n = i(xz — ) (72)

The MLE of 0 is equal to the sample variance and not S%; hence, the MLE is not unbiased as can
be seen from equation 21. The MLE of y is the sample mean.

3.3.4. Example 2 - Poisson. The random variable X; is distributed as a Poisson if the density of X; is
given by

67: ’,\IZ X; is a non-negative integer
[z A) = ' '
0 otherwise
(73)
mean (X) = A
Var (X) =X
The likelihood function is given by
I _ e AN e AN o e ANTn
.111! $2! Tn |
67/\" )\Z;‘Zl x;
T w (74)

= InL =/ = )\nJrixiln)\ln(ﬁzi!)

i=1 i=1
To obtain a MLE of ), differentiate ¢ with respect to A:
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ol 1
é;\fzillwz _

3.3.5. Example 3. Consider the density function

{(p+1)yp 0<y<1

0 otherwise

The likelihood function is given by

=

L=1]@+ 1y

1

.
Il

L =¢=> In[p+ 1)y

i=1

= Z (In(p + 1)+ Iny?)

=Y (n(p + 1)+ply)
i=1
To obtain the MLE estimator differentiate 77 with respect to p

n 1 n
= = —1In y;
ZﬁJrl (=1n i)
i=1 =1
n n
= = = —1In y;
1 ;( Yi)
Sl = e
b 2?2111191
—MNn
=p = 1
b 2?21111%

3.3.6. Example 4. Consider the density function

fly) = p¥ (1 = p)t— v 0<p<l1

The likelihood function is given by

19

(75)

(76)

77)

(78)

79)
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L =10 p¥ (1 — p)t ¥

= Zin: 1Yo (1 — n - Zin: 1 Yi
p p
( ) (50

ImL=¢=) ylnp+ <n—Zyi>1n(1—p)
i=1

i=1
To obtain the MLE estimator differentiate 80 with respect to p where we assume that 0 < p < 1.
ot _ Z?:l Yi (7’L - Zinzl Yi )

dp p 1L —p

D Yi (n = > 1)

= =
D 1—0p

=Y yi—p> Yi=np-—py U 81)
=1 i=1 =1

=0

n
= Z Yi =np
i=1

Z?:1 Yi

n

=

|
E)

3.3.7. Example 5. Let Y1,Y5, Y, denote a random sample from an unknown distribution with
parameters 31, #2, and 0. We know the following about the distribution of Y;.

Yi =01 + BoXi + w
E(u?) =Var(u) = o?
(82)
u; and u; are independent for all i #j

u; and z; are independent for all i and j
u; are distributed normally for all i
This implies that the Y; are independently and normally distributed with respective means

B1 + (2 X; and a common variance o2. The joint density of the a set of of observations, there-
fore, is
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n

L =[] fysiB1,82,0%) = f(y1) f(y2) -+ f(yn)

i=1

_ < 1 >n e%l(y1*ﬁ1afﬁ2ﬂ:1)2 e%l(yszhgfﬁzw)z e%l(yn*ﬁlg*ﬁzxn)z

V2mo?

= <\/1—> 62;712 Z?:1(yi*ﬁ1*ﬁ2:ni)2
2mo?

(83)

o - —n 2 1 - 2
= InlL =1/¢= - In(270”) T‘QZ(% - B — Paxi)

-n n 1«
= 7 111(27'(') — 5 111(0'2) - _Z(y’b - 51 - ﬂ?xi)Q
The MLE of 31, 2, and o2 are obtained by taking the partial derivatives of equation 83

14
68—61 = % Z(yi = B1 — Bexy) = 0 (84a)

68—;1 = % Z(yz — B — Pazs) (z) = 0 (84b)

or . —n 1 " . N2
0 ~ o e 2 e B e =0 o

Solving equation 84 for 3; we obtain

> i— B — Paxi) =0

= Z yi =np1 + 522%‘ (85)

=>B1 :Ziyi _BQZixi _

n n

We can find (3, by substituting (3, into equation 84b and then solving for 3;. This will give
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Z(yifﬂi—ﬁlwi — Bx}) =0

= Y yimi =/ Y w4 B Y @l

= — X)) Y wi+ oy a?
=@ — BT)nT + B Yy x}
:n@f—nﬁ2i2+ﬁ2 Zx? (86)
=ngi + Bo <fo —~ mc2>
5 D Yiti — NIy
:> 62 = Z ZE% . TLZZ'2
2w —Y) (@ — T)
> (af —2)?
From equation we obtain 84c
af —N 1 n 2
57 " 37 ¥ @R 2y T B ) =0
n o 1 n o . ) 2
207~ onp & T T A
n= — Y i = B — Bomi)’ (87)
o? i=1
=0° = L Z (yi — b1 — Boxi)?
N4
1 — R S \2
A2 e J— . J— P .
=6 =~ Z (yz B ﬁzwz)

i=1

3.4. Principle of Best Linear Unbiased Estimation (BLUE).

3.4.1. Principle of Best Linear Unbiased Estimation. Start with some desired properties and deduce
an estimator satisfying them. For example suppose that we want the estimator to be linear in the

observed random variables. This means that if the observations are yj, ...

must satisfy

, Yn, an estimator of 0



BASIC STATISTICS 23

0 => aiy (88)
i=1
where the a; are to be determined.

3.4.2. Some required properties of the estimator (arbitrary).

1: E(0) = 0 (unbiased)
2: Var(d) < VAR(8) (minimum variance) where 6 is any other linear combination of the y;
that also produces an unbiased estimator.

3.4.3. Example. Let Y1, Yo, . . ., Y,, denote a random sample drawn from a population having a
mean p and variance o2. Now derive the best linear unbiased estimator (BLUE) of p.
Let the proposed estimator be denoted by 6. It is linear so we can write it as follows.

i=1

If the estimator is to be unbiased, there will be restrictions on the a;. Specifically

Unbiasedness = E(f) =E (Z a; %)

= Z a; [ (90)

Now consider the variance of 6.

Var(é) =Var

i=1
= Z a? Var(y;)) + 2 Yiz; ai aj Cov (y; y;) 91)
S

i=1

because the covariance between y; and y; (i # j) is equal to zero due to the fact that the y’s are
drawn from a random sample.

The problem of obtaining a BLUE of ;1 becomes that of minimizing >_""_, a7 subject to the con-
straint ) )", a; = 1. This is done by setting up a Lagrangian
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L(a,\) = > al = XD a; — 1) (92)
i=1 i=1
The necessary conditions for an optimum are
oL
— =201 — A =0
8a1 “
(93)
oL
— =2a, — A =0
dan, @
oL -
a = — Z a; 4+ 1 = 0
i=1
The first n equations imply thata; =as = a3 =. .. a, so that the last equation implies that
Z a; — 1 = 0
i=1
= na; — 1 =0
= na; =1 (94)

R n 1 n
ée:zaiyi: gZZﬁZﬂ
j i=1

Note that equal weights are assigned to each observation.
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4. FINITE SAMPLE PROPERTIES OF ESTIMATORS

4.1. Introduction to sample properties of estimators. In section 3 we discussed alternative meth-
ods of estimating the unknown parameters in a model. In order to compare the estimating tech-
niques we will discuss some criteria which are frequently used in such a comparison. Let ¢ denote

an unknown parameter and let § and 6 be alternative estimators. Now define the bias, variance and
mean squared error of ¢ as

Bias (0) = E (6) — 6
Var (0) =E (é fE(é))Q
(95)
MSE (§) =E (é - 9)2

=Var () + (Bias (é))Q

The result on mean squared error can be seen as follows

(
)+ (2 () -0))
—E AfE(é))Q +2 B (0)-0) E(0 - B(8)] + (E(é)fe)Q

=F (é — E(é))2 + (E(é) — 9)2 since B (é - F (é)) =0

(96)

~ A\ 2
=Var (9) + (Bias(@))
4.2. Specific properties of estimators.

42.1. Unbiasedness. 0 is said to be an unbiased estimator of 0 if E (é) = 0.

In figure 2, 0 is an unbiased estimator of 0, while 0 is a biased estimator.
4.2.2. Minimum variance. 0 is said to be a minimum variance estimator of 0 if

Var (é) < Var (67) (97)

where 0 is any other estimator of 6. This criterion has its disadvantages as can be seen by noting
that 0 = constant has zero variance and yet completely ignores any sample information that we may
have. In figure 3,  has a lower variance than 6.
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FIGURE 2. Unbiased Estimator

f(0)

f(6)

0
0o
FIGURE 3. Estimators with the Same Mean but Different Variances
()
f(d)
A
f(0)
6
4.2.3. Mean squared error efficient. @ is said to be a MSE efficient estimator of 6 if
AJSZE(é) < AJSZE(@) (98)

where 0 is any other estimator of §. This criterion takes into account both the variance and bias
of the estimator under consideration. Figure 4 shows three alternative estimators of 6.
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FIGURE 4. Three Alternative Estimators

f(0)

4.2.4. Best linear unbiased estimators. 0 is the best linear unbiased estimator (BLUE) of ¢ if

0 = Z a; y; linear
i=1
R _ 99)
E(0) =0 wunbiased
Var(0) < Var(0)

where 0 is any other linear unbiased estimator of 6.

For the class of unbiased estimators of é, the efficient estimators will also be minimum variance
estimators.

4.2.5. Example. Let Xy, Xo, .. ., X,, denote a random sample drawn from a population having a
population mean equal to x and a population variance equal to 0. The sample mean (estimator of
pt) is calculated by the formula
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_ " X;
X => — (100)
1=1

and is an unbiased estimator of 1 from theorem 3 and equation 19.

Two possible estimates of the population variance are

) (X - X)?
2 ; -
S D B

i=1

We have shown previously in theorem 3 and equation 21 that 62 is a biased estimator of ¢?;
whereas S? is an unbiased estimator of 0. Note also that

-1
&22(” )52
n

(” - 1) E(5?) (101)

n

-(5)-

Also from theorem 3 and equation 20, we have that

&
—
Q>

V)
~
|

Var ()_() = — (102)

Now consider the mean square error of the two estimators X and S? where X3, X5, . . . X, are a
random sample from a normal population with a mean of ; and a variance of o2.

2

E(X - p)’ =Var(X) = =
) (103)
E(52 — 02)2 =Var (52) = n2i‘ 1

The variance of S* was derived in the lecture on sample moments. The variance of 62 is easily
computed given the variance of S2. Specifically,
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-1
Varé? =Var ((n ) 52)

n
n— 1\
= ( ) Var (5?)
" (104)
_(n —1 204
B n n —1
2(n — 1)0t
==
We can compute the MSE of 62 using equations 95, 101, and 104 as follows
— 4 — 2
MSE&QzE(&2—a)2=2(" Dom [(m= 1) 2 2
n? n
— 4 —1\? —
:2(71 21)0 N <n 1) 042<n 1)U4+J4
n n n
_ —_1)2 _ 2
_ i (2(71 . 1) N (n 21) B 2n(n2 1) N n_Q) (105)
n n n n
4 (2n =2+ n? —2n+1—-2n% 4 2n + n?
=0 n2
2n — 1
4
- (%)
Now compare the MSE’s of S? and 62 .
MSEs? = ot (%) < o ( 2 1) — MSE S? (106)
n n —

So 62 is a biased estimator of S? but has lower mean square error.



